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PEEFACE. 

I 

In writing tlie present treatise on tlie Integeal Calculus, 
the object has been to produce a work at once elementary and 
. complete — adapted for the use of beginners, and sufficient for 

’ the wants of advanced students. In the selection of the pro- 
' ' positions, and in the mode of establishing them, I have en- 
deavoured to exhibit fully and clearly the principles of the 
I subject, and to illustrate all their most important results. 

The process of summation has been repeatedly brought for- 
' ward, with the view of securing the attention of the student 
,1 to the notions which form the true foundation of the Integral 
' ' Calculus itself, as well as of its most valuable applications. 

Considerable space has been devoted to the investigations of 
the lengths and areas of curves and of the volumes of solids, 
and an attempt has been made to explain those difficulties 
which usually perplex beginners — especially with reference to 
the limits of integrations. 

The transformation of multiple integrals is one of the most 
interesting parts of the Integral Calculus, and the experience 
of teachers shews that the usual modes of treating it are not 
free from obscurity. I have therefore adopted a method dif- 
ferent from those of previous elementary writers, and have 
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PEEFACE. 


endeavoured to render it easily intelligible by full detail, and , 
by the solution of several problems. 

The Galculus of Variations seems to claim a place in the 
present treatise with the same propriety as the ordinary theory 
of maxima and minima values is included in the Differential 
Calculus* Accordingly the last chapter of the treatise is 
devoted to this subject; and it is hoped that the theory 
and illustrations there given will be found, with respect to i 
simplicity and comprehensiveness, adapted to the wants of 
students. 

In order that the student may find in the volume all tliat ' 
he leq^uires, a large collection of examples for exercise has 
been appended to the several chapters. These examples 
have been selected from the College and IJniversity Exami- 
nation Papers, and have been carefully verified, so that it is 
believed that few errors will be found among them. 

I TODHUNTER. 


St John’s College, 
January 1S62. 
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INTEGEAL CALCULUS. 


I, CHAPTEE I. 

i- 

I MEANING OE INTEGRATION. EXAMPLES. 

i 

\ 1, In the Differential Calcnlns we have a system of 

\ rules by means of which, we deduce from any given function 
* a second function called the differential coefficient of the 
former ; in the Integral Calculus we have to return from the 
! differential coefficient to the function from which it was 
deduced. We do not say that this is the object of the Inte- 
", gral Calculus, for the fundamental problem of the subject is 
to effect the summation of a certain infinite series of inde^ 
finitely small terms ; but for the solution of this problem we 
must generally know the function of which a given function is 
. the differential coefficient. This we now proceed to shew. 

2. Let (f> {x) denote any function of x which remains finite 
ivxid continuous for all values of x comprised, between two 
!. fixed values a and 6. Let be a series of values 

I lying between a and b, so that a, ... i are in order 

^”of magnitude ascending or descending. We propose then to'/b 
' find the limit of the series — ““ ' 

' (a:j-a) ^(a) + (a;,-a!j)^(irJ + (a:3-a:,) ^(a;^ + 

' Iwhen — ffl, x^ — x^, ... h — cc^^ ate all diininislied witHout 
limit, and consequently n increased without limit. 

Put ccg — 07^ = ^ 2 ) f^us the series 

may be written 

T.i.c. ^ 1 

I ■ : ■ 
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MEANING OF INTEGRATION. 


and may be denoted "by %h<f> {x), for it is the sum of a number 
of terms of which hcj) {x) may be taken as the type. Since 
each of the terms of which h is the type may be considered 
as the difference between two values successively ascribed to 
the variable x, we may also use the symbol (j> (a?) Ax as the 
type of the terms to be summed, and {x) Ax for the sum. 

"We may shew at once that 2^ (ic) Ax can never exceed a 
certain finite quantity. For let A denote the numerically 
greatest value which <p (x) can have when x lies between a and 
h ; then 2^ {x) Ax is numerically less than (/q + /tg +. . .+ h^) A^ 
that is less than (6 — a) A. 

We now proceed to determine the limit of ^<j> {x) Ax. Let 
^ {x) he such a function of x that {x) is the differential 
coefficient of it with respect to x. Then we know that the 

limit of — when h is indefinitely diminished is 

<p(x), Hence we may put 

i|^ (aJi) - (a) = \ {<f> (a) + p 

f 1 = K (^’i) + A. 


ir (x^^) - f (x„_,) + p„_J, 

ir{b)-^Jr (£C„_J = A„ [<j> (x,._,) +p„], 

■where p,, pj, ... p„ ultimately vauish. From these equations 
we have by addition 

(a) = 2<^ (cc) Ax + %Jip. 

How %Jip is less than (b — a) p where p denotes the greatest 
of the quantities Pi> Pg,. ... p» ; hence Xhp ultimately vanishes, 
and we obtain this result, the limit of l^cj) {x) Ax when each 
of the quantities of which Ax is the type diminishes indefinitely 
is (a). 

3. The notation used to express the preceding result Is | 
f <p(x)dx=^f(b) ~f (a); \ 

a ' I 

the symbol/' is an abbreviation of the word “sum,” and dx [ 
represents the Ax of X^p (x) Ax. 
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4. Suppose that are all equal; then each of 

them is equal to ■ , and is equal to a-^ — ip — a). 


Hence I ^ (x) dx is equivalent to the following direction, 

divide S — a into n equal parts, each part being A ; in ^ (x) 
substitute for x successively a, -f a + 2A, ... a + - 1) ; 

add these values together, multiply the sum by h and then 
diminish h without limit.’* If these operations are performed 
we shall have as the result (6) — -ilr (a), where y}r (x) is the 
function of which cf) (x) is the differential coefficient with 
respect to x. 

The student then must carefully observe that for the 
foundation of the Integral Calculus we have a certain theorem 
and a corresponding notation. The theorem is the following: 
let (so) be any function of and ^ {x) its ffifferential co- 
efficient with respect to a?; let be a positive integer and 
nh=^h — a, and suppose ^ (x) finite and continuous for all 
values of x between a aud h; then the limit when n is inde- 
finitely increased of 


h (it]) 4“ ^ (a 2^) “{"••• 4” ^ (5 — i^)!* 

is (6) — ^ 

The notation is that this limit is denoted by 1 (p {x) 

6 ^ 

SO that j (f> (x) dx = 'yfr (5) — 'yjr (a), 

J a 


As a particular case we may suppose a to be zero ; then 
nh = 5, and the limit when n is indefinitely increased of 

h (0) + ^ (h) 4“ <l> (2A) + , . . 4“ (5 — A)|- 

is denoted by J (f> (x) dx^ and is equal to (J) — (0), 

5. A single term such as ^ (a;) Aa; is frequently called an 
element. It may be observed that the limit of 2^ {x) Ax will 
not be altered in value if we omit 2 . finite number of its 
elements, or add a finite number of similar elements ; for 
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in the limit each element is indefinitely small, and a finite 
number of indefinitely small quantities ultimately vanishes. 

6. The above process is called Integration ; the quantity’ 
f <j) (x) dx is called a definite integral, and a and h are called 

*•’ a 

the limits of the integral. Since the value of this definite 
integral is — {a) we must, when a function </> (x) is to 

be integrated between assigned limits, first ascertain the func- 
tion (x) of which ^ (x) is the differential coefficient. To 
express the connexion between ^ {x) and (x) ye have 


and this is also denoted hy the equation 
j(j)(x)dx = yp'(x). 


such an equation as the last, where we have no limits 
assigned, we merely assert that f (x) is the function from 
which (x) can be obtained by differentiation; ^lr (x) is here 
called the indefinite integral oi <j) (x), « . 


/ . The problem of finding’ the areas of curves was one 
ot ^ose which gpe rise to the Integral Calculus, and fur- 
mshes an illustration ot the preceding Articles. 
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AB into n equal intervals and draw* ordinates at the points 
of division* Suppose OM=a’\-{r--l)h^ then the area ot 
jthe parallelogram PMNp is 

hcj) [(Z -f* (9* — 1) A]* 

The sum found hj assigning to r in this expression all values 
from 1 to n differs from the required area of the curve by 
the sum of all the portions similar to the triangle JPQpy and 
as this. last sum is obviously less than the greatest of the 
figures of which PMNQ is one, we can, by sufficiently 
diminishing A, obtain a result differing as little as we please 
from the required area. Therefore the area of the curve is 
the limit of the series 

A (a) -f (jf> + A) + <if> + 27^) + -f (J — A)| , ■ 
and is equal to ^lr {h) {a). 

8- If ^(x) be the function from which (^ (x) springs by 
differentiation, we denote this by the' equation 

[ ^ (x)dx = '\lr (x), 


and we now proceed to methods of finding (x) when (f> (x) is 
given. We have shewn, Bif. GaL Art. 102, that if two func- 
tions have the same differential coefficient with respect to a 
variable they can only differ by some constant quantity; hence 
if ^ (ie) be a function having ^ [x) for its differential coeffi- 
cient with respect to x, then 'xjr (x) + 0, where 0 is any quantity 
independent of is the only form that can have the same 
differential coefficient Hence, hereafter, when we assert that 
any function is the integral of a proposed function, we may 
if we please add to such integral any constant quantity*. 

Integration then will for some time appear to be merely 
the imerse of differentiation, and we might have so defined 
it ; we have however preferred to introduce at the beginning 
the notion of summation because it occurs in many of the 
most important applications of the subject. 

We may observe that if and are any func- 
tions of rc, . 

J 1^1 (*) + (‘^)} A («) («) ^ ; 
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INTEGKATION BY SUBSTITUTIOI^. 


or at least the two expressions which we assert to be equal 
can only differ by a constant, for if we differentiate both we 
arrive at the same result, namely, 4* ^ 2 (^ 1 ?). , 

Also, if c be any constant quantity 

Jc^ (cv) da; = cj<p (cc) dx) 

or at least the two expressions can only differ by a constant. 


9. Immediate integration. 

When a function is recognized. to be the differential coeffi- 
cient of another function we know of course the integral of the 
first. The following list gives the integrals of the different 
simple functions ; 




[, 

J m+1’ 

[a^dx = ^^, 

J iog.a’ 

Jsinxdx — — cos a?. 


dx , 

— =loga7, 






dx 


COS~£j? 


= tan X, 


cos xdx = sin ar, 
cot a?, 


r — 

J sih'^ X 


f: 


dx 


= sin ^ - or = — cos 


X 


V (a^ — x^) 

» 2 L-clIJL ~ 

a -j-x a a 




or 


1 

- — cot - . 
a a 


10. Integration hy substitution. 

The process of integration is sometiihes facilitated by sub- 
stituting for the variable some fonction of a new variable. 
Suppose (f>{x) the function to be integi’ated, and a and h the 
limits of the integral. It is evident that we may suppose 
X to be a function of a new variable si, provided that the 
fiinction chosen is capable of assuming all the values of x 
required in the integration. Put then a? =/(^), and M a' and 
b be the values of which make f{z) or x equal to a and b 
respectively ; thus a =f {a) and b=f (i'), Now suppose that 


INTEaRATIOK BY SUBSTITUTION. 


i/r (x) is the function of wlncli (p (x) is the differential co- 
efficient, that is suppose (f>{x) = I ^hen 


j (p{x) (5) — (a) 

But by the principles of the Differential Calculus, 

f i/m - f {/MI = fV {/(-)}/'(«) 

J q! 

-//(*) i*’ 


therefore 


thus 


dz. 


This result we may write simply thus \ 
j <f>{x) dx=j ^(x) ^dz, 

)rovicled we remember that when, the former integral is taker 
between certain limits a and 5, the latter must be taker, 
between corresponding limits d and b\ 

11. As an example of the preceding Article le 
" doG " dx 

' A 7'(2~ a^ ~ — I'^quired. Assume x = a—z, then ^ = — 1 

md ^ax — x^— Thus 

J V — a;^) j V (2ax — x^) dz ] iJ id— 


• cos - = cos = vers 

a a a 


/ 


ugain, let f — be required. Assume x — --^- 

L L. _ _J ^ . 1 — 


== — — , and f- 


nis 


dx 


x \l(2a x ~ d\ 




dx 


^2_aa3 — a^) dz 


INTEGEA.TION BX PABTS. 


f —if 

aV[2 (l-s) - (1-2)1 ~ ai V(1 -• 




—1 1 • ^ 

.Ti ^==-sm" — 


X 


■e found tlie proposed integrals by substituting 
. ner indicated in the preceding Article. This 
n simplify a proposed integral, but no rules 
. . guide the student as to the best assumption 
; )int must be left to observation and practice. 


- ton ly parts, 

d(uv) dn . du 

• ' .ation — + 

dx dx dx 

egrating both members, 


uv 


f dv y f du y 
= u -r-dX’i- v-j- dx, 
J dx Jdx 


f dv f du y 

1 '^'^dx = uv-‘ j V -^dx. 


du 


-s formula is called ^^integration by parts.” 
ar case suppose v = x; then we obtain 

udx= MCC — J 5 


I du y 

^ x-rdx, 
dx 


consider j x cos ax dx. Since 


cos ax = - 


1 d sin ax 


a dx ’ 

• proposed expression in the form 
fx d sin ax , 

supposing^w = - and v = sin ax, 
I a 

X sin ax fsin ax ^ . 


EXAMPLES OF INTEGEATIOX. 
Ex. (13). f— . 

^ ' J COS X 

f dx fcosx dx { dz .r 

= jlogi^, -bjEx. ( 10 ), 

= 4 log^ 


1 + Sin 07 , , /tt X 

log cot [ ■ 


Similarly^ 

Ex. (14). J- ^ 
r dx 

Ja 


li 


sin 07 


‘Smo 7 

:log tan~. 
® 2 

dx 


'U 2^ 


J + i cos 07 


a 4- cos 07 

/tt- 


, and — 
Ja 


+ d sin 07 * 
dx 


a ^sin* I + cos’* |) + Z- ^cos’*| - sin“ 


=/- 


s&e~dx 

M ' 


£35 + 5 4- (a — J) tan’ 


07 


UL 

Ja 


dz ' -c j. ^ 

I 7 I / 7 ,N 2 } it z “ tan ~ • 

-ho -t (a ‘-oj z ’ 2 


Hence, if a Ibe greater than 5, the integral is 


^ V (a — 5) - 
tan or 


(a — i) tan 


in d if a he less than 5, 

1 

log 




5 - tan“ 


V 4- i) 


g V (5 — g) 4- V (?? 4~ <^) 
V (S’* — a’*) g V (6 g} — V ’ 


07 

V (5 — a) tan- + v'(5 + a) 


1 


• log. 


t^{h~a)ta.u~~t/{h + a) 

M 


15 
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EXAMPLES OE INTEaEATXON. 


To find 




/; 


~ — assume cc=^i‘Z: thus the integral 




becomes , , , 

J a i-o cos z 

proceed thus, 


, which has just been found. Or we may 


r dx 1 

f dx 

1 a -\-b sin X J 

a| 

/ . 2 cr . ^x\ 

”” 2 + =“ sj 

30 00 

\ + 2& sin - cos - 




7 

sec - ax 
2 


a(l + tan^ ^ j + 2b tan 


V 


X 


-* 

= 2 - 
Ja 


dz -n . ^ 

(rf7)+2S' 


Put y = zr{-- y and the integral becomes 




dif 




and this can be found as before. 

Ex. (15). Let n/r {x) denote any function of and let 

{x) denote the inverse function, so that (a?)] = x: if 

the integral of ^ (x) can be found so can ■ the integral of 

(aj). For consider J '\{r^ (x) dx; put = z, then 

x = ^(z'): thus • 

(x) dx ^ ^ (^) dzp 

In any of these examples, since we haye found the 
definite integral, we can immediately ascertain the definite 
integral between any assigned limils. For e^cample, since 
dx 


J ^ 


V (u.-^ + d^) 
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therefore 


^ V {x‘ + a^) 


= log [2a + a/ {( 2a)’“ + «’“}] — log [a + V (a^ + a’')} 


= log 


2 + \/5 
1 + 


P 

15. The integral (a + can be found imme- 

diately if - is a positive integer, for {a-^hx"^)^ can then be 

expanded by the binomial theorem in a finite series of powers 
of and each term of the product of this series by will 
be immediately integrable. There are also two other cases in 
which the integral can be found immediately. 

For assume a + lx'"' = f ; 


therefore 


Hence 


1 1 , 

— a dx _ qf'^ — a\ « ~ 

r p c p fj'v 

I {a + ^dx — J (a 4- ix'') dt 

m 


9 ?l • • • "““1 

If — 56 a positive integer we can expand {t^ — a) " iji 

a finite series of powers of and each term of the product 
of this series by will be immediately integrable. 

r p r . p 

Again, / {a 4- hx”) ^dx= I x"^ (aa?"*" + 5) ® cZa? ; 


and by the former case, if we put this is im- 

mediately integrable if 





be a positive integer ; that is, if ^ 4-^ Je a negative integer. 


T. I. C. 
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EXAMPLES OF INTEGRATION. 


In the first case, if — were a negative integer the integral 
n 

might still he found, as we shall see in the next Chapter, and 

similarly, in the second case, if — +-2 were ^positive integer : 

but as in these cases some further reductions are necessary, we 
do not say that the expressions are immediately integrable. 


Ex. (1). 


Here — — 3 : assume a + the intecrral becomes 


2 — a^fdt or 2 2a f + aY) dt 


which gives 


^ [i , aV\ 


thus Jx^(a + x)^dx = 2 (a + a:)" jfa't? ) — ^ (< 35 ^ ^ 


Ex. (2). 




Here m = — 1, n = 2, = — therefore 1* 

Assume a;“^+ therefore a?" = ^ 




dx . . r 

Substitute for x and their values, and this becomes — j dt^ 

which = 2j or — — . 



EXAMPLES OE INTEGEATIOX, 


Ez. (3). 


/■ 


dx 




Here m — 1^ ^^ = 2, ^=: — ? therefore — 1, 
g A S' 

Assume aV“ + l = i^, therefore a^= ,— = ~ 

i - 1 c^if (^2 _ 2)1 


f _ r 


dx 

dt 


{a^ J x^ [a^x^ + 1)-^ 


dt-- 


1 

'a^]f aH 


O? a/ {cl^ + 

EXAMPLES^. 

. _i3 + 2aj ^ c 


2v — sin"^ — ; . -*■ 

•a) V13 


, r dx 

J ^/(l — 3x — 

2. Jlogx dx = x(logx — l). V 
4 Jd sin& d0 = — 0 cos0 + sm0. 

h 


dx 


+ e~ 


■ tan ^ (e"). 


^ = V {mx + x‘) + m log yx + ^/{m + x)]. 

This may be found by putting x = 

A^7. jx tan~^xdx= tau'^te - ^x. 

8. j{l - cos xydx = ^ -2 sin x + ^^.-\‘ O 


20 


-EXAMPLES OF INTEGRATION. 


9. 

10 . 

11 . 

12 . 

13. 

14<. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 


f xdx _ 1 1 

j (1 - - 1 -"a: 2 (1 - xf ' 

f Q?dx _ 1 -j 

j — a^ — x^* 

J \/(2ax — x^) dx = - ^ ^ V [2ax — ic®) -f ~ sin"^ 

00 

— \H^2ax — 03®) + vers’*^ ~ . 


-lO? — « 


xdx 


/ V (2a03 ~ 02®) 

/v(ar,-t, + 13) - I”" + “>!• 

/ = log 


02 + sm 02 

ro 2 H- sin 02 , ' 03 

cio 3 = 02tarL-. 

j 1.+ C0SO2 2 


/: 


€Zo2 


02 (log 02)" [n — 1 ) (log 02)" ^ ' 

Jlog_^j^^ _ log03 . log (log 02) — log 02. 

/jx:^ = ^ i I«s v(.'- »1. 

h 


5 + V 1) 2 


V(» - 1) 

l^ gs i nMy l g- (m+.)c.s («+.,); 

J. 2 a'‘+(m+wf 




^ + (m 4- w)® 
6®® a sin {m — n) 02 -• (m — ?z) cos [m — n) 02 


a® + (?7z — ?^)® 

J g""® cos® 03 cZo3 =:i ^ (cos 302 + 3 cos 02 ) e ?02 


3e"+ 


= ^ (3 sin 3 o 2 — cos 3o2) + (sin 02 - cos 02 ) 



EXAMPLES OP INTEQEATION. 


21 


22 . J‘‘^/(a^-x'^)dx = '^. 

p2a 

23 . I /^{ 2 ax ““ x^) dx — 

J 0 


ira 

T 


24. 


vers dx — ira. 
a 


f 

*1 ft 


CO 

Proceed thus ] let vers“^ ^ therefore x=^a (1 — cos 0 ), 
and the integral becomes j' a 6 sin 6 dd. 


25 . 


, £W 7 bira 

X vers ^ - aa? = —7- . 
a 4 


26. r 

n 


x'‘ vers 


■^-dx^ 

a 


lX7r<7, 
6 . 


27. [ sin °0 cos^^ dd = -^ . 

J, 


28 

29 

30 , 


■h 

■ h 


dx 


sin £c + cos £13 V 2 
dx 

X + cx^) 


= r;.logtan(| + ^). 


Put a; = - and this becomes a known form. 

3/ 


'• I' 


y(l—X^) . J sin'"^£l 3 (1 — £C^)^ 1 log 03 

— : — ^sin ^xdx = — — ^ . 


X" 3 £C® 6 £ 13 ‘^ 3 

This may he obtained by putting sin"‘^£i 3 = 


31 . f dx^Q tan Q + log cos 0 , v/here sin B = 

cof 


h 

■33. /; 


(1— £13“^ 

dx 


X. 


(a® — £13^) ^ 

sin'^ajJa? 

a +'5 COS^£13 


= -4 cot 0 4 - ■ 


, where a? =‘a.cos B, 






f\l {ft -^-b) h , 


EXAMPLES OP INTEGRATION. 
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S4. JxW(a + dx = “ ^) (« + hotyf. 


35. 




36 


dx _ (2rc^ — 1) V(1 + x^) 

x^^/{l + x^) 

. Jtan*" Bdd=^ - 1 tan=”-=0 


a; 


£C 


2?2 *- 1 2?i — 3 

a? being = tan 0, 


+ -(-ir®+(-i)”6', 


37. Shew that j sinmx sinnxdx and I cos mx cos nxdx 

»' n 


rjj- 

( 

•/q 


are zero if m and n are unequal integers, and = x if 
m and n are equal integers. 

38. JjlOo dx = x |log — 3fl3 |log + 6® log ^ — 6®. 

X 6^ 

j—-~-^dx = -~~6tan.6—lQgcos6, where cot0 = ®. 

(^1 + £C J A 

40. dx = V(a^- a)°) - ~ . 

Jo + ®VVa + a!/ ' ' V(o + “=) 


39. 


/ cot"^ 


41 


/- 

Jv 


vers - 


^ (2aaj — x^) 

4. r- ^ 


■^c?cc = |-(vers''^^) . 






riff 

J —i'll 


5 u. + 0 cos ® v^(l — c'^) 
e“® cos ’0 dd = -^ + e'^") 


cos~^o, if c is less than 1. 


43 

44. /; 

45 r 

J X 


-iff 

fe® — 1) . 1 

— 4 T- Assume ^ =aj + - . 

£17V(H* 303 ) 03 


. Assume « + 5o?” = 2 ?^ 
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CHAPTER IL 

EATIONAL FRACTIONS. 


16 . We proceed to tlie integration of sucli expressions as 

■where B\... are constants, so that both numerator 

and denominator are finite rational functions of. x. If m be 
equal to or greater than n, we may by division reduce the 
preceding to the form of an integral function of and a 
fraction in which the numerator is of lower dimensions in x 
than the denominator. As the integral function of x^ can be 
integrated immediately, we may confine ourselves to the case 
of a fraction having its numerator at least one dimension 
lower than its denominator. In order to effect the integration 
we decompose the fraction into a series of more simple frac- 
tions partial fractions^ tlie possibility of which we pro- 

ceed to demonstrate. 


jjr 

Let -y. be^ a rational fraction in its lowest terms which is 

to be decomposed into a series of partial fractions ; suppose V 
a function of x of the degree, and U a function of x of 
the — degree at most; we may without loss of gene- 
rality suppose the coefficient of aj” in V to be unity. Suppose 

F = (aj — a) (a; — ly [x^— 2 ax + d? '+ (a?^— 270? + 7^+ S**)®? 

so that the equation F= 0 has 

(1) one real root = a, 

(2) r equal real roots, each = 5, 

(3) a pair of imaginary roots a ± /9 V(*" 1), 

(4) s pairs of imaginary roots, each being 7 ± 1), 
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Bj the theory of equations V must he the product of factors 
ot the form we have supposed, tlie factors being more or fewer 
in number. Since V is of the degree we have 

1 + r 4* 2 + 2s = 72. 

Assume 

I I 

V x-a^ {x- by {x- 6)’-^ (a; - 

Ox + D, 

— 2aa; 4 + /3^ 

j, [ ; j E^ X'^-F j E^x-\-F q 

27a;47^4S^)® (a;^— 270347^4 a::“—27a?47‘4S^ ’ 

where -id, i?, are constants which, in order 

to justify our assumption,, we must shew can be so determined 
as to make the second member of the above equation identi^- 
cally equal to the first. If we bring all the partial fractions 
to a common denominator and add them together, we have V 
for that common denominator, and for the numerator a func- 
tion of X of the {n ~ 1)^^ degree. If we equate the coefficients 
of the different powers of x in this numerator with the cor- 
res])onding coefficients in TJ, we shall have n equations of the 
first degree to determine the n quantities A, and witli 

these values of At, B^y the second member of the above 

TT 

equation becomes identically equal to the first, and thus -y 

is decomposed into a series of partial fractions. 

If V involves other single factors like a? -a, each such 

factor will give rise to a fraction like ; and any repeated 

factor like (x — hy will give rise to a series of partial fractions* 

of the form In like manner . other 

factors of the form 2o(a?4 a^4/3^ or 270347^4 
will give rise fo a fraction or a series of fractions respectively 
of the forms indicated above. 

17. The demonstration‘given in Art. 16 is not very satis- 
factory, since we have not proved that the n equations of the 
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first degree wliicli we use to determine -4, >5^, -525* •• 'inde- 
pendent and consistent 

A method of greater idgour has heen given in a treatise on 
the Integral Calculus hy Mr Homersham Cox, which we will 
here briefly indicate. Suppose F{x) to contain the factor 
x — a repeated n times.; we have, if 

F {x) — {x — a)^'\}r (x), 

F[x) [x-‘aY'^{x) [x^ay^^f^ipo) {x — aY* 


cb (d) 

Now (j) (x) i/r [x) vanishes when a? = a, and is there-* 

fore divisible hj x — a; suppose the quotient denoted by % [x ) , 
then 


4‘ (^) ^ xi^) , 4> («) ^ 

F (cc) {x — (x) [a) {x — a)”" ’ 


The process may now be repeated on 


X 

{x — (x) ^ 


and 


(j){x) 


thus by successive operations the decomposition of 

completely effected. In this proof a may be either a real 
root or an imaginary root of the equation F(x)=0; if 
a=a-\- /3^/ (—1), then a — /3 s/ (—1) will also be a root of 
F{x) = 0; let b denote this root, then if we add the two 
partial fractions 


and 1 

^ (a) (x — aY yjr (b) (u; — 6)” ’ 


we shall obtain a result free from V (— !)• 


18. With respect to the integration of these partial- frac- 
tions we refer to Examples (9) and (12) of Art. 14 for all 

the forms except + 

hereafter. 

Plaving proved that a rational fraction can be decomposed 
in the manner assumed in Art. 16, we may make use of 
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different algebraical artifices in order to diminisli tlie labour 
of determining A, Boy &c. The most useful consideration 
iSj that since the numerator of the proposed fraction is identi-- 
call}/ equal to the numerator formed by adding together the 
partial fractions, if we assign any value to the variable m the 
equality still subsists. 


19. To determine the /partial fraction corresponding to a 
single factor of the first degree. 

Suppose represents a fraction to be decomposed, 

and let F{x) contain the factor x — a once ; assume 




^ , X (^) 


IPipo) x — a '<{r(x) 
tvliere ^ is a constant, and 

f (aj) 


( 1 ), 

represents tlie sum of all 


tlie partial fractions exclusive of f - , and F{x) — {x~a)‘<^ [x) . 
From (1) 

^ (x)=Air‘ (x)+(x-a) x{oi:) (2). 

In (2), wMcli holds for any value of x, make x = a, then 

therefore A = ^ — 

f («)• 

Since F' {x) ^■^{x) + (x — a) yjr' (x), we have 

(a), 

therefore 4 — ^ 

■^-F'ia)- 
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F{x) {x — a)“ {x — a)"“‘ ' (a: — a)" a; — a (as) ’ 

where denotes the sum of the partial fractions arising 

from the other factors of F{x). Multiply both sides of the 
equation by (a? — a)” and put f{x) for {x--aY; thus 

If [X) 

f{x) =A^+A^(x-d) +A^(x-a)\ . .+A„(x-ay~^+ {x-af. 

Differentiate successively toth members of tbis identity 
and put x — a after differentiation ; then 

./(«)= A, 

f"{a) = l.2A„ 

/"W-UA, 


zs L . 

' \n-l “ , 




A„ 


■ + 


% (^) 


(a) = |w - l A^. 

Thus A^, A^,... A„ are determined. 

21. To determine the partial fractions corresponding to a 
pair of imaginary roots which do not recur. 


Let 


F{x) 


denote the fraction to be decomposed; and 

a ± /9 V (— i) a pair of imaginary roots ; then if we denote 
these roots by a and h and proceed as in Art. 19, we have 
for the partial fractions 


(a) 


and 


4>{h) 


F' {a)x~a F'(b)x~b‘ 


Suppose = A - 5 V (- 1) ; then 
obtained from 


• <!> (5) , 

since “lay be 


must have 


^{b) 


ty changing the sign of V(-l)> we 


-pr^ = A ->r BtJ Hence the fractions are 
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j -£+:^V(ziL. 

x — a. — ^\/{—l) X — a + ^ 
and tlieir sum is 

2 A (a? — ct) + 

22. Or we may proceed thus. Suppose x^—px^q to 
denote the quadratic factor which gives rise to the pair of 
imaginary roots a ± ^ V 1) ? assume 

^{x) Lx^M ^ % (g) 

so that F (x) = {a? ^p>x + 2) t (^) • Multiply hy F {x) ; thus 

^ [x) = [Lx + J/) ^ (ic) 4- (cc" 4- 2 ) % (a?) (!)• 

Now ascribe to x either of the values which makes 
x^ ^px + q vanish ; then (1) reduces to 

. <^[x)^[Lx^M)'i^[x) (2), 

Now by the repeated substitution oi px’-q^ for^a?^ in both, 
members of (2), we shall at last, have x occurring in the -first 
power only, so that the equation takes the form 

Fx^ Q=-Px^Q\ 

Now put for X its value a4‘/5A/(”‘0 equate the co- 
efficients of the impossible parts ; thus 

P = P' and therefore also Q. 

Here P and Q are known quantities, and P' and Q involve 
the unknown quantities P and M to the first power only, so. 
that we have two equations of the first degree for finding L 
and M, 

23. To determine the partial fractions corresponding 'to a 
pair of imaginary roots which is repeated. 

We may proceed as in Art. 2t). Or we may adopt the 
following method. Suppose,a5^— 4- g to be the quadratic 
factor which occurs r times ; assume 
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^(x) L^x + M^ L^_^x + M^_^ 

— . ___ 


-, Lj^ + M, v(x) , 


F{x) {j[f—jpx+qY (o;^— j;j;c+g)^"V 
so tliat F [x) = {x^ —px ■]- qY^fr Multiply by F (x) ; tbu^/’ 
<f) (x) = (Lpc + yfr (x) + X -b-AC-i) 


Now ascribe to x either of the values which makes 
x^—px + q vanish ; thus the equation reduces to 

(/) {x) = {L^X + M^) 'xjr (x). 

Proceed as in Art. 22 , and thus find and M^, Then 
from (1) by transposition we have 

^{x)-{L^x^-M^) y^[x)-{L^_pc-\‘M,,_^{x^--px’\^ 

The right-hand member has q for a factor of 

every term 5 hence as the two members are identical we can 
divide by this factor. Let j>Ax) indicate the quotient ob- 
tained on the left-hand side 5 then 

9i (*) = (a:) + {a? ~px + q)ir (sc) 

'+ + K + 2)’“' % H (2) . 

From (2) we find and as before ; then by trans- 
position and division 

^^(x) = (L^_p:+M,,^) 'f{x) + (L^_p:+M^.^{x^-px+q) ■^(x)+... 
and so on until all the quantities are determined; 


to 


Take for example 


x^ — Sx — 2 
{x^ + x+ (aj+ 1)^* 


Assume it equal 


+ + X(a;) ^ 

(x^’j- x+lY x^-^-x-^i [x-^ if ^ 


then — 3aj - 2 = [L^x -p IQ (oj + 1 )® 

5]5,4J68 y+(x^+x + ifx{^) 


...(3). 


«t«., jr 
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Suppose 0 ?^ 4- 4* 1 == 0 ; thus the equation reduces to 
— 3 £c — 2 = {L^ + [x + 1)^ 

= {L^x 4- Jfj) [x^ 4- 2cc 4- !)• 

Put — £ 2 j — 1 for ; thus 

~ 4a? — 3 = (igO? 4- a; == j&gCC® 4- 

therefore — 4 = — i 2 4-i^5 and — 3 = — 

thus ig = 3, and =: — 1. 

Prom (3) hj transposition 
a?® — 3a? — 2 — (3a? — 1) (a? 4- 1)^ 

= {L^x 4- Mj) (a?^4- 0 ? 4- 1) (a? -f 1)^ + (a?® 4“ 4“ 1)^ (a?). 

The left-hand member is — 3a?^ — 4a?^ — 4a? — 1 ; divide by 
a?^4-^J5 4-l; thus 

— (3a? 4-1) = (a?4“l)®+(a?®4-«?+ 1) %(£«)*--*-(4:). 

Again, suppose a?® + a? 4- 1 = 0 ; thus 

— So? — 1 = {L^X’i^IQ (a?® 4- 2a?4~l) == (L^x + M^) x 
= -i/(a?4- 1) 4- 

therefore — ^ — L ^-\- and — 1= — 

thus = 1 and = - 2. 

Thus the partial fractions corresponding to the quadratic 
factor are found. The partial fractions corresponding to the 
factor (a? 4-1)^ may then be found by Art, 20. Or we, may 
from (4) by transposition and division by a?'** 4- a? 4- f obtain" 

-(a3-l) = xH. 

Thus 

%(a:) _ cc-J. _ x+l 2 _ 1 2 ■ 

(x + iy (x+lf (cc+iy^ (x + iy-‘~ x + l^(x+l)‘’ 

therefore 

x^ — 3x — 2 3x—l , x — 2 , 2 ' 1 

(x‘+x + l)‘\x+ 1)“ ~ (ic'+a; +1)“ 33*+® + 1 '*’ (» + ~ a: + 1' 
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+ 1 

24. Examples. Eeqiiired the integral of ^ r . 

X ■“ oX •!*” A 

By division we have 
1 


Assume 

therefore 


PC I 1 PI t 29 

*- 3a3 + 2 ^ a?^ — 3aj + 2 ‘ 

35aj — 29 




aj‘^ — 3cc -f 2 a? — 1 oj — 2 ’ 
35a; — 29 = A (a; — 2) + -B(aj-'l). 
Make x successively equal to 1 and 2 ; then 
35 — 29 = — A, or A = — 6, 
70-29= B,oyB=- 41; 


therefore 


therefore 


6x^+ 1 
x^ — 3a; + 2 


= 5a; + 15 


6 41 


a; — 1 a; — 2 ^ 


J‘-3x+2 ^ 6 log (x- 1)+ 41 log (x~2). 

to'+9a:-128 


Eequired tlie integral of -5 — . 

^ ° »•* - 5a;" + 305 + 9 

Since a;® — 5a;“ + 3a; + 9 = (a: — 3)“ (a; + 1) , we assume 


9a!° + 9a; — 128 


‘ / *> \2 ‘ 


a;^ — 5a;‘‘^ + 3a; +.9 a; + i (a; — 3)^ a; — 3^ 
therefore 9a;^+ 9a;— 128 = A (x — 3)^4* (a;+ 1) +-^2 1) (^•“ S). 

Make a; = 3 and — 1 successively, and we find 
i?, = -5, A = -8. 

Also hy equating the coefficients of a;^, we have 

9 = A 4- -^2 > 

therefore = 17 ; • 

therefore 

9a;®+9a?— 128 , ni / -iS 5 

(Za; = «8log(a3+l)H ^ + 17 log (a; - 3). 

X — O 


h 


X — 5a;^ + 3a; 4- 9 
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Et-quired the integral of ' 

a:" + 1 

Assume 

= 1 1 ^ + 
x-I'* ' (x — 1)^ (x — I)"* x-1 x+1 x‘*~x4-l' 

theroK.re x=+1 = [A,+^3(x-1)+A,(x-1)^+a1,(x- 1)“] i) 

T jE (x" — X + 1) +(Cx + -Z?) (x + 1)} (x — 1)^... (1). 

Put x = l, then 2 = 2 A^ (2); 

therclore - 1. 

From (1) and (2) 'we hare hy subtraction, 

= + {-^2+-d5(x-l)4'-dJx-I)'^}(x-l) (x +]) 

+ {P (x'^-x + 1) + ( (7x + 2?) (» + 1)} (* _ 

Divide by X — 1, then 

X -r 1 = -dj (x- + X + 1) + {^^ + (a3 - 1) + (« - 1)“} (x’> -|. J ) 

+ {5 (x^- a; + 1 ) + ( ( 7x+D) (x + 1) } (x - iy . . . (3), 

Put X = 1, then 2 = 3A(, + 2 . 

therefore 

From (.3) and (4), by subtraction, 

+ {F (x^ - X + 1) + ( au+ D) (,» + 1) j * 

Divide by x-1, then 

1 - J. C^ + 2) (^+0,+ 1) + lA_ + j^ jj 

'*■ ' ® ( O' -0) (ai + 1)] (je _ 1 )", . , (5), 
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Pat o; = 1, then 1 == 3A^ + 3A^ + 2A^ (6) ; 

therefore ^3== — 

From (5) and (6), hy subtraction, 

0 = (a: - 1) + -d, + a? - 2) + .43 - 1) + 1 ) ^ 

+ {B(cc^ “ a? + 1) + (Oc + i?) (a; + 1)} (x - 1)^ 


Divide by a? 1, then 

0 = -4^ 4“ A^ (a: + 2) + A^ {a? + a? + 1) + A^ (a?^ + 1) 

4-{j8(a3^“a3 + l) 4- (Cb + D) (a; 4- 1)} (a? — 1) (7). 

Put a;==l, then 0 = 4- 3^3 4- 241^ (8); 

therefore A^ = §. 

From (7) and (8), by subtraction, 

0 = A.^(x — 1) + A^(x^ -h cc- 2) + A^(x^ -- 1) 


4- {B(x^ ■“ a? 4 - 1) + (Cb 4“ i^) (a? + 1)} (a; — 1). 


Divide by a; — 1, then 
0 = A^ 4- -4g (a? 4“ 2) 4- A^ (a?^ 4- a; 4- 1) 

4--5(a3^~aj4-l) 4- (Ob4-i^) (a? 4-1) (9). 

Put a? = — 1, then 

0 = ^43 4-^4- -4, 4-3^ (10); 

therefore S = 

From (9) and (10), by subtraction, 


0 = ^3(a?4-l)+^4(^^' + ^)+-5(a5^-a;--2) + (Cb4-i^) (^r + l). 


Divide by a? 4- 1, then 

0 ^ A^ + A^x>\- B(x ^ 2) 4- Cb + D (13), 

Put a? = 0, then 

^3-2J?4-i> = 0 (12); 

therefore D = J. 

T. I. c, 3 
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From (11) and (12), by subtraction, 

(7 = 0; 

therefore (7 = - ; 

+ 1 1 1 


therefore 


{x—l)^{o(? -{‘I) {x-1) 

5 


4* ; 


4; 


2 — 1)® 4 (a? — 1)^ 

1 2 a ) -1 


therefore 


8(i2;--l) 24(a^+l)’ S{a)'-a)-hl)' 

f (0,^+1) _ 1 1 . 1 

J(ai-iy(/s^+l) 3(is-iy i (a;- ly 4(a;-l) 

+ 1 log (a? - 1) + ^ log (« + 1) - i log (a;® - a! + 1). 

25. We will give as additional examples the integration of 
) supposing m and ?i positive integers, and m-1 less 
tlian n. 

Reguired the integral of — - , n Icing sujpgoosed even. 

The real roots of cc'' — 1 = 0 are 1 and — 1, and the imagi- 
nary roots are found from the expression cos rO ± V("~l) 

where 0 , and r takes in succession the values 2, 4, . . . up 

to 71 — 2 ; see Plane Trigonometry^ Chapter XXIII. Now by 
d) * 

Art. 19 if be the fraction to be decomposed, the partial 


fraction corresponding to the root a is 

present case 

^ {a) __ a^-'^ dr 
F\a) “*■ 


<^(«> 

F{a)x~a' 


In the 


since a 


na na n 

Hence corresponding to the root 1 we have the partial 
fraction 

n {X — L)' 


n corresponding to the root — 1 we have 

the partial fraction ^ * And corresponding to the pair 

of roots cosr0 4 v^(-“- 1) sin rd we have 
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{cos t9 sin 


— a/(~ 1) sin rOY^ 

n {oj - cos r6 - a/(- 1) sin rd] n {:c^os7<9 + V(^)~sin r^} 


that is 
cos onrO 4- \/(” 0 


cos mrO ~ 1 ) sin onrO 


n {x - cos - V(-' 1) sin rdj n[x - cos rd + V(- 1) sin r6} ’ 
that is 2 oosmrd (x - cos rd) - 2 sin mr0 sin r0 


^2 — 2x cos + 1) 


Thus 


X 


X 


+■ 


(- ir 


• 1 ,n{x — l) 

4-^5 - cos re) - sin sin r0 

n (a? - cos tBY -j- sin^?^^ ’ 

where 2 indicates a sum to he formed hj giving to r all the 
even integral values from 2 to - 2 incluisive. Hence 


/ 


x"^ dx 1 . . . (- 1 )”' , 

;;r3Y= -log [x - 1) + L^ log {x + 1) 


+ ^ 2 cos mrd log (x^— 2a; cos H-1) — - ^ sin mrO tan“^ g_ oos^^ 
^ n ainrd 


26. Hequired the, integral of — — n being supposed 
odd.- 

The real root of a?” — 1 = 0 is 1, and the imaginary roots 
are found from the expression cos r/9 ± a/(- 1) sinr(9, where 

6= and r takes in succession the values 2, 4, ...up to 

— 1. Hence as before we shall find 

f dx 1 1 

J ^ _ j ~ — 1) + - X cos mre log (of — 2x cos r0 + 1) 

^ s: • A. ^-iX — cosre 

S Sin inrO tan ^ . 

n smrO 

3—2 
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Reqitwd the integral of ^ sujpposed 

iC “T 1 


The equation a;”+l = 0 has now no real root ; the imaginary 
roots are found from the expression cosr0 ± V(“- 1) sin 

where ^ ~ ^ j takes in succession the values 1, 3, ... up 
to n — 1. And if a be a root of -f 1 = 0, we have 
4>{a) _ _ oT, 

F' {a) na^~^ na^ n ^ . 

thus the sum of the two fractions corresponding to a pair of 
imaginary roots is 

2 cos mrd (x — cos r^) — sin onrS sin rd 
n {x — cos rfff + sinV5 

Hence 

cos log (aj — 2a; cosr0+l) 

, 2 ^ ^ £c - cos 

*f - 2 sm mrd tan — ^ , 
n sm rd ^ 

where % indicates a sum to he formed by giving to r all the 
• odd integral values from 1 to w — 1 inclusive. 

28 . Required the integral of — - , n Icing supposed 

odd. ■ 

The real root of a;’‘+l=0 is in this case -1, and the imagi- 
nary roots ai-e found from the expression cos rd ± V(— 1) sinr0, 

where and r takes in succession the values 1, 3, ... up 

to n — 2. Hence we shall obtain 


; cos mr6 log {.x? - 2a> cos + 1) + - 5 sin mr6 tan,-^ - ^ . 

n sm ra 
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29. We will finish the Chapter with some miscellaneous 
remarks on the decomposition of rational Yractions, 


L Suppose we have to decompose the fraction 


(f) (x) 
F{x) 


into 


partial fractions where (f> (x) is not of a lower dimension than 
F{x). Divide cj> {x) by F[x ) ; let {x) denote the quotient, 
and ^2 {x) tlie remainder ; then 


(») = {x) F[x) + {x) ; 


therefore 


r(x)- 


: (X) + 


^,(x) 

F ix) • 


AM 


Accordingly we have now to decompose into partial 

fractions. It should be observed that we shall obtain the 
same values for the partial fractions whether we apply the 

methods of Arts. 19, 20, 21, 22, and 23 to or to ^-7^ . 

[X) Jj [X) 

Take, for example, the case of Art. 19 : since, by hypothesis, 
i^(a)=0, and (ji{x) = 4 >i{^) + we have 0(a) =02 (a). 


II. From considering the values of A^,.,, in Art. 20 
we see that the following result holds: let r stand for any 
integer from 1 to n both inclusive, then A^ is equal to 
the coefficient of in the expansion of/(a + /i,) in powers 
of 7i. Accordingly we may obtain A^ by ordinary algebraical 
processes. For example, suppose we have to decompose 


(x — a)"" (x — by 
partial fractions by 


into partial fractions. 


Denote the required 


4. 



-g. I A , , 

(x -- by lx — by~'^ x-rb* 


Here f{x) = (x — by^; therefore A^ is equal to the coeffi- 
cient of in the expansion of [a — b + hf^ in powers of h. 
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The expansion can he effected hj the Binomial Theorem ; 
thus we obtain 

p(p + l)...ip+r-2) ■(- 1 )*"" 

Similarly if s stand for any integer from 1 to p, both 
inclusive, then is equal to the coefficient of in the ex- 
pansion of (& ~ a -p in powers of h. 


III. Suppose that 


ani ('-Jv)’ 

here <j> (x) and F (x) are of the same dimensions. By decom- 
(h ( x') 

posing we obtain the term together with a series of 
partial fractions, a pair of which may be denoted by 


X — p a? -h 


where p stands for -j- , 
h 

Then, by Art. 19, 


A = -R - 

Let Ti be less tlian h, and suppose n to increase indefinitely ; 
then the term ^ vanishes. And^ hy Plane Trigoncmeiry , 
Chapter xxili. we have 

. f . sin lix rii \ sin lex 
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therefore ^ {p) = — since sin lap = 0, we have 

F'{p) = ^. 

^ P 


Thus 


Aj, sin hp 


H- 


0? — p cc + p hcoBkp\x — p 

^ . hm 

2r7r sin -y— 
ic 


— p x + pj 


KIc cos rir 


(»■-¥ 


Hence finally, if li he less than h, 

. ArTT 

, 7 r sin 

sin fix ^ ^ k 

= 27r2^- 


sin kx 


cos r'TT — 7’V^) ' 


where 2 denotes a summation with respect to r from r=l 
to r = 00 . 

The method of this example may he applied in other 
similar cases. 


IV. Some additional information on the theory of the- 
decomposition of rational fractions will he found in the- first 
volume of Serret’s Oours d'Alghhre Bup^rieure^ 1866. Sug- 
gestions which are intended to diminish the numerical labour 
involved in the process of decomposition will he found in the 
Oamlridge and Dublin Mathematical Journal^ Vol. III., in the 
Mathem^abician^ Vol. ill, and in the Quarterly Journal of Ma- 
thematics^ Vol. Y, 
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examples. 

1 ,.. 


I " 6 x’‘ + ^ + 


7- Lfctxx /o 

1 V3 V® 


r.c® — 1 


dx = x+loi 




3- h 


r?ix ■ ^ 2 ! _ Tcc + 64 log (® + 4) - 27 log {x + 3). 


r + 7a:+12 2 


f dx ' _ tan“^- + — 3 ^°^ 


.■2.r- — 3a® , _ 5 fan"'-- — log- — '• 


1, a!®+a! + l 1 


j.y+l)P+^+l) 2 '= 0!®+! V3 

lx^-rX'‘ — 2 6 £C + 1 3 


a;*^ + a? + 1 




r rg^ — 8rg + 3 

J (x—l) (x — 2) 


03-2 

or 

°a:-l 




”■ Iff 


' + i 4, ~i 

-Y— ^ +-::tan ■ 


J (x^ -f- a") (a; -f &) + a** | ® V ^ i 

■ C (1 +»%+»■) - ^ ^ '°8 0 + ») - i ■■’S 0 


■ tan“^ :i3. 
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/ (» - 1) V + ~ - T(^ - * (» - >) 

+ 1 taa"^ 03 - + i log (x' + 1). 

1 1 r ^ 1 1 1 / i , \ 

j (L + x)(l + 2xy (1+03®) 5 1 + 203 2 ^ 

^ ^ r _ 1 1 a? — X i\J^ 1 
Jx^-hl 4v'2 cc^-f 33 + 1 

' + 2^ (^ V2 + 1 ) + taii“^ (a? //S - 1 ) }. 

> {tan"^ (2^3 --a/ 3) *--tan“^ (203 4* V^)}» 

^ 1 - / = 2/®aV 

“■ /(T +Ay f ffto+ l?)- 
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CHAPTEE III. 


FORMULA OF REDUCTION. 


30. Let be denoted by X; by integration by 

parts we have 


h 


X^dx- 


_ XV 

m 

_ Jgy 

m 


- ~pX^^ 

_ r 

m J" 


dX 

dx 


dx 




.(1). 


Tlie equation (1) is called a formula of reduction; by 
means of it we make the integral of depend on that 

of In the same way the latter integral can be 

made to depend on that of 5 and thus, if p be an 

integer we may proceed until we arrive at that 

is which is immediately integrable. 


From (1), by transposition, 


a 






m r 
hnpj 


bnp hnp 

Change m into m — n and p into y? + 1 ; thus 








X 




m’-n 


In (p 4- 1) bn {p + 1) 


a: 

j 


(2). 


This formula may be used when we wish to make the 
integral of depend upon another in which the exponent 

of X is diminished and that of X increased. For example, 
if m = 3, n = 2, and y? = — we have 


x^dx 
[a 4 


X ^ 1 f dx 

b V(a 4 bd?) ^b]f{a 4 b'X?') * 
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The latter integral has already been determined, and thus 
the proposed integration is accomplished. 

Since J x^'^^X^dx = j + hx^) dx 

= aj + 5 

we have by (1) 

“ ?/ + ^ dx, 

tlierefore f dx = (’Zl±M f 

J am am J 

Change y> into_ 2 ? + 1, and we have 

f x^'-^X^dx = '2-:^' - L”‘^'‘-^J-Pdx (3) . 

J am am J ^ 

Change m into m — n and transpose, then 

fx’^-^X^ dx = f X\ - [x”‘-’‘-^X‘^dx (4). 

J 0 [Qii + np) o{m+ np) J ^ ‘ 

We have already obtained from (1) by transposition 


j^M^n-lXJrldj; = 


x"X^ m 


also 


hnp hnp 
jx'''''^X^dx= a Jx'’^'''X^'~^dx + 


y^-^X-dx; 


tlierefore fx’“~^X^dx = a fx”‘~^X^Wx + — — [x’^~^X’’dx- 

J J np npj 

therefore dx = — -j — f dx (5 ) . 

J m + np m + npj ^ ^ 


Change p into ^ 4- 1 and transpose ; thus 

^x^'-^X’^dx + fx”‘-^X’^Wx 

an (p + 1) an (p + 1) J 


..(e). 
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SI. If an example is proposed to which one of the pre- 
ceding formiite is applicable, we may either quote that 
particular formula or may obtain the required result inde- 

r 

pendently. Thus, suppose we require J ^2^ i we have 


f x^dx [dsj ((? — o(?) j 


= — a/(^^ ““ -h (w — 1) J \l{o^ — x^) dx 

== — — x^) -f (m - 1) 

By transposition. 


(c^— x^) ^dx 


(l-F W2 — 1) 

therefore 
x'^dx 


^ f x'^^dx , r iN 2 r 


f x^^dx ^ 


V(c^ — a;^) ^ (m - 1) c® T 


7?2 


+ 


m 


'Iw 




•( 1 ). 


This result agrees with the equatipn (4) of the preceding 
Article if we make a = c^, 5 = — 1, ?2 = 2, p = ~ and change 
m into m + 1. 

f dx 

Again, suppose we require J We liave, 


r c?aj 
Jaj'^Vfa' 


— f ^ V + a;^) 1 
\/ (a*^ + aj^) J dx 

-+(m+l 




, vV+^ , 

^m+l W 




,w+2 dx 


X 


By transposition, 
dx 


(m + 1) d 




V((^^+aj®) f dx 


/ce’V («' + ;»’=) 
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and by changing m into m — 2 'vye obtain 

dx /^(a^+x^) m — 2 f dx 

x"W(a^ + ^') (m-l)a^x”‘-^ (m - 1) j;c”-V(a“ + *') 


.( 2 ). 


f 0(^ dtXj 

Another example is famished by -77- jr /'which may 

j /y {^uCiCG'^ iXi j 


Ibe written 


' 

J 


x”'-idx 


I \/(2a 

J . ; if in equation (4) of tlie preceding 

I Y [2a Xj 

Article we make & = —l, n = l, — and cliange a and m 
into 2a and m + respectively, we have 


f" 

J' 


x^dx 


f^J{2ax-' x^) 


''‘^\J{2ax “ ^ (2^ f) r x^'~^dx 

m m J A 


sji^ax — a?) 


.(3), 

which of course may be found independently, 

32. In equation (6) of Art 30 put a = c^^ = n = 2, 

J = and_ 2 ?= — r; thus 


" dx 


T=i + I 


2r-3 


‘I(x^ 


dx 


[jf + c^f 2 (r — 1) c‘^ (x^ + 2 (r — 1) j (x^ + ’ 

This formula will serve to reduce the form 
r (Ax + dx 

J (x^ — 2 ax + + /Sy ’ 

which occurs in Art. 18 ,* for this last expression may be 
written thus. 


/i 


A(x — a) dx 


(Jcc + B)j- 


dx 


that is 

2 (r ~ 1) [(x — a)^ + /{ (^ 

By putting a? — a = aj', we have 


dx 


dx 


r dx _ r 
and thus the above formula becomes applicable. 
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33. Tliese fonmilse of reduction are most useful when the 
integral has to be taken between certain limits. Suppose 
^ (^)j ftmetions of x, such that 

J (f>(x) = x (x) +J' 'yjr (x) dxy 

then [ cj> {x) = % (5) («) + f (^) dx, 

J a J ^ 

as is obvious from Art. 3. 

For example, it may be shewn that 

f ^ f (<?- ; 

J ^ ' w + 1 n-i- IJ ^ 

n . r " . T 

suppose - a quantity, then vanishes both 

A 

when a? = 0 and when cc = c. Hence 

re n ^2 rc n 

I dx = r I {c^ — x^) dx, 

jo n + ljo^ . ^ 

The following is a similar example. By integration by 
parts 


(1 — xy^''^dx = • 

f (1 — xY 
Jo 


r-i , ^-1 


Hence 




r-1 n 




dx. 


n Jo 


^r-2 _ ody'^dx. 


Thus if r be an integer we may reduce the integral to 

fi 1 

I (1 — that is to ^ — - ; hence 

Jo Ti-pr — l 

Jo (?2 + 1) + 2) (?2 + r — 1) 

34. The integration of trigonometrical functions is faci- 
litated by formulae of reduction. Let ^ (sin cc, cos x) denote 
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any function of sin x and cos x ; then if we put sin a? = we 
have 


J(^ (sin Xf cos x) dx=J(f> ^ 




dz 


( 1 ). 


For example, let ^ (sin a?, cos x) = sin^ x cos^x; then 

j sin^a? cos^xdx= J z^ (1 — dz (2). 

If in the six formulEe of Art. 30 we put (X = l, 5 == — 1, 
= 2, p — J (s’ — 1), we have 

= g” (1 - ^ ini Lm+l (1 _ 2*)S(S-=) 

m mj 

= _ (i _ 

2+1 g+lj ^ ' 

= + vi ± i+l Ux (1 _ 

m mj 


te - 3 )Jg 


^ 4 ~ ‘ 

g ~^ L «- i ( i _ g 2 ) 
m + ^— 1 ??2 + 2 ' — lJ ^ ^ 

- - (1 _ 

If we put ?w=p + l, and ^ = sina2, the first of the above 
equations becomes 

r • w a J sin^'^^a;cos^"^a? <7 — If . -_o , 

sima?cos®a?(zaj= h sin^ iccos® ‘^xdx, 

, J + 

and similarly the other five equations may be expressed. 
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35. The following is a very important case : 

r • « 7 f d QOS X . j 

sm xax = ’- / — sin ^xax 

= — cos X sin”"^aj + (n — 1) j cos^x sia*‘''^a3 dx 

=^-Qosx -f (71 - 1) J (1 - sin^ir) sin^'^i^; dx. 

Transposing, we have 

nj sm”ir; dx^-- cos x sin"*"^it7 + (?^ — 1)J sitf Jo? ; 

tlerrfore f sh-»& = - + ^ 

J n n J 

From the last equation we deduce 

f “ sin”£c c?a; = f sm""''^xdx. 

Jo Jo 

firr 92 — 3 

Similarly J xdx = J sin''~'^xdx. 

Proceeding thus, if n he an even integer we shall arrive 

riTT 

at I dx or -^tt; if n he an odd integer we shall arrive at 

q 

/* iTT * 

I sinxdxy which is unity. Hence, if n he, an integer, 

J 0 

f"’" • n J (^^~l) ( 71 — 3) (w*~5) 1 TT . . 

j. <"*''“>■ 

= (n odd). 

Jq n (72 — 2) (n — 4) 3 ' ^ 

These two' results hold if we change since into cos a?, as 
will he found on investigation. - 

36. Prom the preceding results w^e may deduce an im- 
portant theorem, called Wallis’s Formula, 
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Suppose n even ; then 


iTT ^ 

sin^ xdx ■ 


^ — 1 n — 3 n — 5 


lir 


n — 2‘^2 — 4 4 * 2 * 2 ' 

n — 2 — 4 6 2 


(1) 

A 9 9 


m^'^xdx — 

0 w — 1 « — 3 — 5 


( 2 ). 


Now it is obvious that 


flK 

sin”-' 

J 0 


xdx is less than 


fiTT ^ 

I sin”~^£c<^b and greater than / sin^cc^^r; because each 

*^0 */o 

element of the first integral is less than the corresponding 
element of the second' integral and greater than the corre- 
sponding element of the third integral And it has been 
shewn that 


i 


iiT 


sin'' xdx 


w — 1 


Therefore 


/. 

fhr 

/ sin” 

•J 0 


iTT 


sin” ^ xdx 
xdx 


'J 0 


sin”"' xdx 


is less than 1 and greater than 


w- 1 


Hence the ratio of the right-hand member of (1) to tlie 
right-hand member of (2) is less than unity and greater than 

; thus 


n 
7r . 


„ is greater than jjj . 4 . 4 . 6 ■ 6 .... .. (»-2) (^-2) 

2 1 . 3 . 3 . 5 . 5 . 7 (?i — 3) (^2 — 1) ’ 

and less than (n-2){n-2) n_ 

1 . 3 . 3 . 5 . 5 . 7 (w — 3) ()i — 1) H — 1 ‘ 

EXAMPLES. 

T. I. a 4 
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EXAMPLES. 


2. = 

a {2m + l) r „,_i ^ 

?7Z + 2 j ^ ^ ^ 

8. jx ^/{2ax — dx — - -J- ( 2 ( 2 ^i; - a?®) “ + J\/(2ax — a?®) c?a;. 

4. f XA/(^ax--x^) dx = '^^ 

5. Jx^^/(2ax — 02^) ~ (2^0?— a;^)^ H- JxA/(2iZX—x^)dx. 

rSa 

6. / x^ \f {2ax -- x^) dx 

J 0 

/*2a 

7- / a?® a/ ( 2^0? — aj®) & = 

•/ 0 

8. J »■ (log =,)• - ?">g »^)r _ ^ p„g ^).- ^. 

9. Jai" (Iog3:;)®£fo = J~y|(logic)® — -^lo;va; + 

/•itr J 

. I a&o-^edB^^. 

J a 3 


ba^TT 

_ ^ 

77ra® 


n-i-l 


(n + irj- 


10 


11. 


I 


0 

'« ^2 


x^Aj{a ““ £c) 
V(^ + a?) • 


c& : 




12. J sin^d cos’ 8 d6 — ~~\ cos'*^ + ^ cos® 8, 

/ do 

siu‘(9cos*^ ^ ^ ^ ^ “ cot’^). 


/ 


sm^^c7(9 'sin0 


•t X 1 ^ oj^xi V ^ 


1 — sin 
,I -1- sin^"' 
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15. [ (cos 26)^ cos 6 dO = ^ 

Assume a/(2) sin 6 = sin <p, 

16. j^^/{a^-x^)cos-^^dx=(l + j^j. 


17. J l^yers”^ -J dx = (tt^ — 4) a. 

f-^^sin^xdx c^ — 1, , . 2 — c 

Jo 1 + c cosa? c ° ^ 2c 

19. If <p (n) ~J(1 -j-c cos xy dXj shew that 


(?z — 1 ) (I — c^) (f) (n) = — 0 sin x(l -h c cos 

4- (271 — S) (f) (71 — 1) -- (n — 2) (f) (n — 2). 

ox -1 7 

20 . J A/(2ax — £c^) vers ^ -^dx — . 

n-f ON 7 

21. J x^^(2ax‘-x^) vei'S ~ax = — -h—^ * 



c being less than unity. 


24. Let P= Aaj® + 4 - Cx^ + . . . , = J x'^P'^dx, 

a == m 4- 1 + /S = m + 1 + ?25, 7 = m + 1 + ? 2 Cj ... 

Then 

F =AF +.5]^ . 4-CV 4-... 

^m+lp,. ^ ^ ^ + / 3 -S + 7 O' F^+„.„_1 + . . . 

{Cainbridge and Dublin Mathematical Journal., Vol. Iir. p. 
242.) 


4—2 
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CHAPTEE ly. 

MISCELLANEOUS EEMARKS. 


37. We liave at the beginning of this book defined the 
mtegral of (j) (x) between assigned limits a and h as. the limit 
of a certain sum (x) Ax, ' and have denoted this limit by 

I <}> (p3) dx» We have shewn that this limit is known as soon 

a ' 

as we know the function {x) of which ^ [x] is the differen- 
tial coefficient. In the pages immediately following we gave 
methods for finding [x] in different cases. We shall now 
add some miscellaneous remarks and theorems, some of which 
will recall the attention of the student to the process of sum- 
mation which we placed at the foundation of the subject. 


38. Suppose we wish to find the integral of sin x between 
limits a and b immediately from the definition. By Art. 4 we 
have to find the limit when n is infinite of 

h [sin a + sin (a -f h) + sin (a + 2/0 + sin {a -f- - 1) h}], 

where 7^ = - (5 — a) . 

n ^ ' 


It is known from 
Ji sin + 

sm^ 


Trigonometry that this series 

2, 


/ b — a li\ n b — a 

-jjsm 


nil T ,( b -- a 
sm — h sm (a H — - 


Bin • 


h 


2 
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Ti 

The limit of ^ 1711611 n is infinite and therefore h zero is 

sin- 

2 ; hence the req^uired integral is 

„.5+a.5-a _ 

2 sin — — sin — — = cos a — cos 6. 

u u 

_39. Eequired the limit when n is made infinite of the 
series 

n n j n j_ n , n ' 

1 + re’* 2“ + 3" + + _ 1)2 + • 

This series may be written 

M' I a I 1 I 1 , 1 1. 

”r -ej -ey 

putting li for “ , we obtain 

1 + (n - 1 )’>a4 ■ 

Comparing this with Art. 4 we see that the required limit is 
f ^ ddO f d (K/ 

what we denote by I Now I -2 = tan"^cc; hence 

J 1 -jr X 

j is the required limit. 

40. We define f [x) dx as the limit when n is Infi- 
nite of 

(«) + {x^ 

Now let ^ and B be the greatest and least values which 
<p {x) 'takes between the limits a and h; then* the series is 
less than 

(^^ + 7^2+ ...... +An)-4, 
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and is greater than 

(^1 + ^ 2 + + 

that is, tlie series lies between 

(Z> — a) -4 and [h — a) B, 

The limit must therefore be equal to {h — a) G, where G is 
some quantity lying between A and B ; but since (p {x) is 
supposed continuous, it must, while x ranges from a to b, 
pass through ewery value between A and B, and must there- 
fore be equal to G when x has some value between a and b. 
Thus 0= <p 6 {i — a)], where 0 is some j)i’oper fraction, 
and 

j (p (x) dx= {b — a) (p [ai-0 (b -- a)}. 

a 

Similarly if '\fr (x) retains the *same sign while x lies be- 
tween a and &, we may prove that 

f (p (x) ^ (x) dx = <p {a -h 0 (b -- a)} I 'xfr (x) dx, 

J a J a 


41. The truth of the equation 

fl rc 

I <p(x)^x= cp(x)dx+ p(x)dx •••(!) 

J a * -J a J e 


will appear immediately ; for suppose (x) to be the integral 
of (p (x), then we have on the left-hand side 

■fihj-fla), 

and on the right-hand side 

^ (c) — ^ (a) + '\|r (&) — (c). 

In like manner the equation 



is obviously true. We may shew also that 
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F or putting a — x — z^TQ have 

j (j) {a — x) dx — — j <!> (z) dz, 

therefore f (f> (a — x) dx = — f ^ (z) dz 

Jo J a 

= [ ^{z) dz, by (2). 

Jo 

Of course j <p(s) dz = [ <f) (x) dx, since it is indifferent whe- 
Jo Jo 

ther we use the symbol x or z in obtaining a result which 
hoes not involve x or z. 

We have from (1) 

/ 2a ra rHa 

^ cj)(x)dx=J ^(x) dx+j (jj (a;) dx. 

_ The second integral on the right-hand side, by changing 
X into 2a — x\ will be found equal to 


Hence 


J ^ (2a- x) dx or J (f> (2a - x) dx, 

(x) dx = {<f> {x) -I- (j(> (2u - x)] dx. 


Hence, if ^ (x) (2a — x) for all values of x comprised 

between 0 and a, we have 


r2a I>a 

J (j) (x) dx — 2 J (j) (x) dx 
and if ^ (2a — x)— — (p(x)^ we have 

r2a 

I (j)(x)dx^0 

J a 


.( 5 ). 


For example, 
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and [ cos® ddd-a tj i^)' 

J 0 

42. Snct equations as those just given should receive 
careful attention from the student, and he should not leave 
them until he recognizes their obvious and self-evident truth. 

j’^cos^ddff is by definition the limit when » is infinite of the 


series 


A fcos® A + cos® 2A 4- cos® 3A + cos (n 1) 7jJ , 

vrhere = tt. Now- 
cos® A- — cos® (n — l) A, 


cos® 2A — — cos® (« — 2) A, 


thus the positive terms of the series just balance the negative 
tei-ms and leave zero as the result. 

rlrr 

In the same way the truth of j sin^’^ d0^2 J siii'‘^0d0 

follows immediately from the definition of integration, and the 
feet that the sine of an angle is etjual to the sine of the sup- 
plemental angle. 

Suppose I greater than a and ^ (x) always j^ositiyc be- 
tween the limits a and 5 of cc ; then eyeiy tcriu in the scries 

2^ [X} Ax is positive, and hence the limit I cj> [x) clx musi 

J tt 

he a positive quantity. 


43. All the statements which have been made suppose 
that the function which is to be integrated is always finite 
between the limits of integration; for it must bo remem- 
bered that this condition was expressly introduced in tlie 
fundamental proposition, Art. 2. If thcroforo the function 
to be integrated becomes infinite between tlie limits of inte- 
gration, the rules of integration cannot be applied ; at least 
the case must be specially examined. 

Consider ^ ; the value of this integral is 

^-^y(l-a). Here the function to be integrated becomes 
infinite when x = !•; but the_ expression 2 — a a/ (1 — a) is 
finite when a = 1. Hence in this case wo may write 
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dx . 

— T == 2, provided that we regard this as an ahhrevia- 

V (1 — a;) ^ 

r® dx 

tioii of the following statement : ^ is always finite 

if a he any quantity less than unity, and by taking a suffi- 
ciently near to unity, we can make the value of the integral 
differ as little as we please from 2.” 

dx • 

Next take I - — - ; the value of this integral is —log (1 — a) , 
which increases indefinitely as a approaches to unity. Hence 

. diX 

in this case we may write 1 — ^ — = co provided that we 

^ 0 t 

regard this as an abbreviation of the following statement : 

— increases indefinitely as a approaches to unity, and 
^ 0 1 — X 

by taking a sufficiently near to unity we can make the inte- 
gral greater than any assigned quantity.” 

dx 


Next consider 


f f?:? j the integral here is — ~ — . If 

J yi. ~~~ Xj X — X 

without remarking tliat the function to be integrated be- 
comes infinite when 1, we propose to find the value of tlie 
integral between the binits 0 and 2, we obtain — 1 — 1, that is 
“ 2. But this is obviously false, for in this case every term 
of the series indicated by S ^ {x) Kx is positive, and therefore 

dx 


the limit cannot be negative. In fact 


dx . r 


dx 


are both infinite. Tlxis example shews that the ordinary 
rules for integrating between assigned limits cannot be used 
when the function to be integrated becomes infinite between 
those limits. 


44. In the fundamental investigation in Art. 2, of the 

value of I ^ (a;) dx, the limits’ a and b are supposed to bo 

finite as well as the function {x). But we shall often find it 
convenient to suppose one or both of the limits infinite, as we 
will now indicate by examples. 
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Consider J integral is tan ^'r. Hence ^ 

= tan”^a; the larger a becomes, the- nearer tan approaches 


to — , and by taking a sufficiently large, we can make tan a 

differ as little as we please from ^ ; hence we may write 

f = — as an ahhreyiation of this statement. 

J„l+a!- 2 


Similarly |“^^ = log (1 + a) ; and by taking a large 

enough we can make log (1-1- a) greater than any assigned 
quantity. Hence for abbreviation we may write 

p dx 

I — = CO . 

Jo 1+X 


45. Suppose the function (f) (x) to become infinite once 
between the limits a and 5, namely, wlien x=^c.^ We cannot 

then apply the ordinary rules of integration to J <p(^) dx; but 

we may apply those rules to 

r f ^ 

I <f>(x}dx+ 4> (x) dx 

for any assigned value of fi however small. ^The limit of the 
last expression when jjb is diminished indefinitely is -called by 

Cauchy tho principal value of the integral f dx. 


For example, let (f> (x) = 


G — x 


and 


, f^f^dx , 0 — a 

^j^^en = log , 

Ja c-x ° [M 

dx ^ h — c 

J C+fJ.^ ^ J c 


^ dx TV 
— - =-“log 

X — 0 
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Iience the 'prmdfal value is loj 

T c — a 
I 02 : . 


c — a T 5 — > 

»'7r-'»s7- 


that is 


46- The value of is sin ^ : hence 

isj [or - arj a 


Students are sometimes doubtful respecting the value which 
is to be assigned to sin"^ (1) and to sin""^ (—1) in such a result 
as the above. Suppose we assume a? == a sin 0 ; thus the integral 

becomes Jdd or Now x increases from —a to a, hence 

tlie limits assigned to 6 must be such as correspond to tliis 
range of values of x. When x-^-a then 6 may have any 

value contained in the formula (in — 1) ~ , where n is any 

A ' 


integer. Suppose we take tlie value (in — 1) - , wliere n is 
some definite integer, then corresponding to the value x = a 

TT 

we Qyiust take 0= (4?2— 1) - + tt; this will be obvious on 

examination, becaiTse x is to change from — a to -}-a, so that 
it continually increases and only once passes through the value 
zero. 


Hence 


/■ 

J _a 


dx 

(a? — a?) 


= 7r. 


As this point is frequently found to be difficult , by begin- 
ners we will consider another example. 


Suppose we require f 4^ 
Jo 

We have J~ 


^ sec^ddd 


sec^ 0dd _ 1 . 

a“-ftan^^ a 


+ tan^ ■ 

'tan 0 


\ a 


and as the integral is to be taken between the limits 0 and tt, 
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we must determine the values of tan ^ 


tan 6' 


in these cases. 


Suppose 0, 6^, 02 , 03 , ... 0,i, TT, to he a series of quantities in 
order of magnitude. By the nature of integration 

rv rdi pe .2 fds f-rr 

I udd= I udd + / udd-i- udd’j - ... 4- 1 udd. 

Jo Jo J ei J ea J On 

Now each of the integrals on the right-hand side can he 
made as small as we please by increasing n and making two 
consecutive quantities as 0,. and 0^.^^ to differ as little as we 

please. Hence we see that the symbol tan”^ 

tan 0^^A , ^tan 0,: 


so • taken that tan ^ ^ 
indefinitely when 0,.^^ 


tair^ ' 
0. does so. 


shall diminish 


Therefore tan"^ must increase continuously with 0, 

and it can only pass once through an odd multiple of - while 

0 passes from 0 to tt. If then we take mir for the value of 

tan”^ (--- j when 0 — 0, we must take (m -f 1) tt for the value 

when 0 = 7r; and thus the value of the integral between the 

assigned limits is — . 

a 

A common mistake with beginners is to take the second 
value the same as the first, instead of taking the second value 
to exceed the first by tt ; thus the value of the proposed inte- 
gral is made to be zero, which contradicts the last paragraph 
of Art. 42. 

. . . f"' (a — CCOS0) dd 

Again, suppose we require j 


/ 


(a — c cos 6) dd _ 1 
4 c“ — 2ao cos 0 2a 


14 


4 2ac cos 0 


Thus the required integral is ^ 4 

Aa « Aa 




de. 

d6 


■ 2ac cos 0 ' 
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cos d 


' sec^ h 6 dO 

{a — c)^-f (a + cy^is^xi^d 


= ^ tan“^ ( tan 4 


tan \ 6 


2 TT 

When taken between the assigned limits this gives — ^ - 

CL C Ji 

2 TT . , 

if a is greater than c, and — ^ if is less than c. 

Hence the value of the proposed integral is - if a is greater 
than c, and zero if a is less than c. 

L' ” 47 . The Integral Calculus furnishes simple demonstra- 
tions of some important theorems relating to the convergency 
and divergency of series. 

If (p (x) continually diminish as x increases without limit 
from the value a, then the infinite series 

(jb (fx) H- <j!) (a + 1) + + 2) -j- 


and the integral / <p {x) dx are hoth finite or both infinite. 


For since <p (x) continually diminishes I (p (x) dx is less 1/ 


than 1 p {a) dx^ and is greater than ^ (a -f 1) that is 
J a J a 

ra+l 

I p {x) dx is less than p (a) and is greater than p (a + 1). 

J a 

l'a+2 

Similarly I <f){x)dx is less than ^ {a+^1) and is greater 

than <p{a + 2). Proceeding in this 'way we can shew that 

the integral I (f> (x) dx is less than <!' 

J a ' . 

^ 4" (flj + 1) + ^ (a ■+* 2) “h * ' 
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but is greater than 

(cx + l) + ^ ((3/ + 2 ) -f- 0 (a + 3 ) + •••••• 

Hence tbe series and tbe integral are botli finite or botli 
infinite, 

■ 48. How let log x be denoted by A (x)^ let log (logo?) be 
denoted by A“ (x), and so on. Then we shall demonstrate the 
following theorem : 

T/ie series of which the general term is the reciprocal of 

n\ [n)\^n) X {n) [X-^^(n)Y, 

is convergent if p he greater than unity ^ and divergent if p he 
less than unity. 

Let {x) = {x):....X ix) (a;)}^ ' 


then j <f) (a?) dx = , if p he not unity, and = (a;) 

if p be unity. 


Hence 


/ (p (x) dx = 

a 


__{A^ 


1-jf) 


if p be greater than 
unity, and is infinite if p be equal to unity or less than unity. 


l-p 


Hence the theorem follows by Art. 47. 

■’ 49. We now proceed to investigate rules for determining 
whether a proposed infinite series is convergent or divei'gent. 


Let there be an infinite series 


(^0 ^ + 3) ~^ * * * * * * ^ 

denote the general term by -r ^ . It is obvious that the 

Y [X) 

series is certainly divergent unless \[r (x) increases indefinitely 
-with X : we will suppose that (a?) increases indefinitely 
with X, 
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I. Suppose* as x increases indefinitely from a certain 

value a, that — is always less than — , where 0 and j? 

are constants, being greater than unity ; then the proposed 
series is less than a certain series which is known to be con- 
vergent by Art. 47 : therefore the proposed series is con- 
vergent. 

1 G 

If , ^ ^ is less than — , then x^ is less than O'^fr (x ) ; and, 

X'^ 

loc 


'xjr (x) 


taking logarithms, we find that p is less than 


G'yJ/' (a 
ion* X 


The last expression assumes the form when x is infinite ; 
by the ordinary rules for evaluating such an expression wc 
obtain 


X'^' (x) 
'ijr (x) 


(x) 

'xjr (a?) 


as its equivalent. Therefore if the limit of 


when X is infinite, is greater than unity, wc can find a 

quantity p, greater than unity, such that is always less 
than G'^ lx). Hence the proposed scries is convergent 

In a similar manner it may be shown that if the limit of 

; /V 5 when X is infinite, is less than unity, we can find a 
Y (^) ■ ' 

quantity less than unity, such that .r/ is always greater 
than C'\lr{x), Hence the proposed series is greater than a 
certain divergent series, and is therefore itself div'crgcnt. 

II. Thus if the limit of when x is infinite, is 

either greater than unity or less than .unity, the nature of the 
series is determined : but if this limit is unity, further investi- 
gation is required* 

Suppose, as x increases indefinitely from a certain value a, 
1 G 

that is always less than ? where G and p arc 

constants, p being greater than unity; then the proposed 
series is less than a certain scries which is known to be 
convergent by Art. 48 : therefore the proposed series is con- 
vergent. 
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1 0 

{^Hl*’ is less 

(Jy}/> f^'\ 

than — - - -— 5 and, taking logarithms, we find that ^ is less 


log 

tliau ^ is, p is less thaa - -i . 

X^[x) ^ X“(cc) 

The limit of this expression when x is infinite is the same 

as the limit of X (x) ~ l| • Hence if the limit of 

this last expression is greater than nnitj the proposed series 
is convergent. 


In a similar manner it may he shewn that if the limit 
of the last expression is less than unity the proposed series 
is divergent. 


III. If the limit of X 




when X is in- 


^xy^' (x) 

finite, is also unity, further investigation is required : the 
general term of the proposed series may then be compared 


Proceeding in this way we obtain the following result: 

letP„=^^, P,= X{x){P,-l), P, = X^{x){P,-l), and 

generally P,, = X”'(a?) and suppose that Fr is the 

first of the terms P^, P^, which has its limit, when x is 

infinite, different from unity: then the proposed series is con- 
vergent or divergent according as the limit of Fr is greater 
than unity or less than unity. 


We have supposed the general term of the series to be 
denoted by ] if if he denoted by % {x) we have to 

put instead of y{r (x) in the preceding result ; hence 
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we find that P.— — , and that this is the only modifi- 

%(*) 

cation required. 

50. Another form may he given to the result. We know 
by the Differential Calculus that %(a! + l)— % (a;) =%'(;:»+ 0), 
where d is some proper fraction. Hence 


%(»+!) 


ajll 




therefore the limit, when x is infinite, of is equal 

^ Thus we may put 


to the limit of x\l 


X(a!+l)j ■ 

P =:x\ — in the result of Art. 49. 

The theorems in Arts. 47, 48, and 49 have been derived 
from De Morgan’s Differential and Integral Calculus; there, 
is a valuable memoir on the subject by Bertrand in the 
seventh volume of the first series of Liouville’s Journal de 
MatMonatigues. An elementary demonstration of the theo- 
rem of Art. 48 will also be found in the Algebra^ Chapter 
LVI. 

51. Required / log sin a? Ja?, 

J 0 

By equation (3) of Art, 41, 

/ iir riiT ^ \ riir 

log sin xdx = j log sin -- xj dx =: J log cos xdx, 

Sence, putting g for the required integral, 

%y = I (log sin x + log cos x) dx 
0 


= I log (sin a; cos x) dx 
J 0 


T. I. C. 


5 


jm:xscellaneo0S eemaeks. 


0(5 


, sin 2^ 


rirt 

= log 
0 


dx 


= f {log sin 2x — log 2] dx 
J 0 

. In 

= / logsm2a?^?vC— -'7rIog2, 

0 

But putting 2a? = 0 ?', we have 

/ log sin 2xdx^^ log sin x dx' 

J 0 J Q 

r i-rr ^ 

= I logsma?&, hj equation (4) of Art. 41 
J 0 

therefore ^ log 2, 

ji 

therefore V = - log - . 

^ 2 ^ 2 


Again, j log sin 6 dd =j (tt — 19} ^ log sin 0 dd^ bjr cqua 
tion (3) of Art 41 ; therefore 

0 = f _ 27r^) log sin <9 
•1 0 

therefore log sin f ^log sin ^ log ? 

•^0 2 ^2’ 

Required a;=tany, and the integral 

TT 

becomes log (l + tanj/)^,; but by equation (3) of Art. 4 i 

sr 


and 1 + tan 




;^tan ^ 
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C7 


ri -jf 

therefore 2 1 log (1 + tan y) dy = j log 2 j 

J Q ^ 

therefore * [ dx = ^ log 2. 

See Cambridge Mathematical Journal, Vol. III. p. 168. 

r 

v " "52. The remainder after ^ + 1 terms of the expansion 
of (a + 7^) in powers of may he expressed hy a definite 
integral. F or let 

F{z)=^^{x-z) +z^{x-z) (j}"{x-z) 

Differentiate with respect to z, then 

Integrate both members of this equation between the limits 
0 and h I thus 

F{h)-F{0) =_ji {x-z) dz, 

that is, 

7j 2 in 

cf) li) + h<l> (^ — 7i) + (aj — 7^) — h)—(j) (x) 

<*-*)*• 

Put a + h for x and transpose, then 
^ (a + 7i) =0 (a) +7<^' (a) +jj-^"(ct) +^(^’‘(a) 

Thus the excess of (a H- 7^) over the sum of the first n-hl 
terms of its expansion by Taylor’s Theorem is expressed by 
the definite integral 

^J^^'‘^”'''(a+/i-z)dz. 


,jg miscellaneous eemaeks. 

By means of the first result in Art. 40, we may put for 
tills definite integral 

[3 ^ 

wliere ^ is a proper fraction. 

By means of the second result in Art. 40, we may put for 
this definite integral 

— (a + h- Oh) f z^is, 

Iz?' ^ ‘/o 

T-n+l 

I ^ -r I 

where is also a proper fraction. 

5S. Bernoulli's Series. By integration hy parts wo have 

(x) dx — X(p (x) —j X (x) dx, 

j X 4>‘ {x) dx — — cp'(x)-J~ <p" (x) dx, 
jx’ f ' (a:) dx = l' f (x) i>"' {x) dx, 


Thus J (p (x) dx — xp>{x)~ p'[x) + ^ p" {x) 

+ + jx'Yix)dx. 

Therefore, 

ly (x) dx=^a<p{a)-^<P' (a) + ~f{a) 
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This series on the right hand is called Bernoulli’s series. In 
some cases this process might be of use in obtaining | <f> (co) dx\ 

J 0 

for example, if 0 ix) be any rational algebraical function of 
the (n — 1)^^ degree, (a?) is zero; or it might ha23pen that 

J (x) dx could be found more easily than j (f> (x) dx. Or 

again, we may require only an a'p^roximate value of 

ra ra 

I ^ (x) dx and the integral I {x) dx might be small 
Jo Jo 

enough to be neglected. 


54. By adopting different methods of integrating a func- 
tion, we may apparently sometimes arrive at different results. 
But we know {Bif^ Gala. Art. 102) that two functions which 
have the same differential coefficient can only differ by a 
constant, so that any two results which we obtain must either 
be identical or differ by a constant Take for example 


J (ax -H V) (dx “h V) dx ; 


integrate by parts, thus we obtain 

that is, 


(ax 4- hy (dx + d) d (ax -f by 
2a ' 


If we integrate by parts in another way, we can obtain 


Hence 


(dx + b'y (ax -f S) a (dx + b'y 

(ax -f 5)“ {3a (dx + 5') — d (ax + 5)} 
0^0 — 

(dx + b'y {3a' (ax -1- 5) — a (dx -1- V)] 


and 
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can only differ by a constant. Hence multiplying by 
we have 

{ax -f hy {3o5 {dx + V) — d {ax *f 5)] 

— {dx + yy [^d {ax + J) — a {dx + 5')} = (7, 

where G is some constant. This might of course be verified 
by common reduction. We may easily determine the value 
of G ; for since it is independent of x we may suppose • 

aX'\‘h — 0j that is, x = — then the left-hand member 

a 

becomes {ah* — diy^ which is consequently the value of (7. 
Similarly from 

J (ax-h h)dx’i-j' (dx+y) dx = j{(a ’j- a*) X + 5 -h yj dx 
we infer 

{ax+iy (dx-hyy_ i(a-hd)x+&+yy 

“■ 2{a + d) 


2a 


2d 


+ constant. 


Multiply by 2ad {a 4* d) and then determine the constant by 
supposing £0 = 0; thus we obtain the identity 

d {a 4 a') {ax 4 &)^ 4 a 4 d) {dx 4 Vy 

= ad {(tit 4 d) *0 4 4 S^}^4 ^d — VcHy, 

If we integrate a function between assigned limits the 
result^ must be the same by whatever method we proceed ; 
and in this manner we may obtain various algebraical 
identities. 

Take for example f a;"* (1 — a?) Via?, where w is a positive 
integer. We have, by integrating by parts, 


JiB™ (!-»)" 


dx 




4 1 




therefore J^£b”(1 
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Proceeding in this way we obtain 

m/1 \B 7 «(n- 1) (m — 2) ... 1 


Again J (1 -- x^dx = J — na? + a?’*-- . . .| 

_ 1 n 1 , n{n— 1) 


"m + 1 I’m 4-2 1.2 m4-3 


-...4-(-ir 


1 

m4-?i4-l 


cZ:i? 

,.( 2 ). 


Therefore the expressions on the right-hand side of (I) 
and (2) are equal if n be any positive integer. 

55. By J4>(x) dx we indicate the function of which ^ (x) 

is the differential coefficient; suppose this to he '\lr(x). Then 
we may require the function of which ^ (x) is the differential 

coefficient, which we denote by J '\{r(x) dx, or by JJ j>{x) dxdx, 

and so on. For example, the integral of is ^ 4- (7^, 

where is a constant; the integral of this is 

the integral of this is 


^e^^4- Cj— 4- G^x 4- C^g, 


a 


where being still a constant may be denoted for simplicity 

by B if we please. Proceeding thus we should find as the 
result of integrating e** successiTely for n times 

-v + ^n_l® + A„, 

where A,^, A^, are constants. 
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It is easy to express a repeated integral in terms of 
simple integrals. For let % Toe any function of x \ let 


==J udx ; let = J u^dx\ let u, 

and so on. 

By integration Iby parts we have 
% 




u^dx = xu^ —J X dx — xj udx — j xu dx ; 

u,=lu,dx^jl X Judx~Jxudxjdx; 
therefore hy integration hy parts, 

ztg = ^ J udx ~ — xjxudx+j K?udx 

= ~ \^udx — X jxu dx + ^Jx%dx, 

The general formula is 

[n udx — nx'^’^j xu dx 4- x\dx — . . . 


+ <- + 

+ (— l)’'jx"'udx. 

The truth of this formula may be easily established by 
induction ; for if we differentiate both sides vre obtain a Riinilnr 
formula with m — 1 in place of n. 
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Jo V( 2 «a 3 — 


p (a^ ~ eV) dx _ Tra^ / e\ 

Jo 2 V 2/’ 


(a^ + cc‘^) (6^ + (x?) 2aJ (a + i) 


5. If <j>{x)^(p{a-^x), sliew that 


rm ra 

I (f)(x)dx = n (p (x) dx. 
J 0 0 


6. Shew that J ^ {x) dx J ^ 

7. Shew that f = Y . (Change a; into tt-cb'.) 

Jo 1 + cos as 4 ' o / 


8. Shew that 


J (2ax — x’‘)i rev3~^~ dx = '■ 


(Change x into 2a — x’.) 


9. Find the linait when n is infinite of 

111 1 
n^V(n’‘~l)'^Vin--2‘)^ VK “ (»» “ ' 

■-' ’i' . Remit. 
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10. Find the limit when n is infinite of 


fiY+ ('1Y+ ('ir+ 

[inj ^ [inj ^ \2nl ^ 


to 2n terms 




Result. 


bli 




11. Find tlie limit when n is infinite of 

Result (Take, the logarithm of the expression.' 

TT 

12. Shew that log tan xdx = ^. 

13. Shew that / sin x log sin xdx — log 2 — 1. 

J 0 


14. If / {x) he positive and finite from x^a to a; = a + c, 
shew how to find the limit of 


{/ («)/(« +1) /(« + ^ 

when is infinite ; and prove that the limit in ques- 
1 

tion is less than - I f(x) dx, assuming that the geo- 

a 

metric mean of a finite number of positive quantities 
which are not all equal is less than the arithmetic. 


pl, 

TT 1 J 

Hence prove that e ® is less than 
be constant from a? == 0 to a? = 1. 


1 e^dx, r 
0 


unless 
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15. The value of the definite integral j log (1 + ^ cos^d) dd 

may be found whatever positive value is given to n 
from the formula 


/ I 

^ log (1 + w cos^(9) ^ log (1 (1 4 *^ 22 )^. . 

where n, are quantities connected by the 

equation 


4(n, + l)- 


16. Shew that 

r ^ J cos (ax — 6) , , 

cos ax dx ^ — n^ ' T ^ constant, 

j [a "T c j 


where tan<f> = -. Hence shew that if e^o^o^ax be 
c 

integrated n times successively the result is 


e®* cos [ax — n6) ^ ^ ^ ^ 

^ ^ + G+G,x+0^’‘ + G„ 

{a^ + cY 


17. Shew that the series of which' the w*** term is a*— 1 is 
divergent. 

a+- 

1 S. Shew that the series of which the term is ” is 

convergent if a is greater than unity, and divergent 
if a is not greater than unity. 


19. Shew that the series of which the term is 

^{p+d) (p + 2a) (p-hna) 

2{S + a){q + 2a) (q + na) 

is convergent if q is greater than p + a, and divergent 
if q is not greater than p + a. See Art. 50, 
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20. Suppose tliat tlie ratio of the (n + 1)^^ term of a series 

to the is equal to 

riF + arF''^ + -f . . . * 

where ^ is a positive integer, and A^.B, a, 5, ... are 
constants : shew that the series is convergent if a is 
greater than A + 1, and divergent if a is not greater 
than A + 1, 

21. Let A==ju^dx, B^juvdx, 0—jv^dx, and suppose 

the limits of the integration the same in the three in- 
tegrals ; then shew that AO is never less than B\ 

[Consider each integral as the limit of a certain 
summation ; then the Example depends on the known 
algebraical theorem, that 

IP'l + + + O {<^1 + o/ + + Gn) 

is never less than 

■ I +«»<?»)’'. 
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DOUBLE INTEaBATION. 


56. Let <p (x) denote any function of x ; then we have 
seen that the integral of ^ {x) is a quantity u such that 

(x). The integral may also he regarded as the limit 

of a certain sum (see Arts. 2... 6), and hence is derived the 

symbol J ^ {x) dx by which the integral is denoted. We 

now proceed to extend these conceptions of an integral to 
cases where we have more than one independent variable. 


57. Suppose we have to find the value of u which satis- 

d\ 

fies the equation = <p (a?, y), where j> (a?, y) is a function 

of the independent variables x and y. The equation may be 
written 


A 

dy 



or 

if v — ^. Thus v must he a function such that if we differ- 
dx 

entiate it with respect to y, considering x as constant, the 
result will be <p{x,y). We may therefore put 





that is, 
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Hence u must be sucli a function that if we differentiate it 
with respect to considering y constant, the result will be 


the function denoted by J ^ (aj, y) dy. 


Hence 
dx. , 


The method of obtaining u may be described by saying 
that we first integrate ^ [x^ y) with respect to y, and then 
integrate the result with respect to x. 

The above expression for u may be more concisely written 
thus, 


JJ ^ y) dy ff ^ dxdy* 


On this point of notation writers are not quite uniform; we 
shall in the present work adopt the latter form, that is, of the 
two symbols dx and dy we shall put dy to the rights when we 
consider the integration with respect to y performed before the 
integration with respect to a;, and mce versa. 


58. We might find u by integrating first with respect to 
X and then with respect to y ; this process would be indicated 
by the equation 

' = y) 


U : 


59. Since we have thus two methods of finding u from the 
d^u 

equation ^ (a?, y), it will be desirable to inyestigate if 

more than one result can be obtained. Suppose then that 
and Wg are two functions either of which when put for u satis- 
fies the given equation, so that 

We have, by subtraction, 

dx dy 'dx dy 


0 , 


: U, — 


that is, 
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Now from an equation ^ ^ “that w must be a 

constant^ that is, must be a constant so far as relates to x ; in 
other words, w cannot be a function of cc, but may be a func- 
tion of any other variable which occurs in the question we arc 
considering. 


= 6 we infer that 


dv 


dy 


Thus from the equation ^ 

cannot be a function of cg^ but may be any arbitrary function 
of y. Thus we may put 


dv 

dy 




By integration we deduce 


V 



+ constant. 


Here the constant, as we call it, must not contain y, but 
may contain x; we may denote it by %(«?). And lf(y)dy 
we will denote by (y) ; thus finally 

'V=i^(y) -hx (^)- 


Therefore two values of u which satisfy the equation 
d\c 

(cc, y) can only differ by the sum of two arbitrary 
functions, one of x only and the other of y only. 


60. We shall now shew the connexion between double 
integration and sumipation. Let <p (x, y) be a function of x 
and y, which remains finite and continuous so long as x lies 
between the fixed values a and and y between the fixed 

values a and Let a, x^, x^^ S be a series of 

quantities in order of magnitude; also let a, y^^ /3 

be another series of quantities in order of magnitude. 

Let — a = , x^’-x^ — h^^ 5 — x^_^ = ; 

also let y^ — oc = , y 2 ““ y^ ~ ^Vm-i 
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We propose now to find the limit of the sum of a certain 
series in which every term is of the form 

where r takes all integral values between 1 and n inclusive, 
and s takes all integral values between 1 and m inclusive; and 
ultimately m and n are to be supposed infinite ; also and 
are to be considered equivalent to a and a respectively. 
Thus we may take hh^ {x^ y) as the type of the terms wo 
wish to sum, or we may take Acc A^gS {x^ y) as a still more 
expressive symbol. The series then is 

h {K<l> («> o) + h^ K ^i) + («> 

+K {K<f> “) +hi> (*i> yj 2/m-i)} 


+ K yj + + Ic„(f> 

Consider one of the horizontal rows of terms which wo 
may write 

Ki{h<f>{^r , «) +hi> (*r, 

The limit of the series within the brackets when \ , Jc^,. . 
are indefinitely diminished is, by Art. 3, 



Since this is the limit of the series, we may suppose the 
series itself equal to 

4> {x„ y) dy ->r p 

. J a. 

where ultimately vanishes. 
r? 

^ denoted by -f [x ,) ; then add all the 

notrby^^^ obtain a result which we may do- 
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Now climinisli indefinitely each term of which h is the type, 
then ^hp vanishes, and we have finally 

rb 

'xfr (x) dx \ 

J a 

that is, jj% (x, y) dx. 

This is more concisely written 

f 2/) 

J aJ a 

dy being placed to the right of dx because the integration is 
performed first with respect to y. 

61. We may again remind the student that writers are 
not all agreed as to the notation for double integrals. Thus 

we use I (f> y) dx dy to imply the following order of 
J O/J 

operations : integrate j> {x, y) with respect to y between the 
limits a and /3 ; then integrate the result with respect to x 
between the limits a and 1. Some writers would denote the 

^ y) ^y dx. 

ot 


62. We might have found the limit of the sum in Art. 60 
by first taking all the terms in one vertical column, and then 
taking all the columns. In this way we should obtain as the 

n jj 

<t> (», y) d.y dx ; and consec[uently 

% 

r r <p (x, y) dy dx = [^ f 9 y) d^ dtj. 

J a J a . Jo-*/* 

The identity of these two expressions may also be esta- 
blished by the aid of Art. 59, as we will now shew. 

Let F(x, y) denote the integral of {x, y) with respect to 
y, supposing a: constant; and \ttflx,y) denote the integral 
of F {x, y) with respect to x supposing y constant, men 


T. I. C. 
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I I ^ (x, y) dxdy={ [F (x, /3) — F(x, a)} dx 

- ft- a ' ' 

/•6 /■* 

= / F(x, j3)dx~-j F{x, a) dx 

==/(3, j3) -f[a, a) +/(«, a) (1). 

^\ow let us first integrate ^ [x, y) witli respect to x, sup- 
posing y constant, and then integrate the result -with respect 
to y, supposing x constant; l&tfj^{x,y) denote the final result. 
Then we obtain 

I (x, y) dy dx=fjp, a) -f^{a, /3) +f,(a, a) . . .(2). 

But, by Art. 59, 

fi y) =f(p > «/) + -^ (2/) +x («) (•i)> 

where (y) is some function of y without x, and ^ 
some function of x without y. By making use of ({^>) we 
shall find that the right-hand member of (2) reduces to the 
right-hand member of (l). 

63, Hitherto we have integrated both with respect to x 
and y between constant limits; in applications of double 
integration, however, the limits in the first integration arc 
often functions of the other variable. Thus, for example, the 

n ^{x) 

<f)(x, y) dxdy will denote the following opera- 

tions : first integrate with respect to y considering x constiint ; 
suppose F{x,y) to be the integral; then bj taking the in- 
tegral between the assigned limits we have the result 

F{x, ir{x)]-F{x,x{x)]. 

TT e have finally to obtain the integral indicated by 

(a?) } - {x, X (»)}] dx. 

The only difference which is required in the summatory 
process of Art. 60 is, that the quantities will 

not have the same meaning in each horizontal row. tin*. 

[r -f 1)^^ row, for example, that is, in 

Ki {K<f> d)+hi> yj +7c^cl> {Xr, y,)...+ Ic„,<l> {Xr, 
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we must consider a as standing for %(*,.), and as a 

series of quantities, _ such that %(a3r), y,, y„.i, if- (a;,.), 

are in order of magnitude, and that the difference between any 
consecutive two ultimately vanishes. Hence, proceeding as 

before, we get i y) dy for the limit of the sum of the 

terms in the (r + 1)^^ row. 

64. It is not necessary to suppose the same number of 
terms in all the horizontal rows ; for m is ultimately made 
indefinitely great, so that we obtain the same expression for 
the limit of the (r + 1)^^ row whatever may be the number of 
terms with which we start. 

\ 

65. When the limits in the first integration are functions 
of the other variable we cannot perform the integrations in a 
different order, as in Art. 62, without special investigation to 
determine what the limits will then be. This question will 
be considered in a subsequent Chapter. 

66. From the definition of double integration, it follows 
that when the limits of both integrations are constant, 

jjcf>(os) f(^) dx dy =J cj) (x) dx x jV(y) dy, 

supposing that tlie limits in J'yfr (y) dy are the same as in the 

integration with respect to ?/ in the left-hand member, and the 

limits in J(f) (x) dx the same as in the integration with respect 

to X in the left-hand member. For the left-hand member is 
the limit of the sum of a series of terms, such as 

and the right-hand member is the limit of the product of 

(^o) + h<i> + 

and (yj + (yj -f (yj + 

6—2 
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67, The reader will now he ahle to extend the processes 
given in this Chapter to triple integrals and to multiple 
integi*als generally. The symbol 


m cfi (x, y, z) dx dy dz 
^0 


will indicate that the following series of operations must he 
performed: integrate ^‘{x, y, z) with respect to z between the 
limits fg and considering- x and y constant ; next integrate 
ihe result with respect to y between the limits and con- 
sidering X constant; lastly integrate this result with respect 
to a; between the limits and Here and fj may be 
x'unetions of both x and y ; and and may be functions 
of X. This triple integral is the limit of a certain series 
which may be denoted by 2^ {x, y, z) Aa; Ay Az. 


MISCELLANEOUS EXAMPLES. 
Obtain the following eight integrals. 

C A / m 


f eddx 

J(x — a) (x — 


Hesull 

a® 


(x--a)(x~b) (x~c)' 


Result X -h c» log (x ~ r) 

(a~ h) (a - c) + {b~a) (6 - a) + (o-«) (« _ 1) • 

Result. t 


A 

fx\^(d‘ 


tan X dx 


dx 






Put x = - 
• 1/ 

Result -L loff - 
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r 

5. s 


sec X sec 2x dx. 


„ 7 1 T l + 1, l + sinoj 

B'°g l-V8smi -2'°Sr 


•Since 


6 . 


ftana — tance , 

cLx 

j tan a + tan x 


Result, sin 2a log sin (a + a?) — cc cos 2a, 


fx* 


dx 


+ + a* 

„ 7 1 , x^ + ax + a^ 1 

Result 7 -a log --Q — ; — 7 0 -f , 




a—x 




^a 5ce ) dx y-r-y J. ^ , 7 \ 

Result, cos“^ "77 — — 


V(c + 4a&) ’ 


9. Find the limit when n is infinite of 


( . TT 

4 sin — 
[ n 


, 27r . Stt 
sin — sm — . 
n n 


.sin ■ 


nir — 'Tr]n 


Result. 


10. Shew that 


y* X (iMi'^xfdx “ J 


11. Shew that 

ra rx /*a:+y 


3 

‘ 8 * 


Aa Q^2a ( 

^ff+2/+sf^^ & = + e“ — ' 

^ 8 4; « 

12. Let A=jju^dxdyf R=JJtcvdxdyj 0=JJv^dxd^j 

and suppose the limits of the integrations the same in the 
three integrals ; then shew that ^ t7 is never less than £\ 

(See Example 21 at the end of Chapter IV.) 
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MISCELLANEOUS EXAMPLES. 


13. If j <f>(z)dz is equal to unitj, and cf){z) is riways 
|}Ositive, shew that 

^ ^ unitj. 

(See History qf.^.Probabiliti/^ page 564.) 


14. If j^j>(z)dz is equal to unity, and ^(. 2 ) is always 
positiye, shew that 

I z^<f)(z)dz-‘{ [ z(p(z}dz] is positiye. 


(See History of Probability j page 566.) 
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CHAPTER VI. 

LENOTHS OF CUUYES. 

Plane Carves. Rectangular co-ordinates, 

68. Let P te any point on the curve APQ^ and let a?, y 
he its co-ordinates; let s denote the length of the arc AP 
measured from a fixed point up to P; 



then {Dif. Cal. Art. 307) 

ds 
dx 


Hence 


fv'' 


1 + 


1 + 


dx. 

(§£ 

\dx, 


dx. 


ay 


From the equation to the curve we may express ^ in 
terms of x, and thus hy integration s becomes known. 


69. The process of finding the length of a curve is called 
the rectification of the curve, because we may suppose the 
question to be this: find a right line equal in length to any 
assigned portion of the curve. 



LENGTHS OF CUETES. 


In tlie preceding Article we Iiave sliewn that the lengtli of 
a- arc of a cnrFe will be known if a certain integral can be 
o^.tained. It may happen in naany cases that this integral 
cannot be obtained. Whenever the length of an arc of a 
curve can be expressed in terms of one or both of the co- 
oklinates of the variable extremity of the arc, the curve is 
said to be rectifiable. 


70. Ajpplication to the Parabola. 

The equation to the parabola is y = V’(4a.'r); hence 
dy _ ja d^_ / { x + _ 

dx~ \l x’ dx y \. X }’ 

thus (See Ex. G, p. 19.) 

= A/(aa? + a;^) +a log [^/ x \J {a x)] (7. 

Here G denotes some constant quantity, tliat is, some quan- 
tity wliich does not depend upon x\ its value will clepeiul 
upon the position of the fixed point from wliicli the arc s is 
measured. If we measure from the vertex, then s vanislics 
with X : hence to determine 0 we have 


^logV^-f (7-0; 

and thus 5 = K!{ax -hx^)+a log {^x + ^/(a + a?)} - a log is/a 
= ^/{ax -hx^) -ha log . 


^ If then we require the length of the curve moasured from 
me vertex to the point which has any assigned ahscissa wc 
iiUTe only to put that assigned abscissa for x in the 'last 
expression. Thus, for example, for an extremity of the 
iatus rectum cu = a; hence the length of the arc between 
the vertex and one extremity of the Iatus rectum is 

aV2 + alog(H-y'2). 


the eJastS/?^^ preceding Article we have found the value of 
WfKr* • ^ i applying the formula to ascertain the 
lengths of assigned portions of curves this is not nocossaij!: 
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For suppose it required to find tlie lengtli of the arc of a 
curve measured from the point whose abscissa is up to the 
].)oint whose abscissa is Let ^{r(x) denote the integral of 

“ , and let and be the lengths of arcs of the 

curve measured from any fixed point up to the points whose 
abscissae are and respectively, so that — is the 

required length ; then 




IH- 


'dy 

dx. 


hence -h (7; — [x^ + 0 ; 

therefore ^^ 2 ~ (^ 2 ) (^ 1 ) * 


Hence to find the required length we have to put x^ and x^ 
successively for x in '\jr{x) and subtract, tlie first result from 
the second. Thus we need not take any notice of the constant 
C; in fact our result may be written ■ , 



72. Application to the Cycloid. 

In the cycloid, if the origin be at tlie vertex and the axis 
of y the tangent at that point, we have {Dif. Gal. Art. 358) 

ds _ / . 

dx^ y \x ) ^ 

therefore s — ^J[^ax)^\’ 0. 

The constant will be zero if we . measure the arc s from the 
vertex. 

Conversely if s — ^f{^ax) + (7 we, infer that the curve is a 
cycloid. And more generally if we have 

5 + = a /(-^+ (7,£c+ O^y)^ 

where A, 5, (7^, and G^ are constants, we infer that the curve 
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is a cycloid. For by suitable changes in the origin and 
axes the last equation can be put in the form 

5 =: //(Sajr) -H (7. 


73. Application to the Catenary* 

The equation to the catenary is 3/ = - (e<^ + e ®) ; hence 

ja 


dy T 


ds 

dx 


= -He“ + e “); 


r - -- c - 

thus 5 = + e c& = ^(6«- e «) + G. 

^ The constant will be zero if we measure the arc 5 from the 
point for which a; = 0, 


74. Application to the Curve given Toy the equation 


Here 


dy ^ 
dx’~‘ 


-I- 2/^ = a^, 

ds _ fx^ + 
dx^\ x^ ^ 


thus 






■+a 


^ The constant will be zero if we measure the arc from the 
point for which a; = 0. The curve is an hypocycloid in which 
the radius of the revolving circle is one-fourth of the radius of 

the fixed circle. ^See Dif. Cal. Art. 360, and put I = 


75. In the same way as the result in Art. 68 is obtained 
wc may shew that 





LENGTHS OF CUEVES. 


91 


Or we may derive tUs result from the former thus ; 




dccj j dy 

• 1 doij 

From tlie equation to the curve we may express in 

terms of and thus hy integration s Tbecomes known. In 
some cases this formula may be more convenient than that in 
Art 68. 


76. Application to the Log arithnic Curve. 

* 

The equation to this curve is 7/ = 5a®, on y — W if we 

i If 

suppose a = e"" ; thus x — c log ~ , 


therefore 
and s 


dx _c _ //(o^ 4- y^) 

dy y ' 

J y J yV(o'‘+y')^J‘ 


ydy 

V(c“ + 2/“)' 


The latter integral is a/ (< 2 “ + 2/0 ? former is 


clog 


y 


c + V(c^ + 2/0 


, (Art. 14). 


y 


+ V ( 0 ^ + 2/0 + 0^- 


Hence 6 = clog- 

^c+V(^^ +y ) 


77. If OG and y are each functions of a third variable 
we have [Dlf, Gal. Art. 307) 


ds 

Tt 


thus 


=4; 


dx' 

di 


dx\^ 

dt 


+ 

+ 


dt j 


dl. 
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78. The equation to the ellipse + ^‘"^7 

tlierefore assume os = aQm<f>, y == 5 cos so that (j> is the 
complement of the eoocentric angle {Plane Go-ordinate Oeo- 
metry, Art. 168). Therefore, loj the preceding Article, 

ds 

— = cos^(j> + P sm^(p), 

and s=J^/(a^ cos^ 6 -hP sin^ (f>) d(f> = a j a/ (1 -- sin“ dcj}. 

The exact integral cannot he obtained; “we may however 
expand a /{1 — e^sin^^) in a series, so that 

s = aj{l } 

and each term can he integrated separately. To obtain the 
length of the elliptic quadrant we must integrate between the 

limits 0 and - . 

2 


Plane Ourves. Polar Go-ordinates, 


79. Let r, 6 be the polar co-ordinates of any point of 
a curve, and s the length of tlie arc measured from any fixed 
point up to this point;' then {Dif^ Gal. Art. 311) 


hence 



80. Ayylioaiion to the ' Spiral of Arehimedes. 

. dr ' 

In this curve r = aO, thus 

do 


hence s =jA/(r^-h a^) = a Jv(l + 0^) dd 

v(i + ^) + 1 log {0 + va + 0^)} + u 

The constant will be zero if we measure the arc s from the 
pole, that is, from the point where 6 = 0. 
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81. Apjplicatdon to the Cardioide, .f 

The equation to this curve is r = a (1 + cos 6 ) ; thus ^ 


s = I + cos 6f + d sm^<9} == a I V(2 + 2 cos 0) dd 


f ■ 6 • ^ 

= 2a I cos -dd=^4:a sin 2 

The constant will he zero if we measure the arc s from the 
point for which 0 = 0, that is, from the point where the curve 
crosses the initial line. 

The ' length of that part of the curve which is comprised 
between the initial line and a line through the. pole at right 

angles to the initial line is 4a sin ~ . The length of half the 
perimeter of the curve is 4a sin ~ , that is, 4a, 


82. Suppose we require the length of the complete peri- 
meter of the cardioide; we might at first suppose that it 

pTT 0 

would be equal to 2a I cos - d9 ; but this would give zero as 

the result, which is obviously inadmissible. The reason of 
this may be easily seen ; we have in fact shewn that 

, ^ = a \/(2 "h 2 cos 0), 

0 0 

and this ought not to be put equal to 2a cos - but to ± 2a cos - , 

and the proper sign should be determined in any application 
of the formula. Now by s we understand a positive quantity, 
and we may measure s so that it increases with 0, and thus 

^ is positive. Hence when cos ^ is positive, we take the 
du 2 

upper sign and put ^ = 2a cos - ; when cos | is negative, we 

ds 0 

take the lower sign and put — 2a cos - . Hence the 
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rf^TT Q 

length of the complete perimeter is not 2(2 cos ™ dd^ but 

Jo ■" 

6 

ft 


2a cos ~dd - 2a 


Stt 0 

CQQ~dd, that is, Sa. 


This result might 


have been anticipated, for it will be obvious from the 'sym- 
metry of the figure that the length of the complete perimeter 
is double the length of the part which is situated ou one side 
of the initial line, and this was shewn to be 4^55 in the preced- 
ing Article. 


83. It may sometimes be more convenient to find the 
length of a curve from the formula 

' which follows immediately from that in Art. 79. 


84*. Application to the Logarithmic Spiral* 

e 

The equation to this curve is r = or r = heP if we sup- 

1 r ddc ^ 

pose a = 3 thus ^ = c log ^ ; therefore and 

s =J v'(l -f c®) dr = V(1 + r + 0. 


Thus the length of the portion of the curve which has r 
and for the radii vectores of its extreme points is ^ 

[ V(1 + c®) dr, that is, ^(1 4- c^) (r^ - rj. 

J S’l 

The angle between the radius vector and the corresponding 
tangent at any point of this curve is constant {Lif, Cal, Art 
354); and if that angle be denoted by awe have c=:tana' 

ds ^ 

thus VCH- o') = sec a ; therefore ^ = sec a, and s = r sec a + (7. 

Hence - r j sec a is the length of the portion mentioned 

above. 
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FonmilcB involoing the radiiis vector and perpendicular. 


85. Let f/) l)C tliG angle l)ctwecn the radius vector r of 
xj point of a curve and the tangent at that point; then 
dr 

= [Dif* Gal. Art. 310). Lot p ho the perpendicular 
om the pole on tlu‘. same tangent; then 

sin 6 = , therefore cos 6 = . 

? 

7 f rdr 

and 5= - i, — . 


lercforo 


dfi 

dr 


ch 




8(). A'p'plimlion to the Kiwychid. 

WiUi tlu! notation and figriro in Dif. Gal. Aj’t. 3G0, it maj 
c h1u!Wu that the aquation to the tangent to the epicycloid 
t r ia 


coH 0 — cos 0 

if “ ;// ^ 7 - (!c' - x ) , 

• /) . a - - A „ ^ 

Hill 0 — Hill — 0 
b 

dierc a: and ?/ arc tlio co-ordiuatea of P, and a/ and y' the 
ariahlc co-ordiuatcH. Ilcnco it will he found that the ])er- 
endicularp IVmu the origin on the tangent at Pis given by 


(it + 2A) sin"^; 


Iso 


, aO 


d^ + Ad) [a -h h) r.iir ; 
p* y , wliere c^a H- 2/;* v . , , 


i 


hiiH 

Icnce, hy Art 85, .* r ' . ' ^ 

, _ y («■- * f , ;* „ _ V (t ?3 V («■’- + C 

a j V ( « — '/) a 
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At a cusp r = a, and at a vertex r — o; thus the length of 
the portion of the curve between a cusp and the adjacent 
vertex is 


a/ ( c ® — a^) r rdr 

^ JaW^ 


, that is 



, that is 


45 {ct “f" 5) 
a 


Hence the length of the portion between two consecutive cusps 

is. — ^ . 

a 


87, A remark may be made here similar to that in 
Art 82. If we apply the formula 

s = _ V(£ii£l ^ ^ ^ 

a ^ ' 

to find the length between two consecutive cusps, we arrive 
at the result zero, since r = a at both limits. The reason is 
that we have Used the formula 

ds [(? — c^) r 
dr a d ““ ^’0 

while the true formula is 

ds ^ V (c® — d^) r 

dr a 7 '^) ' 

Since s may be t^iken to increase continually, it follows that 
^ is positive when r is increasing, and negative when r is 
diminishing. Now in passing along the curve from a cusp to 
the adjacent vertex r increases, thus is positive, and we 

should take the upper sign in the formula for then in 
passing from the vertex to the next cusp r diminishes, thus 
^ is negative, and the lower sign must be taken. Hence the 
length from one cusp to the n<^xt cusp 
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V(c=- a^) r rdr _ - oT) rdr 

a iaV(c“-’’’‘) « icV(c^-0 

2 V (c° - ft") r ' _ 85 (g + 5) 

JaVio^-r^) « 


88. From wliat is stated in the preceding Article, it ap- 
pears that if the arc s begin at a vertex the proper formula is 


& V (c° - a^) r 

dr~ a V ’ 


_'\/ {d — a®) 




V(c=-a") f rdr 

therefore a = ^ JvF^ 

No constant is required since we begin to measure at tlie 
point for which r — c; the formula holds for values of s less 

^ 4b(a-hb) J. , - '/ , 

than * - . ■ -> ;• 

a . , • i , 

It may be observed that thus ’ 


s = 


/)- 




89. Similarly for the hypocycloid we may shew that 
^2 = — ^ ^ where c = a — 


a — c 


Suppose c® less than ; then we may shew that 

c?5 _ a/ (a^ — c^) ^ ; 

a. 

and thus s may be found. The length of the curve between 

. . 85((2™5) 

two adjacent cusps is — ^ ^ . 

Next suppose greater than then we should write 

ds * “ 
the value of thus, 


ds \/{c^ — a®) T 

a ^{6^-ry 


gg lengths of curves. 

. i. n and WG slicill find tlio Icngtli 

in tins case I is greater tlian ancl ^ . 

„f fl>e cu,ve between twe adj-ent caeps to be . 

-I ta n 0 and 79 ^ fi 5 I'U tins case llie 

men a = 2& we j J coinciding with a dia- 

hypocycloid becomes a stiaiglit 

meter of tb- fixe c denominator in 

tbe'.'afuroV/ be found that the bypocy- ' 
doid is then feduced to a point, and ’ • _ 

•b 1 t,, in Art. 88, tbfit if s be measured from 

a JrteTo aVoi>« “»• ‘“‘™ 

o _ 2 


5 = ± ■ 




tbe upper or lower sign being taken according as c is greater 
or less than a. 


Formula, involving the Perpendicular and its Incknalion. 

90. Another method of expressing the length of a curve 
is worthy of notice. 
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p — x COS 0 + y sin 0 , ^ 

u=^x sin 6 — y cos 0, \: ^ ^ 

/I 
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• therefore 

=p — 03 sin 0 + y cos 0 + cos 0 ^ + sin 0^^ = — 

/I . ^ - dx dy 


d0^ dO 

/I <^03 ds ' 

^ — -!>-'»“»«®“-J> + 35-. 

therefore, by integration, 


^^ = -^pde + s, : 


therefore 
this may also be written 


S--P-4- 

dd^ 


5 4“ 2^ 


jj>d0; 

= J pie. 


Suppose Sj and tlie values of s and u when 6 has the 
value 6^, and and «4 their values when 6 has the value d^, then 



We have measured u in the direction of revolution from P 
and have taken it as positive in this case ; when u is negative 
it will indicate that x is on the other side of P. 

The preceding results may he used for different purposes, 
among which two may he noticed. 

(1) To determine the length of any portion of a curve 
when the equation to the curve is given; for from that'equa- 

d'lf 

tion together with.^ = - cot 6 we can find x and y in terms 

of 0, and therefore p which is equal to x cos d +y sin 6 ; then 
s may he found from the equation 

s = %+fpd0. 


7—2 
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(2) To find a curve such that hy means of its arc a pro- • 
posed integral maj he represented ; for if the proposed inte- 
gral he j pdd, where is a function of 0, the required curve is 
found by eliminating 0 between the equations 

X -p ^ sin 0, 2 /-pBm 0 cos 0, 

and then the integral may be represented 1^7 ^ ^ • 

This Article has been derived from Hymers’s Integral 
Calculus^ Art. 136. 

91. The results of the preceding Article may be obtained 
in another way. Let p denote the radius of curvature of the 



curve at P] let OP^Vy and let Sy iiy and 0 have the same 
meaning as before, then from the Differential Calculus we 
have 


ds , dr 
andp = r 


^ , therefore ^ = 
dp d0 

dr 

as 


dr 

'Ta' 


Also 
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therefore 





Let PC he the radius of curvature at P ; draw 0 Q perpen- 
dicular to PO. The locus of 0 is the evolute of the curve 
AP] and QG with respect to this locus what PY is with 
respect to the locus of P. Let d\ p be the polar co-ordi- 
nates of Q, and let QG—v!\ then 


And 

Also 


0' =: 0 ~ and -p = u, 

A 

^ , dp' dp du d'p 

a-#' 

p.Pfl+CO-i. + »' 


but 



therefore 5 == -^ + 
dd 



From the value of PF" we can obtain an easy proof of a 
theorem of some interest in the Differential Calculus {Difi, 
Gal, Art. 329). Let/?^ denote the perpendicular from 0 on' 
the locus of Y ; then {Dif. Cal. Art. 284) 


1 


1\ 




since'p is the radius vector of Y. Thus 
1 _ 1 v? _ 

p* 

therefore Pi ^ • 

A particular case of the formula 

+ pdd 


hould be noticed. Suppose we take a complete oval curve 
vithout singular points ; then ~ + Stt, and — thus 

f flj + Sjt 

pdQ, 


\ 
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92. Appliration to the Ellipse, 



Let AFB be a quadrant of an ellipse, {7,Ltlie porpcndicn- 
lar on the tangent at P; let AC Y==&* Then {Plane Co- 
ordinate Geometry, Art. 196) GY^ aisj (1 - c" sin^ 6) ; 

therefore AP + PY = J^(l — sin^ 6) dd, ' ' ' 

the constant to be added to the integral is supposed to bo so- 
taken that the integral may vanish with (9. If U bo a i)oiii(i 

such that its eccentric angle is ~ vre have, by Art. 78, 

M 

BE = a JvO - sill" ; 


thus AP+PY=BR 

And VY - _ ^ 

dd V(l~c“siu'’‘6'j ' 

Let X be the abscissa of P; then bj Art 90, 

so —p cos ^ ^ sin 6 

cLu 

= a \/ (1 cos 9 + 


(0- 


ae^ sin^ 0cos<9 


a COB 0 


fs/{i—e^ aiii^ 9) ^ (1 — si 

Thus Pr=e®x sin (9; and if x' be the abscissa of P wc have 

a cos 9 ) so that PY^ ^ . Thus (1) may be written 


ER -- AP =: — XX 

a 

this result is called Fagnani’s Theorem. 
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From tho ascertained values of x and x' we liave 

^ 1 — siir 6? j[_ ’ 

cc 

therefore {inf + x'^) -f a** = 0. 

Thus the equation which connects x and xl involves these 
quantities symmetrically; hence from (2) we can infer that 

BP-All==- xx\ 
a 

This Is also obvious from the figure. 

We may observo that the value of PY may bo obtained 
more simply by means of a known property of the ellipse. 
For sup[)Ose the normal at P to be drawn meeting GA at 
and through P draw a straight line parallel to GA meeting GY 
at Q. ThcniY^)= CCr-c^x, hy the nature of the ellipse; and 

PY^PQmie^ix sin 6. 

93. AiipUoaiion to the ‘Hyperbola. 

Lot G he the centre and A the vertex of an hyperbola, 
GY the. ])crpcndLcnlar on the tangent at P. Let AGY^B 
and OY^p; then it may be proved that 
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Tiiis may be proved in tbe same manner as the corresponding 
result of the preceding Article; we may either make the 
requisite changes of sign in the formulae of Art. 90, 'which 
i.re produced by difference of figure; or we may begin from the 
I>egiiining again in the manner of that Article. Ihie constant 
L * be added to the integral is supposed to be so taken that the 
integral may vanish with , 

Suppose a ^the greatest value which 6 can have, then 
Plane Co-ordinate Geometry ^ Art 257) cot a==\/(c“— I). 
■\Vhen P moves off to an infinite distance PF— AlP becomes 
the difference between the length of the asymptote from G 
i:r;d the infinite hyperbolic arc from A. [Tims this difler- * 
cnee is 

a f \/(l — sin^ 0) d6. 


Pjiverse Questions on the lenytlis oj^ Curves* 

V P preceding Articles we have shewn liow the 
of an arc of a known curve is to he- found in torma 
of Its variable extremity; wo will now briody 
‘u f \ mverse problem, to find a curve such that the am 

u-emiry! t.fP'^ function of the abscissa of its variable ox- 


Snppose {x) the given function ; then s = ^ (») ; 


therefore 


lliUS 


and 




As an example of the preceding method 
V(4cai); thus 


, suppose 



H 
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ca 

' 


J Jiux-x^) 


(lx 


\/ (ax — 'x“) 2 j V {cx — x^) 


-=:= — ar) + vers ^ -1- iL 

*i 0 


We may write ?/' for y — 0 aiul' tlius we find that the 
CAirvc is a cycloid, (l(d> Ar(;. ;558.) 

9(). For another cx’ainplo suppose. </^ (x) = a log ;:r ; thus 

f o«)=! 


<i 


X 

.1 lore 


f ahlx f xilx 

- x~) - a;“) 




ImwlulcH and JCmilatt'.n. 

97. Wo may fixpvcHS tlio length of an arc of a curve with- 
out intcigration when we know tlie e(|U!itiou to the involute of 
iho curve. Su])poHe «' to reproHcnt the, le.ngth of an arc of a 
(‘.nrve, p the radiuH of e.nrvature at tlnit ])oint of the involute 
whicli correapoinlH to tluj variable extremity of .v',^tlion (Dif.' 
(hi. Art. Sb'il.) s' ±p = l, where I is a e.onstant. _ If the e(jua- 
tion to tlie involute is known, p Ciin be fouiul in terms of the 
eo-or(linate.s of the point in the involute; then tliesc co-ordi- 
natcH can bo cxpro.SHod in terms of the co-ordlmto of the 
(sorresponding point of the ovolutc, and thus s' is known, 
lly tins method wo have to perform the processes of differen- 
tiation and algoljraic.al rc'.duction instead of integration. 
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98. Application to the Evolute of the Earahola. 

Take for the involute the parabola which has for its equa- 
tion — let a;', y be the co-ordinates of the point of 
the evolute which corresponds to the point {x^ y) on the para- 
bola. Then bj the ordinary methods {Eif Cal. Art. 330) we 
have 


i ; 

Thus we shall obtain for the equation to the evolute 
27ay"=:4 


therefore 


' r o 

s 4- — 

■“ \ 6a . 


Suppose we measure s' from the point for which x' =5 2a, 
that is, from the point which corresponds to the vertex of the 
parabola ; then we see that 5 ' increases with x\ so that wo 
must take the lower sign in the last equation ; also by sup- 
posing x' = 2a and 5 ' — 0 we find Z = — 2a ; thus 

This value of 5 ' may also be obtained by the application of 
the ordinary method of integration. 

99. When the length of the arc of a curve is known in, 
terms of the co-ordinates of its variable extremity, the equa- 
tion to the involute can be found by the ordinaiy processes 
of elimination. 

For we have {Eif Gal Art. 331) 
dx^ 

dx ^ ds' 
x' — X ^ p dx! 
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:-u 


where the accented letters refer to a point in a curve, and the 
unaccented letters to the corresponding point in the involute. 
Thus 

< r/y 

= ® +P7^ ( 1 )- 




Siihilarly 


y- 


ds' ' 

-- ^y' 
■■y^p-d^'- 


( 2 ). 


If then 5 ' is known in terms of x\ or of y\ or of hotli, Tbj 
means of this relation and the known equation to the curve 

we may find and — ; and p is known from the equation 

5 ' q: ^ It only remains then to eliminate x and y from 
( 1 ) and ( 2 ) and the known equation to the curve ; wc obtain 
thus an equation between x and y, which is the required 
equation to the involute. 

. ’ 100. Application to the Catenary, 

The equation to the catenary is 
‘ c ^ 


and . 






s=-(e' 


V' 


sup^idsing s measured from the point for which cc' = 0 and 
y' = c; we shall now find the equation to that involute to 
the catenary wdiich begins at the point of the curve just 
specified. 

We have then 


thus 


and p = s\ no constant being required, because by supposition 
p vanishes with s'. 




y-L 

dx c ’ 

dx 

0 

dy' s' 

dx' 

_ c 

ds 

ds' 
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Hence equations (1) and (2) of the preceding Article become 
x = x' 


sc 


>2 

i ^ y 


t 

y 


And ■s' = A/( 2 /''-c') = y^(p-c“] = ^A/(c“-/); 
therefore ■ 

y c 

thus x — x— V(o^ — y ^) ; therefore x {jf — y^) + x. 

We have then, to substitute these values of x' and y in the 
equation to the catenary, and thus obtain the required rela-' 
tion between x and y. The substitution may be conveniently' 
performed thus, 

c ^ - 

y = -(e« + e“«); 


therefore 




therefore y' “■ == 

therefore x —c log — — - . 

Thus finally, re 4- ~ ^ log ^ . 

y 

.'—•-'“'This curve is called the tractory ; on account of the radi- 
cal, there are t^^Values of x for every value of y less than c,' 
these two values being numerically equal, but of pppositd’ 
signs. There is a cusp at the point for which a; = 0 and 
y = c ; and the axis of x is an asymptote. 

101. The polar formulse may also be, used in like manner 
to determine the involute when the length of an arc of the 
e volute can be expressed in terms of the polar co-ordinates of* 
its variable extremity. We have {Dif* Gal, Art. 332) 


■■ 


r = p “t" 



(1), 

( 2 ). 
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I'lere, as before, the accented letters belong to the known, 
curve, that is, to the evolute, and the unaccented letters to the 
required involute; thus since the evolute is known, there is a 
known relation between p' and r . And / + p = so that if 
s can be expressed in terms of and r we maj eliminate 
p and r by means of (1), (2), and the known relation between 
p and r\ Thus we obtain an equation connecting 2 ^ 
which serves to determine the involute. 

102 . Application to iJic Eqidangular SpiraL 

In tliis curve p' = r sin a, wdicrc a is the constant angle of 
the spiral. If we suppose the involute to begin from tlic 
pole of the spiral, and s to be measured from that point, we 
have p — s' = rBQoa (Art. 84). Thus (1) of the preceding 
Article becomes 

r ® = r'^ scc^ a H- r** — ^rp sec a 

= sec^ a + sin® a 4*^® — 2r^p sec a, by (2). 


From this quadratic for p wo obtain 
jP ~ r' sec a = ± / cos a. 

If we take the upper sign we find p “ 

then from (2) we find = - r’\ But this solution 

^ ' cos a 

must be rejected, because from it wc should find p or 
dr 1 -h 8 cos®a ■ , - . , . . ... -,1 

dp cos a (1 + cos'* a) ^ j .v /. 

equation p — rseca. i ' ; * 4'-'“;;:.^. ' 

, V 


j 

. r sin oc 

If wc take the lower sign we find p ~ ■ £^nd then 


cos a 

sin® oc 

thus ;;==rsinc3(. Ilcncc the 

.cos® a 

involute is an equiangular spiral with the same constant 
ande as the evolute has. 


from (2) we find r® 


no 
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Intrinsic Ecjiiation to a Curve, 

103. Let s denote tlie length of an arc of a curve measured 
from some fixed jDoint, <p the inclination of the tangent at the 
variahle extremity to the tangent at some fixed ])oint of the 
curve; then the -equation which determines the relation 
between s and (f> is' called the intrinsic equation to the curve'. 
In some investigations, especially those relating to involutes 
and evolutes, this method of determining a curve is simpler 
than the ordinary method of referring the curve to rectangular 
axes w^'Mch are extrinsic lines. 


104 T7e will first shew how the intrinsic equation may 
be obtained from the ordinary equation. 

Suppose y—f[oi) the equation to a curve, the origin 
being a point on the curve, and the axis of y a tangent at that 
point ; from the given equation we have 

dv , 1 , , . 


thus X is known in terms of tan say a; = ^^(tan 0) ; thou 

7 djS 

also ^ = cosec <p ; 

^Jlier.e^e ^ ,^^an cj)) sec® ^ coscc (f > ; 

from this equation s may he found in terms of 6 by intc^Ta- 
tion. A, similar result will he obtained if at tlio origin'^tlie 

axis of a; be the axis which we suiopose to coincide with a 
tansrent. 


■ by hypothesis ; 




^ = F' (tan (f)) scc^ ^ ; 

• = cosec (p ; 

-= F (tan p) sec® p coscc p ; 


105. Application to the Cycloid, 

By Dif, Gat Art, 858, we have 

dx V V a? / tan <jf> 


r ’ 
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therefore 


therefore 


2a ^ 1 

0) sin^ (fy 

dx 


5 = 2a sin^ 


^ — 4 a sin cos 


ds , dx ^ 

— = cosec <p -Y 7 = 4a cos 
dcjy ^ defy 

5 = 4a sin efy + O, 


^5 


The constant will he zero if we suppose 5 measured from 
the fixed point where the first tangent is drawn, that is, from 
the vertex of the curve. 


; 106 . Having given the intrinsic equation to deduce the 
ordinary equation. 


We have 
therefore . 
Similarly 


dx . , 

;7r = sm(/>; 


ds 

x 


J ds sin <f), 
y — J ds cos <f>. 


Now s is by supposition known in terms of (f > ; thus by 
integration we may find a; and y in terms of </>, and then by 
eliminating <f) we obtain the ordinary equation to the curve in 
terms of x and y. 


107 . Application to the Cycloid. 
Here 5 = 4 a sin efy ; 


thus £c = Jc?5 sin = 4 a J sin (jy cos (jy dijy — C—a cos 2(fy, 
y =Jds cos (56 = 4 a J cos^ ^ d(p:= O' + 2a<p -}- a sin 2^. 


Plence by eliminating (jy we can obtain the ordinary equa- 
tion ; if the origin of the rectangular ax^s is the vertex ot 
the curve, we shall have C=a and ( 7 ^ — 0. ^ > 

r. 5 
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108. We shall now give some miscellaneous examples of 
intrinsic equations. 

The intrinsic equation to the circle is obviously s = a<j). 

109, The equation to the catenary is 

+ +6”), 




the origin being on the curve. Hence 

dy . , ^ c , ^ 

s = -(6‘ 

thus if ^ be the angle which the tangent at any point inalccs 
with the tangent at the origin, ^ 

^7/ s = ctan^. 

'^110. We have seen in Art. 86, that for the epicycloid '-' 

' = tan 0 suppose, " ‘ 


j cos 0 — cos - \ 6 
b 

dx 


thus 


sin 6 — sin 6 
^ 25 


Again, from tlie same, Article, 




a 

, _ 45 (a 4- b) 

a 

__ 45 (« 4* b) 


eosg+a 

(l-eosg), 


6" 


if we suppose s measured from the point for which 6^0, 

Thus 

■a \ a-fribj 

"We may simplify this result by putting 

, 7r(a + 25) , 45 (a + 5) , 

4 > = — > aiid « = — - ■ + « ;• 
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this amounts to measuring the arc from a vertex instead of 
from a cusp. Thus 


a a + 2& 


where the accent may now be dropped. 

111. Similarly the intrinsic equation to the hypocycloid 
may be written 

45 (a — 5) . a6 
s = — ^ sm ■ — 


a — 25 ‘ 


112. It appears from the last two Articles that 5 == Z sin ncf) 
represents an epicycloid or hypocycloid, according as n is less 
or greater than unity. For example, if 

5==Zsln^, s=Zsin^, s = Zsin^, s — 

2 3 4 5 

we have epicycloids in which 

If 5 = Zsin2<^, 5 = Zsin3^, s = Zsin40, 5 — ?sin5<jE>, ... 

we have hypocycloids in which ”=j> I’’** 


1 13. If p be the radius of curvature of the curve at the 
point determined by s and <p, we have {Dif. OaL Art. 324) “ 

r':," ds 

P = - 


r.;-' 

f,' - V 


, 'i 

‘• i '■ 


d(j> * 


In the logarithmic spiral we know that p varies as s if the 
arc be measured from the pole ; thus ^ > 


7 ds 


e •> 


1 ds . ^ ^ p' 

therefore ^ ; ^^d therefore by integration ‘ 




h(^ + constant = log 5 ; 


s = 








therefore 
T. I. c. 


8 


lU 


LENGTHS OP CUEVES. 


where a is a constant. If we put 5 = 5 ' + a we have 
and now 5 ' is measured from the point for which <f> = 0. 


114 . If the intrinsic equation to a curve he known, that 
to the evolute can be found. 



Let AP be a curve, £Q the evolute ; let s he the length of 
an arc of AF measured from some fixed point up to F; s' the 
length an arc oi BQ measured from some fixed point up 
to g. It is evident that ^ is the same both for s and s' if in 
measure from BA, which is perpendicular to the 
straight line from which f is measured in AF. 


— Inrtlie left-hand figure s' = p- 0=-^- — O 

d(f) 

In the right-hand figure s'= G—p= O' - — , 

dcf) ’ 

known in terms of <j,, we can find s' in terms 
o£ <f>. The constant 0 is equal to the value of p at the 
point corresponding to that for which s' = 0. P 

115. For example, in the cycloid s = 4a sin ^ ; thus 
s'= (7-.4QJCOS 



LENUTIIS OP CUKVES. 


115 


I’ll! ^ ^ and «' = cr + O' ; tlius 

cr = d.a sin 

This shews that the evolute is an equal cycloid. 


IK). Similarly if the intrinsic equation to a curve he' 
known, that to the involute may he found. For hy Art 114 


ds 

d(p 


==a+6‘': 


ihcrefore .v = J(G ± .v ) dc/), 

yhiiis if .v' he known in terms of <p, we can find s in terms 
of cj). 


117. For example, in the (tircle s==cuj). Thus 
« =. 1(0 ± <4) ^ = 0</. ± + O'. 

If we Bii|)])OHe a to l)('.g‘in where c/) — 0 we Jiave O'^O, and 
fmi’Jier, if fi he.^'iuH wIuto the involute meets the circle we 

Inivc (K'v^O; tlms J)if. Gal Avt BI13.) 


11 H. It is ohvions that hy the methods of Arts. 114 and 
Ilf) wo may find llie evolute of the evolute of a curve, or the 
involute of the involutci of a curve, and so om 

Ilf). The stiuhmt may exercise liimsclf in tracing curves 
from their intrinsic (ic|uationH ; he will find it useful to take 
such a curve as tlio cycloid, the form of whicli is well known, 
and ascertain that the intrinsic eejuation does lead to that 
form; lie may then take some of the epicycloids or liypocy- 
(doids gm‘.n in Art 112. For further information on this 
suhjeet, and for illustrative figures, tlic student is referred to 
two memoirs hy Dr WJiewell, puhlishcd in the Gamlridge 
Fkilomphioal d/ranmctions^ YoL yiii. page C59, and Vol. ix, 
page 150. 
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Curves of double Curvature. 


120. Let z be the co-ordinates of a point on a curve 
in space ; x + Lx, y 4* Ly, z + Lz the co-ordinates of an 
adjacent point on the curve. Then it is known by the prin- 
ciples of solid geometry, that the length of the chord joining 
these two points is a/{ILxY {L yY-\- {LzY}, Let 5 be the 
length of the arc of the curve measured from some fixed point 
up to {x, y, z ) ; and let 5 -P be the length of the arc measured 
from the same fixed point up to (aj + Aa?, y Ly, z^Lz). 
We shall assume that As bears to the chord joining the adja- 
cent points a ratio which is ultimately equal to unity when 
the second point moves along the curve up to the first point. 
Thus the limit of 

Ls 


As 


V{(Aaj)^+(Ay)^-f(A^) 

is unity. Hence 

& _ / 

dx V 

therefore s = J 


, that is, of 


Lx 


1 4- 1 


1 + 


+ 


v/ 


'dz 

dx 


1 4 


Lx 


4 


\dxj \dxj ) 
dy 


dx. 

dz 


Lx) 


From the equations to the curve and may be ex- 
^ dx dx 

pressed in terms of and then by integration s is known in 
terms of x. 


121. With respect to the assumption in the preceding 
Article, the student is referred to Dif. Gal. Arts. 307, 308 ; he 
may also hereafter consult De Morgan’s Differential and 
Integral Calculus , page 444, and Homersham Cox’s Integral 
Calculus, page 95, 

122. Suppose, for example, that the curve is determined 
by the equations 

y = 4aax 

z = a;^) 4- 0 vers“^ 

G 


(1), 

( 2 )> 



LENGTHS OP CGEYES. 


117 


' SO that the curve is formed hy the intersection of two cylin- 
• ders, namely a cylinder which has its generating lines parallel 
to the axis of a, and which stands on the parabola in the 
■I; plane of [x, y) given by (1), and a cylinder which has its 
' 'generating lines parallel to the axis of y, and which stands on 
the cycloid in the plane of [x, z) given by (2). Then 


dy _ //a'N ^ 

dx~ \/ \x) ’ dx 


2c — as' 


a 2c 

1 +- + 1 

X X 


2c -f- Cl 


therefore s = V (2c + a) J =2 ^{2c + a) 

JSTo constant is required if we measure the arc from the origin 
of co-ordinates. 


123. The formula given in Art. 120 may he changed into 

and in some cases these forms may he more convenient than 
that in Art. 120. 


124. Sometimes a curve in space is determined hy three 
equations, which express x, y, z respectively in terms of an 
auxilia,ry variable ; then hy eliminating this variable, we may, 
if necessary, obtain two equations connecting cc, y, and z, and 
thus determine the curve in the ordinary way. Suppose then 
X, y, z each a known function of t ; then 

dj/ dz 

dy _^dt 'dz^cLt^ 
dx dx ’ dx dx ^ 
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125. Application to the Selix. 

This curve may he determined by the equations 
03 = a cos t^ 3 / = a sin if, z^ct; 

thus 5 = = t a/ G^) + (7. 

126. When polar co-ordinates are nseci to determine the 
position of a point in space, we have the following equations 
connecting the rectangular and polar co-ordinates of any 
point, 

0 ? = r sin ^ cos y = r sin ^ sin (j5>, cos d. 

And as a curve in space is determined by two equations 
between cr, y, and z, it may also be determined by two equa- 
tions between r, 0, and Thus we may conceive r and 
<j> to be known functions of 6, and therefore w, p, and z 
become known functions of 6. 


Hence 

dx 


dr 


= sin u COS 9 — r sin 6 sin ^ 


dd 

&II 

= Rir 


dB 

dr 


~ dm 6 sin ^ ^ + r sin 6 cos ^ 
dz .dr . . 


d(j) 

'dd 

d<^ 

dd 


+ r cos ^ cos 
-I- r cos 6 sin 


<A, 



Therefore 



de) 




s 

+ r^sin^0 
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This may Ibe transformed into 

otinM »-/y{’'(^) +(^) 

127. If p the perpendicular from the origin on the 
tangent to a curve in space, then the equation 

ds _ r 

which was proved for a plane curve in Art. 85, will still 
hold. For each member of the equation expresses the secant 
of the angle which the tangent makes with the radius vector 
at the point of contact. 

Therefore 5 =: /* — g- , 


EXAMPLES. 


1 . 


2 . 


8 . 


4 . 


For what values of m and n are the curves ^ 
rectifiable? (See Art. 15.) 

ResulL If > or ^ ~ is an integer. 

2m 2m 2 

Shew that the length of the arc of a Tractory measured 
from the cusp is determined by 5 = c log ~ . 

y 


Shew that the Cissoid is rectifiable. 

Shew that the whole length of the curve whose equation 
is 4 (a?^ + y^) — = 3a^2/^ is equal to Ga. 

It may be shewn that fn • 

L \W 4/(a^-/)J 


120 


EXAMPLES. 


5, The length of the arc of the curye 

(x — (a? — 

between the limits {os^^ y^ and [cc^ y) is 

~ {(®+#+ (®-3/)¥-^ {K+yi)“+ K-2'i)^r-- 

a 

6. If s == ae% find the relation between x and y. 

. 7. Shew that the intrinsic equation to the parabola is 

ds 2a <35 , 1 + sin <f> a sin 6 

d<p cos^ <f> 2 ^ 1 - sin ^ 1 - sin^ ^ . 

8. The intrinsic equation to the curve == is ’ 

S = |f (sec’^-1). 


9. Shew that the length of the arc of the evolixte of a 
parabola from ’the cusp to the point where the e volute 
meets the parabola is 2(35 (3 — 1) ; where 4a is the 

latus rectum of the parabola. 

10. The evolute of an epicycloid is an epicycloid, the radius 

of the fixed circle being — and the radius of the 
° aq- 2& 

ab 

generating circle — (Arts. 110 and 114.) 

11. Shew that if the equation to a curve be found by 

eliminating 6 between the equations 

iC = sin {6) “h cos O'xjr" {9), 
and 7/ = cos [6) — sin 9'\jr" (0), 
then 5 — (0) + (9), 

12. Shew that the length of the curve 8a^y = + 6aV 

measured from the origin is ^ + 4a^)^'. 



CHAPTER VII, 


AREAS OF PLANE CURVES AND OF SURFACES. 


Plane Areas. Rectangular Formidce, Bingle Integration. 



128. Let DPE te a curve, of wliich tlie equation is 
y — 4>{x), and suppose y to be the co-ordinates of a point 
P. Let A denote the area included between the curve, the 
axis of the ordinate PM^ and some fixed ordinate DB^ such 
that OB is algebraically less than x\ then {Bif. Gal. Art. 43) 


dx 




hence 



Let ^ (aj) + (7 be the integral of ^ (x) ; thus 
' yfr (x) + G. 

Let A^ denote the area when the variable ordinate is at a 
distance from the axis of y, and let A^ denote the area when 
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the variable ordinate is at a distance from the axis of y ; 
then 

f^2 

therefore — A^ = '\{r ^ 

J Xi 


129. Application to the Circle, 

The equation to the circle referred to its centre as origin 
is 3 /^ = — 05^ ; here {pi) =^\J{ci— x ^) ; thus 


J.=j {oi} dx^ jA/(a^ — a;®) dx = - - — 


• (id) Of • —xX ^ 

— - + -- sin - + (7. 
2 a 


The constant G vanishes if we suppose fixed ordinate 
to coincide witli the axis of y. It will be seen by drawing a 
figure, that the area comprised between the axis of £c, the axis 
of 3/5 the circle, and the ordinate at the distance x from the 
axis of y, may be divided into a triangle and a sector, the 
values of which are given by the first and second terms in the 
above expression for A, This remark may serve to assist the 
student in remembering the important integral 


JVia 


• x^) dx = 


Xh]{(d — od) 


+ sin” 


X 

a* 


130. Application to the Ellipse, 

Suppose it required to find the whole area of the ellipse. 
The equation to the ellipse may be written 3 /^= — cc^). 

I a 

Hence the area of one quadrant of the ellipse 


= f - a/ ( a® — a?®) & = - f a/ (a^ — x^) dx=^- 

Jo «Jo a 4 

hence the area of the ellipse is 7rab, 


irah ^ 


131. Application to the Parahola, 

The equation to the parabola is 3 /^ = 4k.ax ; here then 
^ (u?) == a/ ( 4a£c), 
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and J V (iax) dx — x^+ G-, 

thus with, the notation of Art. 128 

A~A=jj^ ^ - »/)• 

If x^=0 we have for the area that is, two thirds 

of the product of the abscissa and the ordinate ^(4:ax^), 


132. Application to the Gycloid, 

The integration required by the formula ^ydx becomes 

sometimes more easy if we express x and y in terms of a new 
variable. Thus, for example, in the cycloid we can put 
{JDifn Gal, Art. 358) 


therefore 


a; =a (1 — cos 0), y = (X (0 + sin 0) ; 

J ydx —d j(d-h sin 0) sin 0 d0 

= 0 sin 0 d0-h^J(l — cos 20) d0; 


this gives 


a® (— 0 cos 0 + sin 0) + — ( 0 - 

A 


sin 20' 


If we take this between the limits 0 and tt for 0, we obtain 

Sd^TT 

the area of half a cycloid ; the result is . Hence the 

area of the whole cycloid is equal to three times that of the 
generating circle. 


133. The equations to the companion to the cycloid are 
re = a(l — cos 0), y^a0\ 

hence it may be shewn that the area of the whole curve is 
twice that of the generating circle. 


134, If a curve be determined by the equation x—^[y), 
then the area contained between the curve, the axis of y^ and 

■Ac, nT- .T'l .a 


'Vn/. .V 
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straight lines drawn parallel to the' axis of x at distances 

respectively equal to and is / (3/) dy^ This is oh- 

^ y\ 

vious after the proof of the similar proposition in Art. 128. 

135. The formulee in Arts. 128 and 134 furnish one of 
the most simple and important examples of the application of 
the Integral Calculus. As we have already remarked, the 
problem of determining the areas of curves was one of those 
which gave rise to the Integral Calculus, and the symbols 
used are very expressive of the process necessary for solving 
the problem. In the figure to Art. 7, the student will see 
that the rectangle BpNM may be appropriately denoted by 
3/Aic, and the process of finding the area of ADEB amounts 
to this; we first effect the addition denoted by and 

then diminish Ao? indefinitely. 


136. Suppose we require the area contained between the 


X 


curve V == c sin - , the axis of x, and ordinates at the distances 
^ a ’ 

and x^ respectively from the axis of y. We have 




• X J 

Sin - dx = 
a 


ca cos ~ 


•cos* 


Suppose then = 0 and = utt ; the area is 2ca. Next 
suppose = 0 and ; the result 


/ X, xA 
ca cos — — cos ~ 

\ a aj 


a a, 

becomes zero, in this case, which is obviously inadmissible, 
since the area must be some positive quantity. In fact sin ~ 
is negative from fc = utt to a? = 2u7r, but in the proof that the 
area is equal to jydx, it is supposed that y is positive. If 

y be really negative the area will be J(~3/) dx. 

Thus in the present example the area will not be 

cl sm - tZa: tut c I sin-dx + c f—sm-jdx, 

Jo « Jo a Jm \ (ij 
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. X r2air gj 

that is, cl sm - dx — G] m\~ dxi 

Jo ^ J aiP ^ 

this will give 2ca + 2ca, that is, 4ca. 


Plane Areas, Rectangular Formulae, PouUe Integration. 

137. In Art. 128 we have supplied a formula for finding 
the area of a curve; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which yLx is the type. We shall now proceed to 
explain another mode of decomposing the required area into 
elemental areas. 



Suppose we require the area included between the curves 
BPQE and hyg^e^ and the straight lines Bh and Ee, Let a 
series of straight lines be drawn parallel to the axis of and 
another series parallel to the axis of x. Let st represent one 
of the rectangles thus formed, and suppose x and y to be the 
co-ordinates of 5, and aj + Aa; and y + Ay the co-ordinates of 
t*, then the area of the rectangle st is AccAy. Hence the 
required area may be found by summing up all the values 
of AccAy, and then proceeding to the limit obtained by sup- 
posing Lx and Ay to diminish indefinitely. 

We effect the required summation of such terms as AxLy 
in the following way: we first collect all the rectangles 
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similar to st which are contained in the strip PQqp^ and 
we thus obtain the area of this strip; then we sum up all 
the strips similar to this strip which lie between Bb and 
Ee, The error we may make by neglecting the element of 
area which lies at the top and bottom of each strip, and 
which is not a complete rectangle, will disappear in the limit 
when Aa? and Ay are indefinitely diminished. 

Let p=^(p(x) be the equation to the upper curve, and 
y = the equation to the lower curve; let OG=^c and 
then if A denote the required area, we have 



for the symbolical expression here given denotes the process 
which we have just stated in words. 

hTow jdp = y, therefore J c?y = (a?) — {x) ; thus we 

have 

.4 = J [x) (x)] dx. 

In this form we can at once see the truth of the expression, 
for — (x) = PL —pL = Pp; thus {(^ (x) — i/r (aj)} Ax may 

be taken for the area of the strip PQqp^ and the formula asserts 
that A is equal to the limit of the sura of such strips. 

The straight lines in the figure are not necessarily equi- 
distant: that is, the elements of which Ax Ay is the type 
are not necessarily all of the same area. 


^ 138. The result of the preceding Article is, that the area 
A is found from the equation 


A^j {(j>{x) — '\{r (aj)} dx. 


This result may be obtained in a very simple manner as 
shewn in the latter part of the preceding Article, so that it 
was not absolutely necessary to introduce the formula of 
double integration. We have however drawn attention to 
the formula 




rt 
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because of the illustration which is here given of the process 
of double integration; the student may thus find it easier to 
apply the processes of double integration to those cases where 
it is absolutely necessary, of which examples will occur here- 
after. 

139. If the area which is to be evaluated is bounded 

by the curves x = and x = (f){y), and straight lines 

parallel to the axis of x at distances respectively equal to c 
and h, we have in a similar manner 

fh 

dydx=\ 

f{y} d 0 

Some examples of the formula of Arts. 137 and 139 will 
now be considered; we shall see that either of these formulae 
may be used in an example, though generally one will be 
more simple than the other. 

140. Eequired the area included between the parabola 

jf = ax and the circle = 2ax — £c®. | 

The curves pass through the origin and meet at the point | 

for which £c = a; thus if we take only that area which lies | 

pn the positive side of the axis of cr, we have I 

A == f {\/{2ax — — V dx — ^ , I 

Jo 4: 6 I 

The whole area will therefore be 2 

Suppose that we wish in this example to integrate with 
respect to x first. From the equation we deduce 

x^a±id[(£‘ — y^)^ and it will appear at once from a figure 
that we must take the lower sign in the present question. 

^ Thus let x^ stand for a — a/ (a® — y®), and x^ for — , then 
’ a 

= = as Wore. 
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The reader sliould draw the figure and pay close attention 
to the limits of the integrations. 

141. In the accompanying figure 8 is the centre of a 
circle BLD^ S is also the focus of a parabola ALG; we shall 



indicate the integrations that should be performed in order to 
obtain the areas ALB and LD 01 This example is introduced 
for the purpose of illustrating the processes of double integra- 
tion, and not for any interest in the results: the areas can be 
easily ascertained by means of formulas already given ; thus 
ALB is the difference of the parabolic area aLS and the 
quadrant SLB; and similarly LBG is known. 

Take S for origin. In finding the area ALB it will be 
convenient to suppose the positive direction of the axis of x 
to be that towards the left hand; thus if 4a be the latus 
rectum of the parabola, and therefore 2a the radius of the 
circle, the equation to the parabola is ^4a{a--x)^ and that 
to the circle 

Suppose we integrate with respect to x first, then 

r2a 

axesiALB=: / dydoo^ 

Jo J Xj 

2 

where = 

For here {x^ — a;J A?/ represents a strip included between the 
two curves and two straight lines parallel to the axis of x; and 
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strips are situated at distances from the axis of x ranging 
between 0 and 2a, so that the integration with respect to y is 
taken between the limits 0 and 2a. 

Suppose we integrate with respect to y first; we shall then 
have to divide the area into two parts by the straight line AF. 
Let 

= = V - a:’) ; 

n i/2 r« . 

dxdy^\ (y^ — yj dx ; 

Jo 

r2a njQ r2a 

area, AFF= I dxdy=^\ y^dx\ 

J a J 0 J a 

the sum of these two parts expresses the area ALB. 


Next take the area LDO] suppose now the positive direc- 
tion of the axis of x to be that towards the right hand, then 
the equation to the parabola is y^ = 4(2 (a + x), and that to the 
circle y^ = 4(2^* — x^. 

Suppose we integrate with respect to y first ; let 
y^ == a/ ( 4a® — a?) and y^ == 4- 4aaj) ; 


then 


area DL G = 



Suppose we integrate with respect to x first; we shall then 
have to divide the area into two parts by the straight line LK. 
Let 





-a; 


then we shall find that i)(7= 2a = 5 suppose ; thus 

r2a r2a 

area JDLK—] I dydx, 

Jo J 

n 2a 

dydx\ 

the sum of these two parts expresses the area LDG. 

T. I. C. 


9 



130 AREAS OP PLANE CURVES AND OP SURFACES. 

142. One case in whicli the formulas of Arts. 137 and 
139 are useful is that in which the bounding curves are 
different branches of the same curve. Suppose the equa- 
tion to a curve to be [y — mx — = — thus 

y = mx + G ± a/ ( a® — x^). 

Here we may put 

(x) — mx + c — — x^), 

(j> (x) — mx + o + ^/{a^-‘X^); 


thus (f>{x)’-^lr{x)==2^/(a^’-x^), and the complete area of 
the curve is 



— x^) dx^ that is^ Tra^. ■ 


143. We have hitherto supposed the axes rectangular, 
but if they are oblique and inclined at an angle o), the for- 
mula in Art. 128 becomes 

A =: sin ( 1 ) {x) dx^ 

and a similar change is made in all the other formulae. It is 
obvious that such elements of area as are denoted by yLx 
and AyAcc when the axes are rectangular will be denoted by 
^irxcoyH^x and sinc(>A?/Aaj when the axes are inclined at an 
angle «. 

For example, the equation to tlie parabola is y^—i.a!x when 
the axes are the oblique system formed by a diameter and 
the tangent at its extremity; hence the area included be- 
tween the curve, the axis of aj, and an ordinate at the point 
for which aj = c, is 

//j, r \ 7 4sin(»A/«c^' 

sm j V dx'=^' — 7 —^ , 

that is, two thirds of the parallelogram which has the abscissa 
c and the ordinate at its extremity for adjacent sides. 
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Plane Areas. Polar Formulce. Single Integration, 



144. Let GPQ Ibe a curve, of which the polar equation is 
r = ^(^), and suppose r, 6 to be the co-ordinates of a point P. 
Let A denote the area included between the curve, the radius 
vector PP, and the radius vector SC drawn to some fixed 
point (7, such that the angle GSx is algebraically less than 6; * 
then {Dif. Cal. Art. 313) 

dd~~ i • 

Hence A=ij{<p(0)}^d0. 

Let (0) be tbe integral of then 

A ^ (0) + C. 

Let A^ denote the area wdien tlie variable radius vector is 
at an angular distance 0^ from the initial line, and let A^ 
denote the area when the variable radius vector is at an an- 
gular distance 0^ from the initial line; then 

A,= i.(0,)+G, A,==yjr(0^)+G 

therefore A^-^A^^^lr (0^) — (0^) — {(f> (0)}® d0. 

145. Application to the Eguiangular Spiral. 

i 

In this curve r = See; thus 

r 20 ^2 20 

A=^ili^e-^cl0=-^eT+G, 


9—2 
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re, 29 S9j 29, 

and = b’‘e<= d0 = ~(ec -e o ) = | r^®), 

■where and r„ are the extreme radii vectores of the area 
considered. 


146. A^lication to the Parabola. 
Let the focus he the pole, then 


r = — 2— ; thus A=:^ 


2 


d0 

cos- 


= ~J(l + tan* -J sec*- d0 = a* tan - + j tan* ^ + (7. 


Hence A^-A^ = a^ ^tan |* — tan ^ ~ • 

77* 

Suppose that 0^ = 0 and — ^ obtain for the 

area a* + ^ , that is, ~ ; this agrees -with Art. 131. 

O d 


For anotlier example we will suppose the parabola refer- 
red to the intersection of the directrix and the axis as pole, 
the axis being the initial line. Here 

^ COS0 — \/(cos 20) 

■ r==2a 


thus 


t = 2«-/ 


cos^ 0 4-^003 20 — 2 cos 0 \/(cqs 20) 


sin^0 


dd 


2 cos® 0 — sin® 0 
sin^0 


J sin^ 0 
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Now 


/ 


2 cos^ 6 — sin^ $ 


dd=ij (2 cot® ^ — 1) cosec® 6 dd 
= — f cot® 6 + cot 6, 

^ ^ r cos d V (cos 26) dO ^ rV(l — 2 sin® 6) d sin 9 

^ J sin^ 6 J sin^ 6 ’ 

assume sin 0 = - , then the integral becomes 
t 

•-J^/(d — 2)tdty that is, — -g- 
Hence, adding the constant, we have 

(cosec® 0 — 2)^ ~ ^ cot® 9 + 2a® cot 0 -f 0 

o o 

0 2 A zi . (cos 20)^- cos® 0 ^ 

= 2a®cot0 + — ^ + a 

3 sin® 9 

The constant will be zero if A commences from the initial 
line ; for it will be found on investigation that 

2 cot 0 ^ vanishes when 9 — 0. 

3 sin® 9 


147. Application to the curve r — a{9 + sin 6)» Here 
■ A = jl(0 + 8m ey dd = jj + 26 sin 6 + sin'* 6) d6 ; 

and /« wi9 d9 — — 9 cos 0 + sin 0 

J8in^6d6 = ij (1-cos 20) = 

Ai ^ oz) z) o • zi , ^ sin 20] , ^ 

thus •^-*2 -“20003 0 + 2 sm 0 4-^ T”! 

Suppose we require the area of the smallest portion which 
is bounded by the curve and by a radius vector which is 
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inclined to the initial line at a right angle; then *we have 0 
and ^TT as the limits of the integration. Thus the req^uired 
area is 



Plane Curves^ Polar Formulce, Povhle Integration, 

148. In Art, 144 we have obtained a formula for finding 
the area of a curve; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of ■which A0 is the type. We shall now proceed 
to explain another mode of decomposing the required area 
into elemental areas. 



Suppose we require the area included between the curves 
BPQE and and the straight lines Bh and Ee. Let a 
series of radii vectores be drawn from (9, and a series of circles 
with 0 as centre; thus the plane area is divided into a series 
of curvilinear quadrilaterals. Let st represent one of these 
elements, and suppose r and 6 to be the polar co-ordinates of 
and r + Ar and 6 + A0 the polar co-ordinates of then the 
area of the element st will be ultimately rA0 Ar. Hence the 
required area is to be found by summing up all the* values of 
rA^Ar, and then proceeding to the limit obtained by sup- 
posing A0 and Ar to diminish indefinitely. 
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We effect tlie required summation of sucli terms^as rA9A7^ 
in the following waj : we first collect all the elements similar 
to st which are contained in the strip and thus obtain 

the area of the strip ; then we sum up all the strips similar to 
this strip which lie between Bh and Ee. 

Let t — be the equation to the curve BPQE and 
r = '\[r(d) the equation to the curve let a and j3 be the 
angles which OB and OE make respectively with Ox ; and 
let A denote the required area, then ’ 

n <l>{e) 

rdd dr ; 

\p ( 0 ) 

for the symbolical expression here given denotes the process 
which we have just stated in words. 

r 

Now J rdr = ~ , therefore 

r\rdT=mm-w{m, 

thus we have 

In this form we can see at once the truth of the expres- 
sion, for OJP=(f) {6) and Op [6), and thus 

i{cj>ie)YA0-i{ir{e)YAe 

may be taken for tire area of the strip PQqp, and the formula 
asserts that the area A is ■equal to the limit of the sum of 
such strips. 

149. The remark made in Art. 138 may be repeated 
here; we have introduced the process in the former part of the 
preceding Article, not because double integration is absolutely 
necessary for finding the area of a curve, but because the 
process of finding the area of a curve illustrates double inte- 
gration. 

150. If the area which is to be evaluated is bounded by 
the curves whose equations are 0 ^ (r), ^ (r) respectively, 
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and by the circles whose equations are ?* = a and r==5 re- 
spectively, it will he convenient to integrate with respect to 
9 first. In this case, instead of first summing up all the 
elements like st, which form the strip PQ^p, we first sum up 
all the elements similar to st which are included between the 
two circles which bound st and the curves determined by 
• 6 =i<p{r) and 6 = (r). Thus we have 

n 0(r) 

rdr dd. 

Some examples of the formula in Arts. 148 and 150 will 
now be considered ; we shall see that either of these formula 
may be used in an example, although one may be more con- 
venient than the other. 


151. We will apply the formulae to find the area between 
the two semicircles OFB and Opb and the straight line hB. 



Let Oh ~ c, OB = h, then the equation to OPB is r = A cos 0, 
and the equation to Oph is r = c cos 6. Thus the area 


^2 r, 

J 0 J i 


2 rAcoso 


rd9 dr. 


0 J ccos^ 


rhcQsO 

Now j rdr^^(/i^ — c^)cos^9; 

J C COB 9 

rr 

thus the area = ^ (A® - c®) f cos“ 9 dd — ^ — c^). 

JO 8 


Suppose we wish to integrate with respect to 9 first ; we 
shall then have to divide the area into two parts by describing 
an arc of a circle from (9 as centre, with radius Oh. Then 
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the area bounded by this arc, the straight line Bb, and the 
larger semicircle is 


■h 


/x 


rdr dd. 


The area bounded by the aforesaid arc, the semicircle O^h, 
and the larger semicircle is 



c 


rdr d9. 


The sum of these two parts expresses the required area. 


152. Let us apply polar formulae to the example in 
Art. 141. With 8 as pole, tlie polar equation to the parabola is 

r (1 + cos 6) = 2a or r cos^- — a, where 6 is measured from 

A 


SB\ and the polar equation to the circle is r=2a. Hence, 
if we integrate with respect to r first. 


area ALB 


2 r2a 


=/:/: 


rdd dr. 


If we integrate with respect. to 6 first, we shall have if 

6, = cos 

1 


area 


/*2a> 

ALB = 1 I rdr dd, 
Ja Jo 


Next consider the area BLG, The equation to JDG is 
rcos0 = — 2a; the length 8 G is 4a, and the angle B8G 

is Let 003“^ — Then if 

we integrate with respect to 9 first, 


area JDL G 


n h 
h 


rdr d9. 


If we integrate with respect to r first, we shall have to 
divide the area into two parts, by the straight line joining 8 
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with G The area of the poitiou which has LG for one of its 
boundaries is 





The sum of these two parts expresses the required area. 

153. A good example is supplied by the problem of find- 
ing the area included between two radii vectores and two 
different branches of the same polar curve. 



.T of .a spiral, 

and that the area is to he evaluated which is hounded hr 

these ai-cs and the straight lines 5(7 and he-, then the area il 
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where denotes ariy radius vector of the exterior arc, as S Q, 
and the corresponding radius vector 8P of the interior arc. 
The limits of 9 will be given by the angles which 8B and 
8b respectively make with the initial line. 

Take for example the spiral of Archimedes; let 6 be the 
whole angle which the radius vector has revolved through 
from the initial line until it takes the position 8F; so that 9 
may be an angle of any magnitude. From the nature of the 
curve we have SP or r — a9, where a is some constant If 
then GQ is the next branch to BP we shall have 

SQ= a [9 

Suppose 9^ and 9^ the values of 9 for 8B and 8h respectively; 
thus the area Bbc 0 

J Q\ 


154. The student will remark a certain dliference between 


the formula 


jjdxdy and JJ 


Td9drj which express the area 


of a plane figure. The former supposes the area decomposed 
into a number of rectangles and AxAy represents the true 
area of one rectangle. Hence in taking the aggregate of 
these rectangles to represent the required area the only error 
that can arise is owing to the neglect of the irregular elements 
which occur at the top and bottom of each strip; as we have 
already remarked in Art. 137 , But in the second case rA9Ar 
is not the aoGurate value of the area of one of the elements, 
so that an error is made in the case of every element. It is 
therefore important to shew formally that the error disappears 
in the limit, which may be done as follows. The element st 
in the figure of Art. 148 is the difference of two circular sectors, 
and its exact area is 


rArAi9 + 4^(Ar)"A<9. 


that is, 
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In taking the former term to represent the area we neglect 
i {i^rf A&, Hence the ratio of the term neglected to the 
term retained 

_ ^ (ArY Ad _ A?- 
rArAd 2r * 

By taking Ar small enough this ratio may he made as small 
as we please. Hence we may infer that the sum of the 
neglected terms will ultimately vanish in comparison with 
the sum of the terms retained, that is, all error disappears in 
the limit. 


Other Folar Formulce. 


165. Let s he the length of the arc of a curve measured 
from some fixed point up to the point whose co-ordinates are 
T and d] let p be the perpendicular from the origin on the 
tangent at the latter point ; then the sine of the angle between 

dd 

this tangent and the corresponding radius vector is r ^ {Dif. 

CCS 


GaL Art. 310); also ^ is another expression for this sine; 
dd T) 

hence, L^t A denote the area between the cmwe 

and certain limiting radii vectores ; then 


= r^dd = ^J = i jr^ds = ^ J pds; 

the limits of s in the latter integral must be such as correspond 
to the limiting radii vectores of the area considered. 

The result can be illustrated geometrically; suppose P, Q 
adjacent points on a curve, the pole, / the perpendicular 
from P on the chord FQ; then, the area of the triangle FQS 

= J j?' X chord FQ. 

Now suppose Q to approach indefinitely near toP, then 

and the limit of the ratio of the chord FQ to the arc FQ is 

unity. 
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Since 
we have 




pr dr 


(Art. 85), 


^hir^-pT 


156. Application to the Epicycloid. 
Here thus 


asj[(^'-r^) 2a J — ^*0} 

=- f 

2a j 


Now 


/ 


z^dg 


z'dz 


, where z^ — r^ — cd. 


dz 


^{d-c?-z^' 


[ g — (c — a 

V j V(c" -«“-«') 


:£?a + (c*-aO J- 


c“-a’ . « 0V(c'-a*-a“) 

_ ■■ ... . gin ——5 ^ ^ 

2 V(c - « ) 2 

_ 

“ 2 ® V(c^-«“) 2 


Taking this between the limits r = a and r = o, we get 

2 3 ' ^ 

— , that is, 5 (a + J) "tt. Hence the area is — 6 (a+5) tt, 

that is, , Bj doubling this result we ob- 

JuCt 

tain the area between the curve and the radii vectores drawn 

to two consecutive cusps, which is therefore , 

The area of the circular sector which forms part of this area 
is Trad; subtract the latter and we obtain’ the area between 
an arc of the epicycloid extending from one cusp to the next 
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cusp and tlie fixed circle on which, the generating circle rolls ; 
tiie result is 

— (3a + 2S). 

(h 

Similarly in the hypocycloid the area between the fixed 
circle and the part of the curve which extends between two 
consecutive cusps may be found. If cl is greater than h the 
result is 

^'( 33 - 25 ). 

a 


Area letween a Curve and its Evolute. 

157. In the figures to Art. 114, if -we suppose the string 
or line PQ to move through a small angle A< 56 , the figure 
between the two positions of the line and the curve AP may 
be considered ultimately as a sector of a circle ; its area will 
therefore be \ where p = PQ. Thus if A denote the 
whole area bounded by the curve, its evolute, and two radii 
of curvature corresponding to the values and <j>^ of 0 , we 
have 



Since ^ , we may also write this 

as p 

A^j J p ds, 

the limits of s being properly taken so^as to correspond witli 
the known limits of < 56 . Or we may write the formula thus, 

A = ijp^dx. 

158. Application to the Catenary. 

Here 5 = ctan^, Art. 109 ; 

therefore p = c sec® (p, A — -J- I o® sec* ^ dj> ; 

J 
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and J sec^^i?^ = tan^ + 5-tan®04- 0; 

tHus A is known. 


Af^ea of a Pedal Carve. 

159. Suppose that perpendiculars are drawn from one 
and the same point in the plane of a curve on all the tangents 
to the curve ; the locus of tbe feet of the perpendiculars is 
called a pedal cAcrve, the point from which the perpendiculars 
are drawn is called a pedal origin^ and the curve from which 
the pedal curve is derived is called the primitive curve. 

We have already had occasion to notice some relations 
between the primitive curve and a pedal curve; see Arts. 
90 — 93 : we shall now give a pi'oposition respecting the areas 
of the various pedal curves which can he formed from the 
same primitive curve hy varying the pedal origin. 

By the area of a pedal curve is meant the area described 
by the perpendicular as the point of contact describes a given 
arc of the primitive curve. 

160. The origins of pedals of a given area lie on a conic 
section ; and the conic section has the same centre whatever he 
the given area. 

Let A denote the area corresponding to a certain pedal 
origin 0; let A! denote the area corresponding to another 
pedal origin O ' ; let r and 6 be the polar co-ordinates of O' 
with respect to 0. Let denote the length of the perpendi- 
cular from 0 on any tangent to the primitive curve ; let y?' 
denote the length of the perpendicular from O' on the same 
tangent. Let be the angle between these perpendiculars 
and the fixed initial line. Then, as in Art. 157,- 

the integrations are to be taken between fixed limits. 
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Now 'p — r cos {(p—6); therefore 
A' = A- jpr cos {(p - 6) dp + ij cos® {p — 0)dp (1). 


Let a; = r cos «/ = r sin 0 ; then 

A -A- {1ix + hy)-\-lx^ + 2mxy + nf (2), 

where h, h, I, m, n are certain quantities which remain con- 
stant for every position of O'. 

Now (2) shews that the locus oi {xy y) 'corresponding to a 
given value of A! is a conic section; and that the conic 
sections obtained by assigning diiferent values to A' are con- 
centric. 


The conic section is in general an ellipse. For, by putting 
for Ij m, n their values, we have 

sin® <jE) , 

and it may be shewn that the expression on the right-hand 
side is negative; see Example 21, at the end of Chapter iv. 
Hence by Chapter xiil. of the Plane Go-ordinate Geometry ^ 
the conic section is an ellipse. 


m 


- Zw = I J sin ^ cos j) ^ ^ {/ 


If the conic section were referred to its centre as origin, 
the terms of the first degree in x and y would disappear from 
the equation (1) ; thus we see indirectly that there must be 
some pedal origin for which A = 0 and A = 0. Suppose this 
origin taken for (9, then we have from (1), 

^ j cos® ((f>'— 0) d^ ; 


as the second term on the right-hand side is positive, A' is 
necessarily greater than Ay so that the origin 0 is that which 
makes the pedal area least. 

In the particular case in which the primitive curve is a 
closed curve the conic section becoines a circle. For the 
limits of (f) may then be supposed to be 0 and 27r ; and thus 
we have l = n and m^=T 0. 
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We may just advert to the effect of the existence of 
singular points on the primitive curve. In this case it may 
happen that (j> does not alioays increase from the lower limit 
of the integrations to the upper limit, but sometimes iu creases 
and sometimes decreases. Suppose now, for example, that ^ 

first increases from 0 to ~ tt, then diminishes from i tt to -j tt, 
and then increases from i tt to ^ tt. The values of A, A, I, 


n will then be the same as if ^ had always increased from 

0 to i TT. The area of that part of the pedal curve traced out 
2 


as ^ decreases from -tt to 
o 

quantity. 


jTT will count as a negative 


A memoir by Professor Hirst on the Volumes of^ Pedal 
Surfaces will be found in the Philosophical Transactions for 
1863. 


Area of Surfaces of Eevolution. Pectangular Formulce. 





O JUl JY' ^ 


161. Let J. .be a fixed point in the curve APQ; let x, 'g 
be the co-ordinates of any point P, and s the length of the 
arc AP, Suppose the curve to revolve round the axis of cc, 
and let S denote the area of the surface formed by the revolu- 
tion of AP\ then Oal. Art. 315) 



T. I. C, 


10 
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therefore 

= 27ryds 

(1); 

thus 

11 

(2), 

ahd. 

^ 

(3). 


Of these three forms -we can choose in any particular ex- 
ample that which is most conyenient. If y can he easily 

' . • ds 

expressed in terms of s we may use (1) ; if ^ can he easily 

expressed in terms of y we may use (3) ; generally ho\yever 

• ' ^ ds 

it will he most conyenient to express y and ^ in terms of x 


aiid use (2). 


In each case the area of the surface generated hy the. arc . 
of the curye which lies between assigned points will he found 
hy integrating between appropriate' limits. 


162* Ap^pliccdion to the Cylinder. 


Suppose a straight line parallel to the axis of x to reyolye 
round the axis of oj, thus generating a right circular cylinder : 
let a he the distance of the revolying line from the axis of x ; 


then and ^ = 1? 

thus hy equation (2) of Art. 161, 

' jS=27rJ adx = ^ir^ax 4 - ( 7 . 

' Suppose the ahscissse of the extreme points of the portion 
of the line which reyolyes to be x^ and then the surfece 
generated 


== 27ra I dx = 27ra 

J Xj ' t J 


1 .. 
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163. A^jplicaiion to tJie Gone. 

Let a straight line which passes through the origin and is 
inclined to the axis of x at an angle a revolve round the axis 
of x^ and thus generate a conical surface. Then 

^ = aj tan a, and ^ = sec a ; 

thus by equation (2) of Art 161, 

/S=27rJ tan a sec axdx^nr tan a sec C. 

Hence the surface of the frustum of a cone cut off by planes 
perpendicular to its axis at distances respectively from 

the vertex is • 

77 tan a sec a {x^ — x^). 

Suppose x^ = 0, and let r be the radius of the section made 
by the plane at the distance x^, then r = x,^tmaf and the 
area is 

77 cosec a rl 

164. Application to the. Sphere, 

Let the circle given by the equation — od‘ revolve 

round the axis of x ; here 

dy ^ X 
~dx 

Hence by equation (2) of Art 161, 

S = 27rjy^dx^ 27rajdx = 27rax + G, 

Thus the surface included between the planes determined by 

= and x^x^ is 277 a (iCg — ojJ. 

Hence the area of a zone of a sphere depends only on the 
height of the zone and the radius of the sphere, and is equal 

10—2 
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to tlie area which tlie planes that bound it would cut off from 
a cylinder having its axis perpendicular to the planes and 
circumscribing the sphere; and thus the surface of the whole 
sphere is 47ra^ These results are very important 


165. Aj}plication to the Prolate Bplieroid^ 

Let the ellipse given by revolve round the 

axis of X which is supposed to coincide with the major axis 
of the ellipse ; here 

dy _ V^x 

ay 


and 


ds 

dx 


ai/ 


Hence by equation (2) of Art 161, 


27r5e 


x^]dx 


'Trbe 


(p \ , d , _^ex 
— -f -IT sm — 
i a 


■ The surface generated by the revolution of a quadrant of 
the ellipse will be obtained by taking 0 and a as the limits of 
X in the integration. This gives 


rrah 


V(1 + - 


166. For another-example suppose the catenary 

to revolve round the axis of x. Here 

Art 73, if we measure from the point for which x = 0. Thus 
we see that = 5® -p In this case we shall find that we 
can use any of the three formula in. Art 161; but (2) will 
be the most convenient. 
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167. Suppose one curve to have for its equation y = (fy (x)^ 
and another curve to have for its equation = and let 

both curves revolve round the axis of x. Let and denote 
the lengths of arcs measured from fixed points in the two 
curves up to the point whose abscissa is x. Let S denote the 
sum of the areas of both surfaces intercepted between two 
planes perpendicular to the axis of x at the distances x^ 
and x^ respectively from the origin. Then, by Art. 161, 

For a simple case suppose that there is a curve which is 
bisected by the straight line i/ = a, so that we may put 
y==<^q-^(£c) for the upper branch and y = cl’-x{x) for the 
lower branch. Hence 

ds^ _ ^^2 
dx dx^ 


and 8 = 47ra J ^ 47rc» 

the limits for being taken so as to correspond with the 
assigned limits of x. 

Hence, if there be any complete curve which is bisected by 
a straight line and made to revolve round an axis which is 
parallel to this line at a distance a from it and which does not 
cut the curve, the area of the wliole surface geuerated is equal 
to the length of the curve multiplied by 27ra, 

For example, take the circle given by the equation 

Here the area of the whole surface generated by the revolu- 
tion of ' the circle round the axis of x will be 27r/c x 27rc. 

There is no difficulty in this example in obtaining sepa- 
rately the two portions of the surface. For the part above 

the straight line y==k ^tt jyds, that is, 

2^j[Ie+^/{o^-{x.-hy}]ds, 
that is, 27r J/fl ds + 27rJ/i/{o'‘ — (» — hf] ds. 
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The former of these integrals is 2irlcs ; the latter is equal to 

Stt J^lo^ dx, 

wliicli will reduce to 27 rjc dx^ that is, Hence the sur- 

face required is found by taking the expression 2tt1cs 4* 27rc^ 
between proper limits. ^ " / ? 


Area of Surfaces of Revolution. Polar Formuloi, 


168. It may be sometimes convenient to use polar co- 
ordinates; thus from Art. 161 we deduce 

8 = j^TT^ds-— j27r^^d6 ^ J27rr sin 0 ^ d0, 


where 


id0^ 


169. A])jfl{cation to the Qardioide. 

Here r = a (1 + cos 6 ) ; thus 

~ = a V{(1 + cos 0)® + sin® 0} = a a/ ( 2 + 2 cos 0) “ 2a cos ^ ; 
therefore 

S =SL 4:7ra°J (1 -h cos 0) cos ^ sin 0d0 = IGira^Jcos* ^ sin ~ d0 

32™® , n 



The surface formed hj' the revolution of the complete 
curve about the initial line will be obtained by taking 0 

and TT as the limits of 0 in the integral. This gives — , 
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Any Surface. Double Integration. 

170. Let X, y, z be the co-ordinates of any point p of a 
surface ; x + Aa?, y + Ay, z -f A^ the co-ordinates of an ad- 



jacent point < 2 . Through y draw a plane ^ parallel to that 
of (aj, ^), and a plane parallel to that of (y, z ) ; also'throngh 
y draw a plane parallel, to that of (cc, z) and a plane parallel 
to that of (y, These planes will intercept an element yy 
of the curved surface, and .the projection of this element on 
the plane of {x, y) will be the rectangle DQ. Suppose the 
tangent plane to the surface at p to be inclined to the plane 
of (cc, y) at an angle y, then it is known from solid geometry 
that 



where ^ and ^ must be found from the known equation to 
dx ay 

the surface. Now the area of PQ is Ace Ay, hence by solid 
geometry the area of the element of the tangent plane at p of 
which PQ is the projection is Aa?Ay.sec 7 . We shall assume 
that the limit of the sum of such' terms as Aa? Ay secy for all 
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values of x and y comprised iDetween assigned limits is the 
area of the surface corresponding to those limits. Let then 8 
denote this surface ; thus 

the limits o£ the integrations' being dependent upon the 
portion of the surface considered, 

171. With respect to the assumption in the preceding 
Article, the reader is referred to the remai-ks on a similar 
point in Dif. Gal Art. 308 ; he may also hereafter consult 
jDe Morgan’s Diff&rBntial and IntBgval Galculus, pnge 444, 
and Homersham Oox’s Integral Galculm, page 96. 


172. A-pplication to the Sphere. 

Let it be required to find the area of the eighth part of the 
BUiface of the sphere given by the equation 


Here 


dz _ X 'ds __y _ 
dx~ z ’ dy z ’ 






How in the figure we suppose OL = x ; put y, for LI, then 
2 ^^ = ,^ for the value of y^ is obtained tirom the equa- 

tion to the surface by supposing a = 0. If we integrate with 
respect to y between the lirnits 0 and y,, we sum up all the 
elements comprised in a strip of which LMml is the projec- 
tion on the plane of {x, y). How 

fVi dy _ 

Jo oJia‘-x^-f) “Jo V( 2 /i'-/) ~2 ’ 

thus s = ^jdx. 


If we integrate with respect to x from 0 to a, we sum up 
all the strips comprised in the surface of which OAB is the 
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7ra 


projection. Tims ^ is the required result; and therefore 
the whole surface of the sphere is 4™^ 

If we integrate with respect to x first, we shall have 


Jo Jo 


■f) 


where == V {c^ — y^). 


As another example let it he required to find the area of 
that part of the surface given bj the equation 

•+ (a: cos a + ?/ sin a)® — a® = 0, 

which is situated in the positive compartment of co-ordinates. 
This surface is a light circular cylinder, having for its axis 
the straight line determined by ^==0, cccos a + y sina = 0, 
and a is the radius of a circular section of it. Here 

dz _ cos a cos a -1- y sin a) 
dx z ^ 


tliiis 


dz _ sin a [x cos a -f- y sin a) 
_ _ _ 


8 


^ tfadxdy _ CC 

JJ ^ JJ — 


a dx dij 


a/ [d^ ~ {x cos a + y sin a)^} ' 


The co-ordinate plane of (a?, y) cuts the surface in the 
straight lines + (a?cosa+y sina), and if the upper sign 
be taken, we have a straight line lying in the positive quad- 
rant of the plane of (aj, y). 

To obtain the value of 8 we integrate first with respect to 
y between the limits y = 0 and y ^ {a — x cos a) cosec a ; now 

f dy _ 1 -1 i23cos.a + y sina^ 

J (^^^^sa + ysina)^} ”” siu a a ' 


take this between the assigned limits, and we obtain 


1 

sm a 


' sin 


, cccos 


«). 
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thM-efore /{f 

and the limits of the integration are 0 and — . Hence we 


shall find 


S^r: 


a 


sin a cos a 


173. It is worthy of notice that two difierent surfaces 
may have their con-esponding elements of area equal. lake 
for example the surfaces determined by 2as = x + y, and 
l)y O.Z ^ (sy \ IE. 6a.cli cas6 


Kdooj \dyj 


'dz\^ 


Euler has discussed this matter in a Memoir entitled 
Evolutio inaignis paradoxi circa cequalitatem sujperfioUTim, 
Novi Comm. Acad Petrof . Tom. XIV. Pars prior. Tie calls 
two such surfaces superficies congriienUs, 

The following surfaces are congruent : 

the cone {z — c)® = {(a? ~ dfi 4- (y — Vf] tan^ y, 
and the plane a; cos a + y cos ^ cos 7 == j). 

Again, the surfaces determined by the following equations 
are congruent : , 

2a0 = a:’^ + y^ 

2az — — c + ^xy a /(1 - c®), 

2az = + ifY — + 2c (a?® — y^) -f 5® -f c®} 

2a^ = {a? — y®) cos d 4- 2xy sin ^ J ^ i^) dO^ 


w^hare ^ {&) is any ftmetion of and 0 is a functio]! of a? and 
y determined by 

2a:y cos ^ — (a;® — y®) sin 0 == (^ (5). ; 


174. Instead of taking the element of the tangent piano 
at any point of a surface* so that its projection shall bo the 
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rectangle Ax Ay, it may be in some cases more convenient to 
take it so that its projection shall be the polar element rAdAr. 
Thus we shall have 


S=^JJ sec 7 rdd dr. 


For example, suppose we req^nire the area of the surface 
xy = which is cut off by the surface ; here 

y(a^ + r^) 


sec 7 


=\/(i + |+J)=' 


since — 


Thus 8 = r r rd& ~ {(c“ + 

Jo Jo ^ 


175. Suppose x^r sin 0 cos </>, y=r sin 6 sin <p, z—r cos <9, 
so that r, 6^ ^ are the usual polar co-ordinates of a point in 
space ; then we shall shew hereafter that the equation 





may be transformed into 

^=//\/f “ ^ ^ + ($)} 

An independent geometrical proof will be found in the 
Gamhridge and Dublin Mathematical Journal^ Voh IX., and 
also in Carmichaers Treatise on the Calculus of Operations. 
It will be remembered that in this formula 
while in Art. 174 we denote + 2 /^) 


Approximate Valines of Integrals, , • ' 

176. Suppose y a function of and that we require 

j' ydx. If the indefinite integral J ydx is known we can at 

once' ascertain the required definite integral. If -the inde^- 
finite integral is unknown^ we may still determine approxi- 
mately the value of the definite integral. This process of 



156 AREAS OF PLANE CURYES AND OF SURFACES. 


approximation is "best illustrated by supposing y to be an ordi- 
nate of a curve so that I ydx represents a certain area. 

•J a 

Divide c — a into n parts eacli ec[ual to h and draw n — 1 
ordinates at equal distances between the initial and final 

ordinates ; then the ordinates may be denoted by i/u y^^, 

i/oii 2 /n+i- Hence we may take 

+yn) 

as an approximate value of the required area. Or we may 
take 

-^*(^2 + ^8 + yn «) 

as an approximate value. 

"We may obtain another approximation thus ; suppose the 
extremities of the and r + ordinates joined; thus we 

have a trapezoid^ the area of which is 

sum of all such trapezoids gives as an approximate value of 
the area 

+y»+^jv 

This result is in fact half the sum of the two former re- 
sults. It is obvious we may make the approximation as close 
as we please by suificiently increasing n. 

The following is another method of approximation. Let 
a parabola be drawn having its axis parallel to that of y ; let 
.Vi? V 2 ? Vs represent three equidistant, ordinates, h the distance 
between y^ and y^^ and therefore also between y^ and 2 / 3 . • 

Then it may be proved that the area contained between the*.^;' " 
parabola, the axis of x, and the two extreme ordinates is ' 

7h ' 

^ (Vi d" Vs)* (V ‘ 

This will be easily shewn by a figure, as the area consists of 
a trapezoid and a parabolic segment, and the area of the 
latter is known by Art. 143. 
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Let US now suppose that n is even, so that the area we have 
to estimate is divided into an even number of pieces. Then 
assume that the area of the first two pieces is 

I (2/1 +43/2+2/8). 

that the area of the third and fourth pieces is 
^ (3/8+43/4+2/8). 

and so on. Thus we shall have finally as an approximate result 

I {2/1 + 2 (2/3 + 2/5 + 2/«-i) + y«+i + ^ (2/2 + 2/4 "h 2/«)]- 

Hence we have the following rule : add together the first 
ordinate, the last ordinate, twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
then multiply the result by one-third the common distance 
of the ordinates. This rule is called 8 im 2 ^son^s Ride: see 
Simpson’s Mathematical Dissertatione 1743, page 109. 

177. Instead of referring to Art. 143 in the preceding 
investigation we might have used the following method. 
Assume for , the equation to the curve y — A-^ JBx + 
where A, J?, and G are constants; and let t/j, 2 / 2 ? Vs denote 
the values of y corresponding to the values 0, 7^, 2 h of x 
respectively. Then 

y^—A, y^^A + Rh+Oh\ y,j — A-h2Bh + lCh’^; 

and from these equations we can express A, BJi^ and C7r in 
terms of y^^ y^y and y^. The area contained between the 
curve, the axis of jt, and the two extreme ordinates 

ydx=^2A/i + 2BP + ^; 

substitute the values of A, B/i, and Gh\ and this expression 
becomes 


2 ( 2/1 ^2/z d" 2^8)* 
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If the first of the three equidistant ordinates had been 
draTTn at any point a? = a, instead of the point a? == 0, we 
should have obtained the same result. For put a -i- x' in 
the equation to the curve ; the equation will become 

y =: QoO 4 * 


where P, and R are constants; and y^^ will now 
denote the values of y corresponding to the values 0, h 2h 
of x\ so that the process and result will be as before. 

If we take y = Jl-\- Bx 4- Ox^ 4 for the equation to 
the cmwe, then as we have only three equations cohncctin«* 
the/c?^«’ quantities A, Bh, C7i\ and PA® with y^^ and y we 
cannot determine these four quantities; if is however worthy 
of notice that the area will still be expressed by the formula 
just given. For we have 


I (^1 + = 2^A + 2Bh ^ + ~ + ■ 

and this is equal to 

r2h 

(A 4 Bx 4 Ox^ 4 Bx^) dx. 

■ ^ investigate an analogous expression for tJio 

case in ivlnch^Mr equidistant ordinates ai-e known. Assiinic 
tor the equation to tire curve v = A + Aa; + (7a“+ Da:’ and let 
e/i3 y 2 .^ y^ denote the values of y correspondini? to flm 

lalues 0, A, 2A, 3A of a; respectively. Then 

y^.^-^ + .BA+C'A’ + DA®, ■ 

^3 == A '+ 2D/i + 4 t7A’ + 8DA’, 
y, = A + 3DA + 9 C-A" + 27DA’ ; 

tnMZ^ol'T »>" obtain .1, M. CUf. and D7.> 

*e e.„, ;d|- 1 




2 
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substitute the values of A, JBh, CW, and Dli?, and this expres- 
sion becomes — {y^ + -f + y^. This result was given 
by Newton ; see the end of his Methodus Differ entialis. 

^ Then, proceeding as in the latter part of Art. 176 we ob- 
tain the following^ approximate rule, the whole area beino- 
supposed divided into a number of pieces which is some 
multiple of three : add together the first ordinate, the last 
ordinate, twice the sum of every third ordinate, excluding 
the first and the last, and three times the sum of all the other 
ordinates ; then multiply the result by three-eighths of the 
common distance of the ordinates. 


EXAMPLES. 


1. If ^ denote the area contained between the catenary, 

the axis of the axis of and an ordinate at the 
, extremity of the arc s, shew that A = cs. The arc s 
begins at the lowest point of the curve. 

2. The whole area of tlie curve 



is §7ra&, (The integration may be eiSected by as- 
, suming a? = a cos® ^.) 

3. Tlio area of the 6urve' y {x^ + a^) = c® (a — x) from a? = 0 
to £c = a is — -J- log 2^ . 

4i. " Eind th6 whole arOa between the curve y^x = 4a® (2a — x) 
and its asymptote. Result 47ra®. 

5. Find the whole area between, the curve (a;®-f a®) = a®a;® 
’ V „ hnd its asymptotes. ' • ' Result 4a®. 
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EXAMPLES. 


6 . 


7. 


8 . 


9. 


10 . 

11 . 

12 . 

13. 

14. 


15 . 


Find tile area of the loop of the curve _ 

CO 00 

Result, * 

Find the area bounded by the curve y’^ = — and 

a — x 

the asymptote a? = a, excluding the loop* 

Result , • 

Find the whole area between the curve y'^ (2a — cr) 
and its asymptote. Result 37 ra\ 

Find the whole area of the curve (?/ — = a® — x\ 

Result TTo?, 


Find the area included between the curves 

•-4,ax = 0^ x^ — Aay^O. Result 

3 

Find the whole area of the curve ay + J V = a^i V. 

Result |•a5, 

Find the area of a loop of the curve {c? — x^). 

Result. 

0 

The area between the txactory, the axis of and the 

TTO^ 

asymptote is ~ . (See Art, 100, and Art. 134.) 

Find the area of a loop of the curve 

y (a“ + a®) = a? (a” — x^). Result, ^ (tt — 2). 

Find the area of the loop of the curve 
IGay = Vox? (V — 2actj). 


Result. 
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16. Find the area of the loop of the curve 

(a^ 4- x^) — (a^ -* 

Result d {3 V2 log (1 + \/2) — 2}. 

17. Find the whole area of the curve 

{a^ + x^) — Lay {a^ — x^) 4 - {c^ — a?y = 0 . 

Result c^TT |4 — I . 

18. Find the area of the curve 

V = c sin ~ . log sin - 
^ a ^ a 


from ir = 0 to x — a7r. 


Result 2ac (1 — log 2) . 


19. Find the area of the curve ^ - between a; = a and 

c \a) 

a? = /3, and from the result deduce the area of the hy- 
perbola xy = between the same limits. 

20. Find the area of the ellipse whose equation is 

+ ^hxy + cy"^ = 1, Result 


V(ac-i‘0’ 

21. Find the area of a loop of the curve r^ = cos 29. 

Result ^ . 


22. Find the area contained by all the loops of the curve 

r = a sin n6. 

Result ^ or ^ according as n is odd or even. 

tI; m 

23. ‘ Find the area between the curves r = a cos nd and r = a. 

24. Find the area of a loop of the curve cos 6 = sin 30. 

Result ^ 

4 2 

11 
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25. Find the whole area of the curve r = a (cos 20 + sin 20). 

Result '7rd\ 

26. Find the area of a loop of the curve {x^ + = 4aV^^ 

Tra^ 


Result 


8 


27. Find the whole area of the curve 

if Y^ 4a^cc^ + 45“?/^. Result 27r {d + If ) . 

28. Find the whole area of the curve 






29, Find the area of the loop of the curve 

if — Zaxy + a;® = 0. 

30. Find the area of the loop of the curve 


Result 


2 ' 


r cos 0 = a cos 20. 


Result 




31. Find the area of the curve 


■ + 5 cos 0, 


0,0 fd) 

n being greater than Result. 


wa 




+ * 


7r5^ 


32. In a logarithmic spiral find the area between the curve 

and two radii vectores drawn from the pole. 

33. Find the area between the conchoid r^a + h cosec 0 

and two radii vectores drawn from the pole. 

34. In an^ ellipse find the area between the curve and two 

radii vectores drawn from the centre. 


35. In a parabola find the area between the curve and two 
radii vectores drawn from the vertex. 



EXAMPLES. 


1G3 


36. 


37. 


Find the area included between the curve 
r~a (sec d + tan 6) 

and its asymptote r cos 0 = 2a. Result. + 2^ a^. 


The whole area of the curve r = a(2 cos ^ + 1) is 
/ 3 a/3 '\ 

a^(27r -\ — ^ J > the area of the inner loop is 



38. Find the whole area of the curve r — acasd + h, where 
a is greater than 5. Also find the area of the inner 
loop. ' 


39, If X and y he the co-ordinates of any point of an eq^ui- 
lateral hyperbola shew that 

where is the area intercepted between the curve, the 
central radius vector drawn to the point (x^y)^ and the 
axis. 


40. Find the whole area of the curve which is the locus of 

the intersection of two normals to an ellipse at right 
angles. . Result ii-{a — hf. 

• It may be shewn that the equation to the curve is 

(a^sm^g-5^cos“g)^ 

(See Plane Go-ordinate Geometry^ Example 53, Chap- 
ter XIV.) 

41. Find the area included within any arc traced by the 

extremity of the radius vector of a spiral in a com- 
plete revolution, and the straight line joining the ex- 
tremities of the arc.' If, for example, the equation to 

11—2 
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tlie spiral he r — a j , proTe that the area corre- 
sponding to any yalue of 0 greater than 27r is 
Tra"' 

STi+ijWj 7 r 

42. Find the area contained between a parabola, its eyolute, 

and two radii of curvature of the parabola. (Art, 157.) 

43. Find the area contained between a cycloid, its eyolute, 

and two radii of curvature of the cycloid. 

44. Find the area of the surface generated by the revolution 

round the axis of x of the curve xy = /cl 

X 

45. Also of the curve y^ae^. 

46. Find the area of the surface generated by the revolution 

of the catenary 3 ^ = - + e ^ ) round the axis of y, 

A 

47. Shew that the whole surface of an oblate spheroid is 

48. A cycloid revolves round the tangent at the vertex ; 

32 

shew that the whole surface generated is “ W. 

o 

49. A cycloid revolves round its base ; shew that the whole 

surface generated is ^ wal 

50. A cycloid revolves round its axis \ shew that the whole 

surface generated is 87 ra®( 7 r — |), 

51. The whole surface generated by the revolution of the 

tractory round the axis of x is Attc’*. 
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52. A sphere is pierced perpendicularly to the plane of one 

of its great circles by two right cylinders, of which 
the diameters are equal, to the radius of the sphere and 
the axes pass through the middle points of two radii 
that compose a diameter of this great circle. Find the 
surface of that portion of the sphere not included 
within the cylinders. 

Result, Twice the square of the diameter of the 
sphere. 

53. Find the surface generated by the portion of the curve 

y = a±a log - between tlie limits x = a and x = ae. 

Result. 47ra® |l + //(I + e®) — V2 + log • 

r dS 

54. Find I — , where dS represents an element of surface, 

and p the perpendicular from the origin upon the 
tangent plane of the element, the integral being ex- 

. . cd 

tended over the whole of the ellipsoid ^ ^ 
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CHAPTEE Vlir. 

VOLUMES OF SOLIDS. 


Formulm involving Singh Integration. Solid of 
Revolution. 



178. _ Let Ahe. o. fixed point on a curve APQ, and Pany 
other point on the curve whose co-ordinates are x and y and 
suppose X algebraically greater than the abscissa of A Let 
the curve revolve round the axis of x, and let F denote the 
volume of the solid bounded by the surface generated by the 
enr^x and by two planes perpendicular to the axis of x, one 
through A and the other through P ; then {Dif Oal Art. 

dV 


therefore 


= J Tty^dx, 


From the equation to the curve 1 / is a known function of x • 
suppose ^ (x) to be the integi-al of wi/® ; then 

F= -\|r (x) + 0. 
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Let denote the Yolnme when the point P has for its 
abscissa, and the volume when the point P has for its 
abscissa • thus 

Fi = '»|r(a!j + (7, 

V, = ^(x^+G, 

therefore Fg — F^ = (x^ — (x^ = tt I y^dx. 

J ce I 


179. Application to the Right Circular Cone. 

Let a straight line pass through the origin and make an 
angle a with the axis of x ; then this straight line will gene- 
rate a right circular cone by revolving round the axis of x. 
Here y =^x tan a ; thus 

]7'=: Jtt tan®a x^dx = ^ + (7, 




Suppose x^ = 

. TT tan® a a?, 

becomes ^ 


0 , 




and let r — ccgtana; thus the volume 
that is, . Hence the volume of 

o 


a right circular cone is one-third the product of the area of 
the base into the altitude. 


180. Application to the Sphere, 

Here taking the origin at the centre of the sphere we have 
= — cr®; thus 

J ixy^dx = TT [^x — ^ j + (7. 

The volume of a hemisphere = f Try^dx = . 

Jo ^ 

181. Application to the Paraboloid, 

Here the generating curve is the parabola, so that 
y^ = lacr. 
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Thus 


p2 

^2 ““ == 2a7r {x^ 

Jx, 



Suppose x^ = 0, then the volume becomes ^airx^^ that is 
where = iax ^ ; thus the volume is half that of a 
cylinder which has the same height, namely x^^ and the same 
base, namely a circle of which is the radius. 


182. For another example we will take the solid gene- 
rated by a cycloid which revolves round its axis ; here {Dif, 
CaL Art. 358). • 

y j\/ {2ax -- x^) 

The integration is best effected by putting for x and y their 
values in terms of 6 (Dif Gal. Art. 358). Thus 

r7rjy^dx = Tra^J {9 + sin 6y sin 6 dd. 


To obtain the volume generated by a semi-cycloid the 
limits for x would be 0 and 2a ] thus the corresponding limits 
for 9 are 0 and tt. 


Now 


sin 0 (^(9 = — cos 0 + 2 Jd cos 9 d9 

= — cos 0 “f 29 sin 0 -f 2 cos 0, 

therefore f 9^ sin 9 d9=:7r^--- 4:; 

J 0 

fz} • sajD 7/1 0 sin 20, cos 20 

2 0 sim0 a0 = 10 (1 — cos 20) d9^-^ ^ 

J J 2 2 4: 


therefore 


And 


^sin®0c^0= ^ . 
'0 2 


2 f0sir 
1 0 

TT 

f sin®0 d9^2 f sin®0 c?0 = 2. ~ , (Art. 35^) 

Jo Jo o 


Thus the required volume 


= 7ra“|7r“- 4 + ^ + || = 7ra° ( 


3^® _ 8' 
2 3. 
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183. This formula for tlie volume of a solid of revolution, 

F = jvfdx, like others which we have noticed, is one, the 

truth of which is obvious, as soon as the notation of the Inte- 
gral Calculus is understood. In the figure to Art. 7, if 
FM be y and MN be denoted by A®, then tt/Ax is the 
volume of the solid generated by the revolution of MNpP 
about the axis of x. Thus Xiry^Ax will differ from the volume 
generated by the revolution of ADEB by the sum of such 
volumes as are generated by PpQ, and the latter sum will 
vanish in the limit. Thus the volume generated by the revo- 
lution of ADEB is equal to the limit of Sw/Ax, that is, to 

J-n-y^dx. 

184. Similarly, if V denote the volume bounded by the 
surface formed by a curve which revolves round the axis of y, 
and by planes perpendicular to the axis of y, we shall have 

F= Jvrx^dy. 

And, as in Art. 178, we sliall have 

J Vi 

185. Suppose two curves to revolve round the axis of 
and thus to generate two surfaces, and that we require the 
difference of two volumes, one bounded by the first surface 
and by planes perpendicular to the axis of x, and the other 
bounded by the second surface and by the planes already 
assigned. Let y = cp (x) be the equation to the first curve, 
and^ y^'xjp (x) that to the second. Then if V denote the 
required difference, we have 

V = Jtt {x)Ydx — Jtt ('\/r [afffdx 

= 'jrj[[cf>(x)f-{y{r{x)]^dx. 
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If the planes -which bound the required volume are de- 
termined by and -we must integrate between 

the limits and x^ for x. 

' For a simple case suppose that a closed curve is such that 
the straight line ?/=: a bisects every ordinate parallel to the axis 
of y ; then we have ^ (a?) = a + (x) and (a?) = — % (a?) , 

where ^ (x) denotes some function of x. Thus 

{<f> (x ) }“ - {f {x)f = iax ipo), 

and V = 7r (as) dx. 

Suppose the abscissae of the extreme points of the curve 
are x^ andru^, then the volume generated by the revolution 

of the closed curve round the axis of x is 4a7r 1 ^ (x) dx, 

J Xi 

And 2 (^) IS of 11^6 closed curve, so that the 

J fi 

volume is equal to the product of 2a7r into the area. This 
demonstration supposes that the generating curve lies entirely 
on one side of the axis of x. 

If the generating curve he the circle given by 

we have ttg^ for its area, and therefore 2/ccV^ for the volume 
generated by the revolution of it round the axis of x. 

186. In a similar way if the curves a? = ^ (y), x — ^Jr (y\ 
revolve round the axis of y we obtain for the volume hounded 
by these surfaces and by planes perpendicular to the axis of y 

F= ir J[{cf> {f (y)}®] %. 

187. ^ The method given in Art. 178 for finding the volume 
of a soh'd of revolution may be adapted to any solid. The. 
method may be described thus : conceive the solid cut up into 
thin slices by a series of parallel planes; estimate approxi- 
mately the volume of each slice and add these volumes; the 
limit of this sum when each slice becomes indefinitely thin is 
the volume of the solid required.' Suppose that a solid is cut 
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up into slices liy planes perpendicular to the axis of x; let 
(p (x) he the area of a section of the solid made by a plane 
which is at a distance x from the origin, and let x + Aa? be 
the distance of the next plane from the origin; thus these 
two planes intercept a slice of which the thickness is Axj and 
of which the volume may be represented by ^ (x) Ax. The 
volume of the solid will therefore be the limit of 2^ (x) Ax, 

that is, it will ho J (f> (x) dx ; the limits of the integration will 

depend upon the particular solid or portion of a solid under 
consideration. 

For example take a prism as defined in Euclid, Book xi. 
Gut up the prism into slices by planes which are parallel to 
the two equal and similar ends; take the axis of a? perpen- 
dicular to the two ends. Thus ^ (a?) is a constant, say A ; the 

volume of the prism = J Adx = A/i, where Ti is the perpen- 
dicular distance between the two equal and similar ends. 


188. Application to an Ellipsoid. 
The equation to the ellipsoid is • 


a “ ^ ; 


if a section be made by a plane perpendicular to the axis of x 
at a distance x from the origin, the boundary of the section is 


an ellipse, of which the semiaxes are h 




X 


; hence the area of this ellipse is tt&c ( 1 • 


and 


X 


this is therefore the value of ^ {x). Hence the volume of 
the ellipsoid 

Aiirabo 


f irhol 


}.a \ 

ay 


189. • Application to a Pyramid. 

Let there be a pyramid, the base of which is any rectilinear 
figure; let A be the area of the base and h the height., 
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Take tke origin of co-ordinates at tlie vertex of the pyramid, 
and the axis of cc perpendicular to tke base of the pyramid, 
then the volume of the pyramid 



dx. 


Now the section of the pyramid made by any plane paral- 
lel to the base is a rectilinear figure similar to the base, and 
the areas of similar figures are as the squares of their homolo- 
gous sides; andcc and A are proportional to homologous sides; 
hence we infer that 

^ (a;) = J A. 


Tlxns the Tolume of the pyramid 

-4 _ Ah 

This investigation also holds for a .cone, the base of which is 
any closed curve. 


190. For another example we will find the volume lying 
between an hyperboloid of one sheet, its asymptotic cone, and 
two planes perpendicular to their common axis. 

Let the equation to the hyperboloid be 


X 

(f 


1 + 1 = 0 , 


and that to the cone 


^ Vl 


If 



If a section of the former surface be made by a plane 
perpendicular to the axis of x and at a distance x from 
the origin, the boundary is an ellipse of which the area is 

Trie 5 section of the second surface made by 

the same plane also has an ellipse for its boundary, and its 
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area is — ^ . Therefore the difference of the areas is ttSc. 
a" 

Hence the required volume, supposing it hounded hy the 
planes and x — x^^ is 

rx‘2 

I Trbcdxj that is, Trbc (x^-^xj, i 

191. Sometimes it may he convenient to make sections 
hy parallel planes not perpendicular to the axis of x. If a 
he the inclination of the axis of x to the parallel planes, then 
<j) (x) sin aAcc may he taken as the volume of a slice an(|. 
tlie integration performed as before. ‘ 

■ ' 192. The remarks made in Arts. 176 and 177 have an 
application to the subject of the present Chapter. 

Let there he a solid such that the area of a section made 
hy a plane parallel to a fixed plane and at a distance x from 
it is always equal to P+ Qx~\’Iix^+ Sx^, where P, Q, P, 8 
are constants. Let. three equidistant sections of tlie solid he 
made hy planes parallel to the fixed plane, Hi being the dis- 
tance between the two extreme sections. Let the area of the 
sections, taken in order, be denoted hy A^, Then 

the volume of the portion of the solid contained between the 
two extreme sections is equal to 

- + 4A3 + ^g). 

lifour equidistant sections he made, Hi being the distance 
between the extreme sections, and the area of the sections 
taken in order he denoted hy A^, A^, A^, A^, then the volume 
of the portion of the solid contained between the two extreme 
sections is equal to 

Hi 

— (A^ + BA^ + SAg + AJ, 

Hence we may obtain rules for estimating approximately 
the volume of any solid. Make equidistant parallel sections ; 
the areas of these sections must then take the place of the 
ordinates which occur in the Rules given at the ends of Arts. 
176 and 177. 
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Formulce involving Double Integration, 



193. We will first give a fonmila for tlie volume of a solid 
of revolution. In the figure, let aj, y he the co-ordinates of s, 
and x + Aaj, y those of L Suppose the whole figure to 
revolve round the axis of cc, then the element st will generate 
a ring, the volume of which will he ultimately ^rry Aaj A?/ : 
this follows from the consideration that Acc is the area of 
St and Stt?/ the perimeter of the circle described hy s. Hence 
the volume generated hy the figure BEeb^ or hy any portion 
of it, will be the limit of the sum of such terms as 27 r^ AccAy. 
Let V denote the req^uired volume, then 


V = ydxdy\ 


the limits of the integration being so taken as to include all 
the elements of the re(quired volume. 


194. Suppose, that the volume required is that which is 
obtained by the revolution of all the figure BEel ; let y = ^(cc) 
be the equation to the upper curve, y = a/t {x) that to tlie lower 
curve, and let We should then integrate 

first with respect to y between the limits y {x) and 
y== (^(a;); we thus sum up all the elements lilsie 27 ryAajAy 
which are contained in the solid formed by the revolution of 
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the strip PQqp ; then we integrate with respect to x between 
the limits x^ and x^. Thus to express the operation ’ sym- 
bolically 

rx2 

V=27r ydxdy 

J ^ (.r) 

= 'rrr\{j>[x)Y-{^{x)f]dx. 

JXl 

The second expression is obtained by eflfecting the integra- 
tion with respect to y between the assigned limits, and it 
coincides with that already obtained in Art. 185. 

195. Thus in the preceding Article we divide the solid 
into elementary rings, of which 2iTy b^x b.y is the type; in 
the first integration we collect a number of these rings, so as 
to form a figure, which is the difference of two concentric 
circular slices ; in the second integration we collect all these 
figures and thus obtain the volume of the required solid. 
The truth of the formula3 of the preceding Article is obvious 
as soon as the notation of the Integral Calculus is understood. 

196. Suppose the figure which revolves round the axis of 
X to be bounded by the curves x = ^{y) and x — 'yJrQ/), and 
by the straight lines y — yi and y — y^\ then in applying the 
formula for V it will be convenient to integrate first with 
respect to x ; thus 

T7 ^ ry2[^iy) . „ 

Y=27r I ydydx. 

J 'P iv) 

In this case in the integration with respect to x we collect 
all the elements like 2iTy by bx which have the same radius 
y, so that the sum of the elements is a thin cylindrical shell, 
of which by is the thickness, y is the radius, and <p{y) — '^ (y) 
the height. Thus' 

r = 27r I ■ (y) - i/r (jf)| 3 / 

•^2/1 

197. As an example of the preceding formute, let it be 
required to find the volume of the solid generated by the re- 
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volution of tbe area ALB round the axis of m in the figure 
alreadj given in Art 141. This volume is the excess of the 
hemisphere generated hy the revolution of 8LB over the para- 
boloid generated by the revolution of A8L\ the result is 
therefore known, and we propose the example, not for the 
sake of the result, but for illustration of the formula of double 
integration. 

Let S be the origin. Suppose the positive direction of the 
axis of X to the left, then the equation to AL is = 4a {a — x) 
and that to BL is = 4a^ — Let Y be the required volume, 
then 

F= I I ^iry dy dx. 

Jo J 

4a 

If we wish to integrate with respect to y first, we must, as 
in Art. 141, suppose the figure ALB divided into two parts ; 
thus 



Again, let it be required to find the volume generated by 
the revolution of LD G about the axis of x. Let the positive 
direction of the axis of x be now to the right, then the equa- 
tion to LG is y^== 4a (a H- x) and that to LD is — x\ 

Let Y be the required volume, then 

r 2a CsjiiaH iaos) 

I I 2™ dx dy. 

Jo 


If we wish to integrate 'with respect to x first, we must, as 
in Art. 141, suppose the figure LDQ divided into two parts ; 
thus 


n 2a r2av3/’2a 

> 27 r^ dydx-^ I 27 ry dy di 

V{4a'*-y^) J 2a J 2/^-.4a^ 


4a 


198. Similarly, if a solid is formed by the revolution of 
a curve round the axis of y, we have 
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199. We no-y proceed to consider any solid. 





Let X, 2/j ^ ‘te tlie co-ordinates of any point ^ of a 
surface, x + Ax, y + A^, + A^j the co-ordinates of an adja- 

cent point Through ]) draw planes parallel to the co-ordi- 
nate planes of {x, ci) and {y, z) ; through q also draw planes 
parallel to the same co-ordinate planes. These four planes 
will include between tliem a column, of which PQ is the base 
and Pp the height. The volume of this column will be ulti- 
mately zAxAy^ and the volume between an assigned portion 
of the given surface and the plane of (.t, y) will be found by 
taking the limit of the sum of a series of terms like zAxAy. 
Let y denote this volume, then 



The equation to the surface gives z as a function of x and 
y ; the limits of the integration must be taken so as to include 
all the elements of the proposed solid. 


T. T, C. 


12 
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If -WQ integrate first witli respect to y, we sum up the 
columns which form a slice comprised between two planes per- 
jjendicular to the axis of x ; thus the limits of integration with 
respect to y may be functions of and we shall obtain 

jsdy=f{x), 

where /(oj) is in fact the area of the section of the solid consi- 
dered made bj a plane perpendicular to the axis of a? at a 
distance x from the origin. Then finally 

V^^f{x)dx; 

this coincides with the formula already given in Art. 187. 


200. Application to the Ellipsoid. 

Let it be required to find the volume of the eighth part of 
tlie ellipsoid determined by the equation 


x^ z 

2 "h tV d ij " 
a 0 c 


: 1 . 


Here we have to find 

First integrate with respect to y, then the limits of y are 0 

and Zl, that is, 0 and b ^ ; we thus obtain the sum 

of all the columns which form the slice between the planes 
Zjjb and J/ym. Now between the assigned limits 


thus 


M-J’- 


dy = 


rrl) 


dx. 


The limits of x are 0 and a; we thus obtain the sum of 
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all tlie slices wliicli are comprised in tlie solid OABO. Hence 
Trabo 
^ G ’ 


201, Suppose tlie given surface to Tie determined by 
X 2 j=^az^ and we require the volume bounded by the plane 
of {x, y)^ by the given surface, and by the four planes x — x^^ 
x^x^y y—y 2 * volume is given by 



xy 

Vi ^ 



4za 


iy^-Vx) 


= I k - (y^ -yi) (-1 + + ^3 + ^ 4 ). 

where ^4 ordinates of the four corner points 

of the selected portion. 


202. Find the volume comprised between the plane z — 0 
and the surfaces xy = az and {x — + (y -- k'f = 0 ®. 


Here we have to integrate 



dxdy between limits de- 


termined by (x — hy + == c\ 



and the limits of y are 


h — {x — hy] and h 4 - a/[c® — (x ~ Z^)”]. 

Thus we obtain » 

2hA/{G^-- {x — 

Thus finally the required volume 

^ — (a; — hy] dxj 

where the limits of x are A — 0 and 7^ + (?. 
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And 

J a? VK ~ dx= j(x-‘h) VK 

Put x — Ti^i\ thus we obtain 

j — dt + hj ^ (c® — dt. 

The limits of t are — c and +o; therefore the result is 

AcV T . . 7i7jcV 

; and the required roiume is . 

CL 

This result howeYer assumes that xy is positive throughout 
the limits of the integration ; that is, the circle determined by 
{x — hy + (?/ — = c" is supposed to lie entirely in the first 

quadrant or entirely in the third quadrant. If this condition 
be not fulfilled our result does not give the arithmetical value 
of the volume, but the balance arising from estimating some 
part of the volume as positive and some part as negative; for 
example, if li and h vanish our result vanishes. 

Similarly in the result of the preceding Article, it is assum- 
ed that xy is positive throughout the limits of the integration. 

. 203. Instead of dividing a solid into columns standing 

on rectangular bases, so that s/S.xAy is the volume of the 
column, we may divide it into columns standing on the 
polar element of area; hence is the volume of the 

column. Therefore for the volume F of a solid we have the 
formula 

F= jjzrdddr^ 

From the equation to the surface z must be expressed as a 
function of r and 0, 

For example, required the volume comprised between the 
plane z = and the surfaces = and = 2gx ~ x\ 

Here ^ ^ 5 ^^<3. the limits of t and 0 must .be such as to 
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extend the integration over the whole ai'ea of the circle 
If = Let = 2c cos 6 ; then the required volume 


) 


d6 dr 


ht^ 0 

,4 rlir 


a J_iTr 
2d 


3 1 TT 
a ' 4 ' 2 ‘ 2 

,W 

Sa 


cob‘^ dd9 
cod 6 d9 

(Art. 35) 


/ 204 Required the volume of the solid comprised between 

the plane of (x, y) and the surface whose equation is 

^ = ae . 

Here, since 

r=ajj e'<>’‘rdddr. 

The surface extends to an infinite distance from the origin 
in every direction ; thus the limits of 6 are 0 and 27r, and 
those of r are 0 and co . 


How 


/ 


thus 


And 


e p^rdr = — 




e 

"Y” ^ 


r^vr 

dd'- 

' 0 


:27r. 


J-Ience the required volume is 7rac\ 
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Formiiloi involving Triple Integration, 

205. In tlie figure to Art 199, suppose we draw a series 
of planes perpendicular to the axis of 0 ; let ^ he the distance 
of one plane from the origin and 0 + A 0 the distance of the 
next. These planes intercept from the column pqPQ an 
elementary rectangular parallelepiped, the volume of winch is 
The whole solid may he considered as the limit 
of the sum of such elements. Hence if V denote its volume, 

fl I dxdydr^. 


206. Eequired the volume of a portion of the cvlinrl^^r 
determined hy the equation cyimaei 

= 0 , ^ 

which is intercepted between the planes 

0 = a? tan a and 0 = a:tan/3. 

Here if stand for sj{2ax - x^), we have 

^ rsa rpi rxtan^ 

h = / / / dxdydz 

^0 J-yiJxitaia 
f2a r?/i 

~Jo J ■> 


= 2 (tan yS - tan a) « ^(2ax - dx 


= 2 (tan yS — tana) 


ira. 


_ 207 . The polar element of plane area is, as we have seen 

m previous_ Articles, rAB Ar. Suppose this were trJevolve 
line through an angle 27r, then a solid rine- 
would he generated, of which the volume is 27 rr sin 6 rAd Ar, 
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since 27 rr sin Q is the circumference of the circle described bj 
the point whose polar co-ordinates are r and 6, Let denote 
the angle which the plane of the element in any position 
makes with the initial position of the plane, ^ + A(^ the hugle 
which the plane in a consecutive position makes with t'hp 
initial plane ; then the part of the solid ring which is inter- 
cepted between the revolving plane in these two positions is 
to the whole ring in the same proportion as A<j[) is to 27r, 
Hence the volume of this intercepted part is 

r® sin B A^ A0 Ar. 

This is therefore an expression in polar co-ordinates for an 
element of any solid. Hence the volume of the whole solid 
may be found by taking the limit of the sum of such ele- 
ments ; that is, if V denote the req^iiired volume, 


F= 


= sill B d(j) clB dr. 


The limits of the integration must be so taken as to in- 
clude in the integration all the elements of the proposed solid. 
The student will remember that r denotes the distance of any 
point from the origin, 0 the angle which this distance makes 
with some fixed straight line through the origin, and cj) the 
angle which the plane passing through this distance and the 
fixed straight line makes with some fixed plane passing 
through the fixed straight line. 


208, Suppose, for example, that we apply the formula to 
find the volume of the eighth part of a sphere. Integrate 
with respect to r first ; we have 

Suppose a the radius of the sphere, then the limits of r are 0 
and a ; thus 

r=IJjsmdd(f>d0. 

In thus integrating with respect to r, we collect all the 
elements like sin B A(p A.B At which compose a pyramidal 
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solid, havii>^ its vertex at the centre of the sphere, and for its 
base the 'curvilinear element of spherical surface, which is 
denoted by sin 6 A(p A6. 

Integrate next with respect to d ; we have 
j sin 6 d6=: — cos 6 ; 

the limits of 6 are 0 and ~ ; thus 

In thus integrating with respect to we collect all the 
pyramids similar to ™ sin 0 A<p AO which form a wedge- 

O 

shaped slice of the solid contained between the two phines 
through the fixed straight line corresponding to ^ and (j>-\-A(j>. 


Lastly, integrate with respect to cj> from 0 to — ; thus 


F=- 


In this example the integrations may be performed in any 
order, and the student should examine and illustrate them. 


209. A right cone has its vertex on the surface of a 
sphere, and its axis coincident with the diameter of the 
sphere passing through that point; find the volume com- 
mon to the cone and the sphere. 

Let a be the radius of the sphere; a the semi-vertical 
angle of the cone, V the req^uired volume, then the polar 
equation to the sphere with the vertex of the cone as origin 
is r = 2a cos 6. Therefore 

r27r fa ■ /'2a cos 0 

V= I / ■ sin 6 d(pdd dr. . 

J 0' J 0 J Q 

210. The curve r = a (1 -f cos 0) revolves round the ini- 
tial line, find the volume of the solid generated. 
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Here the required volume 


m a(l+cos6) 
[) 


sin Q dO d<p dr 



-{- cos dy sin 6 dd. 


It will be found that this = 


S7ra^ 

3 ' 


EXAMPLES. 


1. If the curve 7 / (x — da) = ax (x — 3a) revolve round the 
axis of Xj the volume generated from x — 0 to x — 3a 


• ™ /ip: 

IS — (15. 


-16 log 2). 


2. A cycloid revolves round the tangent at the vertex; 
shew that the volume generated by the curve is ttV. 


3. A cycloid revolves round its base; sliew that the 

volume generated by the curve is 57rV\ 

4. The curve y“(2c& — a?) —x^ revolves round its asymp- 

tote ; shew that the volume generated is 27 rV. 

5. The curve (2^ — a?) revolves round its asymp- 

tote ; shew that the volume generated is 


G. 


Eind the volume of the closed portion of the solid 
generated by the revolution of the curve 
round the axis of y. 


Iiesult, 


256 nrlP 
3i5 ~cF ' 


7. 


Express the volume of a frustum of a sphere in terms of 
its height and the radii of its ends. 

Result. + 
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8. If the curve 'f— revolve about the axis of a?, 

find the volume of any frustum ; and shew that it 
may be expressed either hy 

^ {V + c® - Inli) or b 7 irh (r^ + , 

where h is the altitude of tlie frustum and b, c, r arc 
the radii of its two ends and middle section. Deduce 
expressions for the volume of a cone and spheroid, 

9. Find by integration the volume included between a. 

right cone whose vertical angle is GO®, and a sj)herc 
of given radius touching it along a circle. 

JResult, . 

6 

10. If a paraboloid have its vertex in the base, and axis in 

the surface of a cylinder, the cylinder will be divided 
into parts which are as 3 : 5 by the surface of the 
paraboloid; the altitude and diameter of the base of 
the cylinder and the latus rectum of the paraboloid 
being all equal. 

11. A paraboloid of revolution and a right cone liave the 

same base, axis, and vertex, and a sphere is described 
upon this axis as diameter; shew that the volume in- 
tercepted between the paraboloid and cone bears the 
same ratio to the volume of the sphere that the latus 
rectum of the parabola bears to the diameter of the 
sphere. 


12 . 


Find the whole volume of the solid bounded by the 
surface of which the equation is 


13 . 


Find the whole volume of the solid 
surface of which the equation is 

(x^ + -f = 21a^xyz^ 


JSesuU, 


S'TvabG 

~ 5 '“~ 


bounded by the 



Result 
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14. 


Find tlie volume of tlie solid formed by tire revolution 
of the curve -}- ^^)^ = aV + 5^3/^ about the axis of 
supposing a greater than 5, Shew what the result 
becomes when a = 


Result ~ {2a^ + 3¥) a + 


Trh^ 




log 




15. Determine the volume of the solid generated by the re- 
volution of the curve + = about the 

axis of y, supposing a greater than 5. Shew what 
the result becomes when a = Z>. 

Besult. ~ {W + 3a0 5 + ^ r~f sin"^ _ 


16. Find the volume of the solid formed by the revolution 
of the curve [y'^ + x^f = {a? ^y^) round the axis of x. 

Masult. ^ |A log (1 + a/2) - . 


17 . 


A paraboloid of revolution has its axis coincident with 
a diameter of a sphere, and‘ its vertex outside the 
sphere ; find the volume of the portion of the sphere 
outside the paraboloid. 


Result 




where li is the distance of the two 


planes in which the curves of intersection of the sur- 
faces are situated. 


18. Find the volume cut off from the surface 


C 0 


by a plane parallel to that of (?/, z) at a distance a 
from it. Result 7rd?^J[bc), 


19. A quadrant of an ellipse revolves round a tangent at 
the end of the minor axis of the ellipse; shew that 



188 


EXAMPLES. 


tte Yolnine included by the surface formed by the 
curve is 




(10 - ott). 


20 . 


Find the volume enclosed by the surfaces defined by 
the equations 

+ 2/^ = c^5 + 2/^ = ^ = Oj 

illustrating by figures the progress of the summation. 


Result, 


‘ 


21. If be a closed surface, d8 an element of 8 about a 
point P at a distance r from a fixed point 0, and 
^ the angle which the normal at P drawn inwards 
makes with the radius vector OP^ shew that the * 
volume contained by the surface 

= Jr cos (p d8, 

the summation being extended over the whole sur- 
face. 

Taking the centre of an ellipsoid as the point 0, 
apply this formula to find its volume, interpreting geo- 
metrically the steps of the integration. 


22. Find the value of JJJ o^dxdy dz over the volume of 
ellipsoid. 


an 


Result. 


4i7rd?hc 


15 


23. Determine the limits of integration in order* to obtain 
the volume contained between the plane of (cc, y) and 
the surface whose equation is 

Ax^ -}- Bxy -f ft/® — Dz — P = 0. 


24. State the limits of the integration to. be used in apply- 
ing the formula jjj dxdy dz to find the volume of a 

closed surface of the second order whose equation is 
ax^ + *f cz^ -f dyz -p h'xz + cxy = 1. 
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25. State between what limits the integrations in 


dx dy dz 


must be performed, in order to obtain the volume 
• contained between the conical surface whose equa- 
tion is 

and the planes whose equations are x—z and x — 0^, 
and find the volume by this or by any other method. 

Result 

26. State between what limits the integrations must be 

taken in order to find the volume of the solid con- 
tained between the two surfaces cz ~ mod + ny^ and 

TTC^ 

z^ax-Yby) and shew that the volume is — when 
, m = w = a = 5 = 1. 

27. A cavity is just large enough to allow of the complete 

revolution of a circular disc of radius c, whose centre 
describes a circle of the same radius c, while the plane 
of the disc is constantly parallel to a fixed plane, and 
perpendicular to that of the circle in which its centre' 
moves. Shew that the volume of the cavity is ’ 

'9d 

-3 (Stt + S). 

28. The axis of a right cone coincides with a generating 

line of a cylinder; the diameter of both cone and 
cylinder is equal to the common altitude; find the 
surface and volume of each part into which the cone is 
divided by the cylinder. 

Results^ 

Q ^TT /\/5 — 3\/15 g, -j27r-\/5'4-3/y^l5 g 

buriaces, — a and — a ; 

6 b 
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-f, , 87^^-27^/3-G4 , , 64 - 27 ^3 - Stt , 

V ommes, or and a’ : 

y * y 

•where a is the radius of the base of the cone or 
cylinder. 

29. Find the Yolume of the cono-cuneus determined hy 


•which is contained between the planes x = 0 and x — a. 

Result. 

SO. A conoid is generated by a steight line which passes 
through the axis of z and is perpendicular to it. Two 
sections are made by parallel planes, both planes 
being parallel to the axis of z. Shew that the 
volume of the conoid included between the planes is 
equal to the product of the distance of the planes into 
half the sum of the areas of the sections made by the 
^^lanes. 
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CHAPTEE IX. 


DIFPERENTIATION OF AN INTEGEAL WITH EESPECT TO ANY 
QUANTITY WHICH IT MAY INYOLVE. 


211. It is sometimes necessary to differentiate an inte- 
gral witli respect to some quantity which it involyes; this 
question we shall now consider. 

rh 

Eeqnired the differential coefficient of I cj) (x) dx with 

respect to 5, supposing ^[x) nDt to contain and a to Tbe 
independent of . 


Let 


; = [ ^ (jt) dx ; 

J a 


suppose 5 changed into I + AS, in consequence of wliicli 
u becomes -1- Aw ; thus 


therefore 


u H- Aw = 
Aw 


& + A& 
a 


(p (x) dx ; 

r&-hA& rh 

— p)(x)dx— (p (x) 
J a J a 


dx 


&+A& 


(p (x) dx. 


Now, Tby Art 40, 

/’&+A6 

I p {x) dx — Lhp{J}-\‘ 0A5), 
J h 

where 6 is some proper fraction ; thus 


ID‘2 
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Let A5 and Au diminislx without limit ; thus 


du 

db 




212. Similarly, if we differentiate u with respect to a, 
supposing (jf> {x) not to contain a, and h to be independent 
of a, we obtain 


du 

da 


= — ^ [a). 


213. Suppose ^ (a?) to contain a quantity c, and let it 

be required to find the differential coefficient of i (jt {x) dx 

J a 

■with respect to c, supposing a and h independent of c. 

Instead of (f){x) it will he convenient to write cjy^cc, c), 
so that the presence of the- quantity c may be more cdearly 
indicated ; denote the integral by u, thus 

j (j) {x, c) dx. 

J a 


Suppose c changed into c + Ac, in consequence of which u 
becomes u 4* Ail ; thus 

rh " 

u + Ail == I (j) {xj 0 + Ac) dx; ' 

J a 

r& rb 

i (jc, c + Ac) dx— ^ {xj c) dx 
J a J a 


therefore 


Aw- 


rb 

== {(f> {Xj c + Ac) — (p {x, g)} dx ; 

./ a 


thus 


Au __ (p {x, 0 + Ac) — • <p (x, c) 

J a 


Ac 


Ac 


dx. 


Now by the nature of a differential coefficient we have 
<jE) (ic, c -P Ac) — 6 (x, c) d(p (x, c) , 

=—^:+p> ' 
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where p is a quantitj which diminishes without limit when 
Ac does so. Thus we have 


Aw 

A? 


(x, c) 

a do 



When Ac is diminished indefinitely, the second integral 
vanishes; for it is not greater than where p' is 

the greatest value p can have, and p' ultimately vanishes. 
Hence proceeding to the limit, we have 

du _ d(j> (Xi c) 


214. It should be noticed that the preceding Article sup- 
poses that neither a nor b is infinite ; if, for example, b were 
infinite, we' could not assert that (6 — a) p would necessarily 
vanish in the limit. 


215. We have shewn then in Art. 213 that 


d 


do 


(iV 


We will point out a useful application of this eqi 
Suppose that (a?, c) is the function of which {xa 
the differential coefficient with respect to a?, and that * 

• is Jhe function of which — — • is the differential coeffic. 

do 

with respect to x ; thus (1) may be written 


d'^ (5, c) d’^^ (a, c) __ 


do 


do 


X c) - % (a, c) 


( 2 ), ' 


let us suppose that h does not occur in ^(x, c), and that 
a is also independent of b ; -then (2) may be written 

l:(3)' 

where 0 denotes terms which are independent of 5, that 
is, are constant with respect to b. Hence as b may have 

13 


T. I. C. 
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any value we please in (3), we may replace & by a;, and 
write 

<*)• 

This eq^natioa may Tbe applied to find c) ; as the 
constant may he introduced if required^ we may dispense 
with writing it, and put (4) in the form 


For example, let ^ (cc, c) = - 5 — ; then 

i •'T' 0 SQ 


ms 


s, 

hecom 


c)dx=Jj 


dx 


+ c V c 


= - tan"^ caj, 


^/1 

dc 


~ tan'^ cx) — ^ n) dx 

c ) } dc\\-^ ox J 

=-/ 


20®“ 


(1 + cVj= 


.nus from knowing the value of i — - — we are able to 

J X ’T 0 X 

reduce hy differentiation the value of the more complex 
integral 


216. Required the differential coefficient of j ^ {oo, c) dx 

with respect to c when both h and a are functions of c. 
^ du 

Denote the integral by u- then ~ consists of three terms, 

one arising from the fact that {x, c) contains c, one from 
the fact that b contains c, and , one from the fact that a 
contains c. 
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du 

dc 


__ p d(j> (oj, c) ^ 

J a do ^ dh dc^ da do 


da 
do ' 


217. Witk tlie suppositions of the preceding Article we 
d^'vb 

may proceed to find . By differentiating with respect to c 

the term f dx we obtain 

J d do 

d^(f> (cc, c) T , d^ (5, c) ^^d<j) (a, c) da 
Ja dd^ ^ do dc do do* 

• d'a 

From the other terms in ^ we obtain by differentiation 
cfc {1 r'l I 1 


d'^a ^ d(f> (gg, c) fday ^ d(p (a, c) da 

do dc * 




Thus P c?V(a;, c) 




_l_ dcf> (i, c) {^> c) 




f-1 

W 


+ 2 


& do 


, , . d(f> (a, c) fdaV d(p {a, c) da 

Y J do dc* 

d^u 

Similarly may Tbe found and higher differential co- 
efficients of u if required. 


13—2 
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218. The following geometrical illustration may be given , 
of Art. 216. 



Let y = <p{x, c) be the equation to the curve APQ, and 
^ = c + Ac) the equation to the curve A' F' Q'. 

■ Let OM=a, ON=i, 

MM'=:Aa, NN'^Ah. 

Then u denotes the area FMNQ, and u + Am denotes the 
area F'M'N'Q'. Hence 

Aw = QNN'q - FMM'p, 

, £iu_ FpqQ' , QNN'q FMM’p . ' 

Ac Ac Ac Ac 

It may easily be seen that the limit of the first term is the 

second term is the limit of ^ (5, c) , and that the limit 

of the third term is the limit of ^ {a, c) This gives the 

result of Art. 216. 
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219. Example. Find a curve such that the area between 
the curve, the axis of x, and any ordinate, shall bear a con- 
stant ratio to the rectangle contained by that ordinate and the 
corresponding abscissa. 

Suppose ^ (x) the ordinate of the curve to the abscissa x ; 

then I ^ (a?) dx expresses the area between the curve, the 
Jo 

axis of X, and the ordinate <p (c) ; hence by supposition we 
must have 



where n is some constant. This is to hold for all values of c ; 
hence we may differentiate with respect to c ; thus 

^ ^ n n 


therefore (c) — (n — I) ^ (c), 

and 

^(0)- c • 

By integration log ^ (o) = — 1) log c + constant ; 

thus (j> {c) i= 

where A is some constant ; thus we have finally 
<p {x) != Ax'^'“^y 

which determines the required curve* 


220. Find the form of ^ (x), so that for all values of c 
J^x{^(x)}‘dx ^ 

[ {i>(x)ydx ” 

J 0 

By the supposition 
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Differentiate witli respect to' c ; tkiis 

thus c(l-i)(<^(c)r = y“{^(*)rc?a;. 

Differentiate again witli respect to c ; 

thus (l - i) {4. {c)Y + 2c (1 - i) ^ (c) <f>' (0) = ; 

hence cj, (c) +2 o(l-^4 )' (c] = 0-, 


therefore 
Integrate; thus 


^(c) 


' 2 {n — 1) c * 


log ^ (c) = log c + constant ; 


therefore ^ (c) = 

where A is some constant ; thus we have finally 


2— n 

(f> {x) = Ax^ . 


This is the solution of a problem in Analytical Statics, 
which may he enunciated thus. The distance of the centre 
of gravity of a segment of a solid of revolution from the 

vertex is always ifh part of the height of the segment ; find 

the generating curve. The required equation is y = ^ (aj). 


221. Find the form of ^ (x) so that the integral J ^ 

may he independent of c, supposing that <p (x) is independent 
of c. 

Denote the integral by -m, and suppose x = cz; thus 
__ 0 (rr) dx _ C^a/g^ ( c ^) & 

Jo 
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Since u is to be independent of c, the differential coefficient 
of u with respect to c must vanish. Now 

- du . 

do^h ITy^) Jo^ 2cV(c-a?y“ 


This last integral then must vanish whatever c may be. 
-If ^'{x) were not independent of c, this would not necessarily 
^require that <jf) {x) + 2aj {x) should always vanish ; for such 

an integral as I cos — dx vanishes whatever c may be. But 
Jo ^ 

since cp (x) is supposed independent of c, we must have 
(j>[x) -{-2x (x) == 0. 

For suppose that ^ {x) + 2a; (p' (x) is not always zero ; then as 
X increases from 0 the sign of (f> {x) -h 2x (p' (x) will remain 
unchanged through some interval, which does not depend on 

0 , say untira;==a. Thus the integral f ^ ^ dx 

’ Jo 2a^J{a — x) 

cannot vanish, since every element is of the. same sign. 

Hence we see that cp (x) + 2x <p’ (x) must be zero. 


Therefore 


L. 

(p (x) 2x ’ 


therefore log (p(x)= — ^ log x 4* constant, 

therefore ^ ^ {x\ == ^ , 


where A is some constant. 

This is the solution of a problem in Dynamics, which may 
be thus enunciated. Find a curve, such that the time ot 
falling down an arc of the curve from an^ point to the lowest 
point may be the same. If s denote the arc of the curve 
measured from the lowest point, a; the horizontal abscissa ot 
the extremity of s, then we have 

= (p (cc) and s = 2 A fjx] 

CLX 


80 that the curve is a cycloid (Art. 72). 
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MISCELLANEOTTS EXAMPLES. 


f 


1. If the straight line meet three successive reso- 

lutions of an equiangular spiral, whose equation is 
r = a«, at the points i\, P„ P,„ find the area included 
tetween P^Pb^ curve lines '^ 2 ^ 3 ' 

Pesult. 

2. Find the area of the coi-ve y* - axy^ + x* = 0. 


Result, 


TraV^ 
1 ^ 


3 . Find the area of the cm-ve £c=’‘ -i- y" = {xyT \ w^ici'e n 

is a positive integer. 

BesuU. If n is an even integer if « is an odd 

C^'IT 

integer — • 

4 . A string the length of which is equal to the perimeter 

of an oval is wound completely round the oval, and 
an involute is formed by unwinding the string, begin- 
ning at any point ; shew that when the length of the 
involute is a maximum or a minimum the length of 
the string is equal to the perimeter of the circle of 
curvatm-e at the point from which the unwinding 
begins. 

5. Find the portion of the cylinder + 2 /® — ra; = 0 intei- 

cepted between the planes 

ax + ly +'cs = 0 and dx + + ca; = 0. 

8c 

6. Find the volume of the solid bounded hy the para- 

boloid and the sphere cc^+?/‘^+g;^=c^ 

supposing, c greater than a. 

Result 
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222. ^ The integrals 

de 


V(i' 


dd 

- 6^ sin 


/(I -f a sin^tf) V(1 — sin^ 
tioois or ellvptic mtegrals of the first, second, and third order 
■respectively; the first is denoted by F{g^ 0), the second by 
jS(c, 0), and the third by 11 (c, a, 0). The integrals are all 
supposed to be taken between the limits 0 and 0^ so that they 
vanish with 0; 0 is called the amplitude of the function. ^ 
The constant . 0 is supposed less , than unity ; it is called the ^ 
modulus of theTunction. The constant a, wliicli occurs in the 
function of the third order, is called the parameter. When 

the integrals are taken between the limits 0 and ^ , they 

are called complete functions; that is, the amplitude of a 

complete function is ^ . 


-Qy Ja/(1 
are called elliptic func- 


223. The second elliptic integral expresses the length of 
i a portion of the arc of an ellipse measured from the end ot 
('the minor axis, the excentricity of the ellipse being the 

modulus of the function. !From this circumstance, and from 
the fact that the three integrals are connected by remark- 
able properties, the name elliptic integrals has been de- 
rived. 

224. The theory of elliptic integrals and the investiga- . 
tions to which it has led constitute a part of the Integral 
Calculus of great extent and importance, to which much 
attention has been recently devoted. We shall merely give 

a few of the simpler results. For further information the 
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Student is referred to tlie treatise on tHe subject by Durfege, 
Leipsic IS'Gl, to that by Schellbacb, Berlin 1864, and to. the 
note , by Hermite in the second volume of the sixth edition 
of Lacroix’s Traite EUmentaire de Galo, Dif. et de Gale. InL 
Paris 1862. 


225. If 0 and <j) are connected by the eq^uation 

F (c, d) +F{o,(j))=F (c, jj,), 

where ya is a constant ; then will 

cos 0 COB (j) — sin 0 sin (jf) a/(1 “■ sinV) = cos /^. 

Consider 0 and ^ as functions of a new variable t, and 
differentiate the given equation ; thus 


d0 


• + 


d(!> 


V(l — c‘^sin^ 0 ) di y ( 1 — sin^ ( 56 )) dt 


= 0 


(1). 


Now as ^ is a new arbitrary variable, we are at liberty to 
assume 

thus from the equation ( 1 ) 


Squane these two equations and ditFerentiate ; thus 
dt 


■■ — 0 ” sin Q cos 6, = — c® sin cos ^ ; 


therefo^ 

iict ^ ^ and 0 ^ ^ ; thus 

d^'ylr . . d\ 

=-0 smi/r cosx, =-c"sinx cos'if'. 


- - 2 (sin 20 ± sin 2 ^). . 
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therefore 


~df 


dt 




therefore 
d 


dt 


dt dt 


Tt 0°S’ §) = I ^ 5 


dt dt 


d 


d'xjr 


therefore ~ log X + constant, 

therefore 


^ = ABmx 


and similarly, ^ = -5 sin 


( 2 ), 


where A and B are constants. 

Hence 

therefore A cos % = -B cos -h (7 . 




(3). 


Now from the original given equation we see that if ^ = 0 
Fic,0)^F{o,f.); 
iherefore then 6 fju and % = '^ = ; 

;hus from (3) {A — B) cos O; 

hus A cos {9 — (}>) cos (0 -f 0 ) + (^ — B) cos /jl ; 

herefore 

A-B) cos ^ cos ^ + (J.4- jB) mn 9 Bixicj)=^(A-B) cos/ju (4). 
In (2) put for ~ its value 

>v/(l — 0® sin®^) — V(1 “• sin^<j5>), 
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and for ^ its value 
at 

V(1 — < 3 ® sin® sin® 

and then suppose ^ = 0 ; thus 

V(1 ^ sin® /(.) — I =^A sin jjb^ 

and V(1 — c® sill® /x) -f 1 = 5 sin yu. 

Substitute for A--B and -f 5 in ( 4 ) ; 
thus cos ^ cos ^ — sin 0 sin ^ ^(1 — sin®/^) == cos 


226 . The relation just found may he put in a different 
form. Clear the equation of radicals ; thus 

(cos 5 cos - cos //.)® = (1 - c® sin® sin® 6 sin® <56 ; 

therefore 


COS®^ -f cos® ^ + COS®yU — 2 COS 0 COS 

= l-c®sin®/^sm®£>siii®<;6. 
Add cos“^ cos''/z- to both sides and transpose; thus 
i cos 0 — cos <;6 cos yu)® 


i cos® (f> — cos‘^ 4- cos® (j) cos® yu — 0® sin* jul sin® 0 sin® f/> 
-sin®<^sm®yu(l-c®sin®5); 

therefore cos 6^ = cos 0 cos yu + sin ^ sin \/(l - c® sin® /?). 


faSa ■'ir ” ■>' «'» 

modulus, ^ conuected with another having a different 

I 

l‘etF(c, 9 ) denote the function; assume • 

tan^=-™^. 
c + cos 2 <j> ’ 
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therefore 

1 d9 _ 2 (1 + C COS 2(f)) 
oos‘^9 d(f> (c4-cos2^)“ ’ 

therefore 

d6 _ 2 (1 4-0 003 2<;6) 
d<p, 1 4- 2c cos 2(f> + c^* 

And 

^ 2*2/1 - 0® sin^ 26 

1 «smS = l + 

therefore 

_ 1 + 2c cos 2cj) + c® cos® 2^ _ 

1 4- 2c cos 2^ + ^ 

r dd 

r 2 (1 4 c cos 24>) V(1 4 2c cos 2(^ 4 c®) 

J a /(1 — c''*sin“ 

j 1 + 2c cos 2^ 4 c® ’ 14c cos 2^ 


r ^ 2 

V (1 + 2 c cos 2 (/) + o'*) 1 + c 


J a/ ( 1 + 2c COB 2<b -j- c^j l + cl /(. 4c . 2 ,]’ 

vr“(M:5r’*”n 

No constant is added, because cf) vanishes with 9. Thus 

p 4c 1 X /) sin 26 
^ (1 4 - c)'* c + cos 29 b 

The last relation may be written thus, 

csin 0 = sin {2cj>'^9). 

We may notice that c^ is greater than c, for 

4 

‘ ?"^.c(l + c)^’ 

and since c is less than unity, 4 is greater than e (1 + c)l 

If 9 b = ^ , then ^ = TT ; thus 
2 




1 +c r ‘’2 


.i?’(c,7r)=2^(c, I 



200 


ELLIPTIC INTEGEALS. 


'>•■'8 We will give one more proposition in this subject, 
bv establishing a relation among Elliptic Functions of the 
second order, analogous to that proved in Art. 225 for func- 
tions of the fest order. 

If cos 6 cos — sin 6 sin ^ s/(l — c sin /i) = cos fi, 
then will 

E(c, e)+E(c, <i>)~E[c> /i) = c"sin(9sin^sin/^. 

By virtue of the given equation connecting the amplitudes, 
^ is a function of 6 ; thus we may assume 

E[c,6) + E (c, ~E{c, fi) =/(0). 


Differentiate; thus 

j' (8) — — 0 " sin" 0 "I" V{1 


COS 6 — cos cos ^ cos — cos 9 cos ^ dcf> 

sin (j> sin /M ^ sin 6 sin d9 

(by Art. 22G), 

_ 6 + sin" ^ + 2 cos ^ cos (f) cos fi} ^ 1 

”” d9 2sind Qixi/l* 


But sin" 9 -f sin^ ^ *f 2 cos ^ cos (f) cos fM 


thns 


f(S) 


2 . d (sin 9 sin 

..C sm^ , 


Therefore, by integration 

f(d) = c® sin 6 sin ^ sin fi. 

witi?*^ added, because J (8) obviously vanishes 


If ^ - I" the present result coincides with Fagnani’s Theo- 
rem, demonsti-ated in Art. 92 ; this will be easily seen by the 
aid of some developments which we will now give. 
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In Art. 92 we have the relation 

— a® {x^ + x'^) + = 0, 


where 


X- 


a COS 6 


X =- 


a cos ff . 


V.(I “ sin® 6 )^ V (1- ““ <5® sin® 6 ') ’ 

hence we obtain 

e® cos® & cos®<9' - cos® <9 (1 - e ® sin® (9') - cos®0' (1 -- sin® <9) 

+ (l~-e®sin®0) (l-6®sm®(9')=0; 
that is • sin®i9 sin®(9' + e® (1 - sin®0 - sin® (9' - sin®(9 sin®<9') 

+ sin® 6 + sin®0' -1 = 6, 

that is 

e®(e®-l) sin®(9 sin®0'+ (^^-1) (l-sin®l9-siii®0') = 0, 
that is 6® sin® 6 sin® <9' -f 1 — sin® 6 — sin® 9 ’ = 0 . 

This relation may Tbe put in the following forms : 

(1 — 6 ®) sin® <9 sin®0' = cos®l9 cos® (9', 
cos®^' 


sin®^ = 
sin®0' = 


l-6®sin®^'’ 
cos® <9 

1 — 6® sin®0 ** 


MISCELLANEOUS EXAMPLES. 

1. Find the whole volume of the solid hounded hy the 
surface of which the eq[uation is 

V(a>“+2/“) 


Result ™ ; supposing the radical restricted to the posi- 
tive sign. 


MISCELLANEOUS EXAMPLES. 


iOS 

•2. Find the whole volume of the solid hounded hj the sur- 
face of which the equation is 



fr% • 


S. Prove that the volume of that portion of the solid 
bounded by the surface whose equ^ation is 

which lies on the positive side of the plane of xy is 
Srra^ 

f ds 

4. Find the- value of j , where dS denotes the element 

of the surface of a sphere, and r the distance of this 
element from a fixed point without the sphere * the 
integration being extended over the whole surface of 
the sphere. 

radius of the sphere, and c the distance of the fixed 
point from the centre of the sphere. 


5. A cylinder is constructed on a single loop of the curve 
r = a cosn9 having its generating lines - 

to the plane of this curve; determine th': ■ 

portion of the surface of the sphere cd‘+f + z^- a‘ 
which the cylinder intercepts ; determine also the 
volume of the cylinder which the sphere intercepts. 

Besults, The area = ; 

4a* /ir 2^ 


the volume 
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6. Find the volume of the solid generated by the revolution 
of the closed part of the curve 

^axy -{-2/^=0 

round the straight line cc + 2 / = 0. Besult 

3 VO 


7. If the axes of two equal circular cylinders of radius a 

intersect at an angle /S, the volume common to both is 
1 6 

— ; and the surface of each intercepted by the 

XT • 

other IS • 
sinp 

8. The centre of a variable circle moves along the arc of a 

fixed circle; its plane is normal to the fixed circle, 
and its radius equal to the distance of its centre from a 
fixed diameter ; find the volume generated ; and if the 
solid so formed revolve round the fixed diameter, shew 
that the volume swept through is to the volume of the 
solid as 5 to 2. 

9. The centre of a regular hexagon moves along a diameter 

of a given circle (radius = a), the plane of the hexagon 
being perpendicular to this diameter and its magni- 
tude varying in such a manner that one of its diago- 
nals always coincides with a chord of the circle ; shew 
that the volume of the solid generated is 2 V^ 
Shew also that the surface of the solid is 
a‘'(27r + 3V3). 

10. Prove that 


1 0 — x^) ■“ x^] 




’-i 4 ‘i ^'"4* "fv’ . j 




T. I. C. 
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CHAPTER XL 


CHANGE OF THE TAEIABLES IN A MULTIPLE INTEGRAL. 


229. "We have seen in Art. 62 that the double integral 

n (f) {x, y) dx dy is equal to I I 0 {x, y) dy dx when the 

Dt J a. J a 


limits are constant^ that is, a change in the order of integra- 
tion produces no change in the limits for the two integrations. 
But when the limits of the first integration are functions of 
the other variable, this statement no longer holds, as we have 
seen in several examples in the seventh and eighth Chapters. 
We give here a few additional examples. 


230. Change the order of integration in 




/7 

d ft d 


<l> y) d%j. 



The limits of the integration with respect to y here are 
^ = 0 and that is, we may consider the 

integral extending from the axis of x to the boundary of- a 



CHAX^aE OF THE VAEIABLES. 


211 


circle, liaving its centre at the origin, and radius equal to a. 
Then the integration with respect to x extends from the axis 
of y to the extreme point A of the quadrant. Thus if we 
consider ^ ^ y) as the equation to a surface, the above 

double integral represents the volume of that solid which is 
contained between the surface, the plane of (cc, y)^ and a 
straight line moving perpendicularly to this plane round the 
boundary OAJPJBO^ 

It is then obvious from the figure that if the integration 
with respect to x is performed first, the limits will be a? = 0 
and £c== limits for y will be ^ = 0 

and y==^a. Thus the transformed integral is 




OJ 0 


(j> {x, y) dy dx. 


231. Change the order of integration in 

ft 

Co r2a cos 9 , 

I (f) (r, 0) r dO 
JoJo / 

f 

/ ' 



T »+ n/i-9^ Ad describe a semicircle on OA as dia- 
integial may ^11 tlie area of the seraitircle. 

SZ: let‘S.e>ta » ® " 


to cos”’’’ ^ 5 suid 
2 c6 


I for T from 0 to 2^?. 


14—2 
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Thus the transformed integral is 

rr'%(r, 0)rdrM 
Jo Jo 

232. Change the order of integration in 

Jo J^ y) ^y- 

ia 



X 

The integration for ^ is tak^en from ^ to y = 3^ — cr. 

The equation ^ belongs to .q, parabola OLD, and 

?/ = 3(1 -a; to a straight line C, wIMch passes through il, 
the exti-emity_ of the latus rectum of th(^ parabola. 

Thus the integration may be considcired as extending over 
the area 0LB80. ISTotv let the ordW of integration he 
^ itaye to consider separately’ the spaces 
OL8 and JBL8. For the space OL8 .we must integrate 
trom a; = 0 to a5==2V(ay), and then froto y = 0 to « = «- 
and for the space BLB we must integrate from a; = 0 to 
CC = Za-y ami then from y = a to y = 3a.\ Thus the frans- 
formed mtegral is 1 

ra^.^[av) nuna-v ^ 

Jeh ^ + I / j>[^,y)dy ix. 

w (X v/ 0 
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233. Change the order of integration in 


ft f.v ( 2 -. 1 :) 

(j){x, y) dx dy. 

J QJ X 


Here the integration with respect to y is taken from y=^x 
to y = x{^-‘ x). The equation y — x represents a straight 
line, and y = x(2‘—x) represents a parabola. The reader 
will find on examining a figure, that the transformed inte- 
gral is 


rip 

J oi 


4* y) 


234 Change the order of integration in 

n ar+Sa 

■ ^(x,y)dxdy. 

V(a^— a?®) 

Here the integration with respect to y is taken from 
= — cc“) to y — x-i-2a. The equation 3 / = 

represents a circle, and ?/ = a? + 2a represents ‘ a straight line. 
The reader will find on examining a figure, that when the 
integration with respect to x is performed first, the integral 
must be separated into three portions ; the transformed in- 
tegral is , * 


n a m p 

<P 3 /) + hp 2/) 

V(a®-2/®) I Ja JO 

’ pest ra 

+ <j> {x, y) dy dx. 

J 2a J y-2a 


235. Change the order of integration in 
“’<]) {x, y) dx dy. 

Here the integration 'with respect to y is taken from y — Q 
io y — . The equation y = represents an hyper- 

bola ; let BVE be this hyperbola, and let OA = a. Then 
the integration may be considered as extending over the 
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space OBDA. Let the order of the integration he changed ; 
we shall then hare to consider separately the spaces OAD G 
and CDB. For the space OAJDO we must integrate from 

h 


vE? == 0 to ic = U; and then from ^ = 0 to y — ^ 


For the 


+ 05 * 

space OBB we must integrate from ai — O to = 

I ^ ' 

and then from y = r~ to 3^ = 1. Thus the transformed in- 

O “p ct 

is Jl^ X^>Y^ 

— & fl~y) , \ 


d+a 


2o6. Change the order of integration in 

rh rc~^fjix 

i,L 

■wliere h = The transformed integral is 

4‘ y) dy dx. 


yl- 
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237. Change the order of integration in 
<56 (a;, z) dx dy dz, 

3 


The integration here may be considered to be extended 
throughout a pyramid, the bounding planes of which are 
given by the equations 


= 0, ^ = y, 2 ^ = £C, £C — a. 

The integral may be transformed in different ways, and 
thus we obtain 


or 


or 


or 


m V 

(p(x, y, z)dydxdz, 

3 

m a 

^ {x, y, z) dy dz dx, 

if 

m a 

<f>{x,y, z)dzdydx, 

J 

^ (», y, z) dxdzdy, 


m x 

<!> (cc, y, z) dz dx dy. 

These transformations may be verified by putting for 
^ (cc, y, z) some simple function, so that the integrals can 
‘be actually obtained; for example, if we replace ^{x^y, z) 

by unity, we find ~ as the value of any one of the six 

forms. 


238. These examples will sufficiently illustrate the sub- 
ject; it is impossible to lay down any simple rules for the 
discovery of tire limits of the transformed integral. It is not 
absolutely necessary to draw figures as we‘ have done, for the 
figures convey no informatibn which could not be obtained by 
reflection on the different values which the variables must 
have, in order to make the integration extend over the range 
indicated by the given limits. But the figures materially 
assist in arriving speedily and correctly at the result. 
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We now proceed to tlie problem whicli is the main object 
of the present Chapter, namely, the change of the variables in 
a multvple integral. We begin with the case of a douhU 
integral. 


239, • The problem to be solved is the following- Hequired 

to transform the double integral jjvdxd^f where F is a 

function of x and 2 /, into another double integral in which the 
variables are u and the old and new variables being coii" 
nected by the equations 

y, u, v) = 0, y,u,v)^0 (1). 


We suppose that the original integral is to be taken be- 
tween known limits of y and x ; as we integrate with respect 
to y first, the limits of y may be functions of x» Of course 
while integrating with respect to y we regard x as constant. 


We first transform the integral with respect to y into an 
integral with respect to v. This is theoretically very simple ; 
from equations (1) eliminate u and obtain as a function of 
X and say 

y = [x,^ v) (2), 

from which we get 

dy = {Xy v) dvy 


where 'ijr' (x, v) means the differential coefficient of (x, v) 
with respect to v. 

Substitute then for y and dy in jvdy, and we obtain 

f (^3 ^'^3 where Fj is what F becomes when we put 

for y its value in F. Hence the original double integral 
becomes 

J j' 

Thus we have removed y and taken ^ instead. As the 
limiting values of y between which we had originally to 
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integrate are known, we shall from (2) know the limiting 
values of v, between which we ought to integrate. It will be 

observed, that in finding ^ from (2), we supposed x constant ; 

this we do because, as already remarked, when we integrate 
the proposed expression with respect to y we must consider x 
constant. 


The next step is to change the order of the above integra- 
tions with respect to x and that is, to perform the integra- 
tion with respect to x first. This is a subject which we have 
already examined ; all we have to do is to determine the new 
limits properly. Thus, supposing this point settled, we have 
changed the original expression into 


ffr,ir'(x,v) 


dv dx. 


It remains to remove x from this expression and replace it 
by u. We proceed precisely as before. From equations (1) 
eliminate y, and obtain a? as a function of v and say 


= u).... ( 3 ), 

from which we get 

dx = (-y, u) du, 

where x iv, u) means the differential coefficient of % (y, u) 
with respect to u. 


Substitute then for x and dx, and the double integral be- 
comes' 


u) dv 


where V is what becomes when we put for x its value in 
. Thus the double integral now contains only u and 
since for the x which occurs in (x, v) we suppose its value 
substituted, namcty, ^ (v, ti). Moreover since the limits 
between which the integration with respect to x was to be 
taken have been already settled, we ’know, the limits between 
which the integration with respect to zc must be taken. 
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We liaTe thus given the complete theoretical solution of 
the problem ; it only remains to add a practical method for 
determining v) and % (v^ u ) ; to this we proceed. 


(Z2/ 

We observe that (cc, v) or ^ is to be found from equa- 
tions (1) by eliminating u, considering x constant; the fol- 
lowing is exactly equivalent; fror^^^l) 


dy dv du do dv ^ dy dv du dv^ dv ^ * 


Eliminate thus 
dv’ 


dy dv dv ^ dy dv ■ dv 
du du 


therefore 


d^ d^ d^^ dcf)^ 

dy __ dv du du dv 

dv dcj>^ dcf)^ d<f >^ ' 

du dy dy du 


f- •f (a?, v), supposing that after 

the differentiations are performed -we put for y and u their 
values in terms of as and v from (1). ° 

Again, X (% m) or ^ is to be found from equations (1) hj 

eliminating y, regarding « as constant; ' the followimr is 
exactly equivalent ; from (1) Aunowirig is 

Ir- d^du d^du+du-^> + + = 

From these equations hy eliminating f- we find 

Ctll 
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This then is an eq^uivalent for %' (v, u). 

d4>i d4>i d<f)^ 

. , s , / X dv du du dv 
Thus ir {x, v) X {v, u) - . 

dy dx dx dy 

Hence the conclusion is that 

d^ ^ 

«- 

d^ dx dx dy 

where after the differentiations have been performed, we must 
substitute for x and y their values in terms of u and v to be 
found from (1); also the values of x and y must be substituted 
in V. 

An important particular case is that in which x and y are 
given explicitly as functions of u and v, the equations (1) 
then take the form 


« -/i {u, y -/j (w, v) = Q. 


and the transformed integral becomes 


Jj^[d^dv dv 


where we must substitute for x and y their values from 
(5) in F. 

Thus we may write 

W- 

Again ; suppose that u and v are given explicitly as func- 
tions of X and y ; the equations (I.) then take the form 

. u-Fi{x,y)=0, v-F^[x,y)==^D (7). 
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Hence we o*btain 


jj Vdxdy=^ 


Vdvdu 


\d^dJ\_d_F,(^ 
dx dy dx dy 

where we must substitute for x and y their yalnes to be 
obtained from ( 7 ). 

Thus we may write 

V d'D du . . 

W* 


jJ Vdxdy — 


I du dv du dv 
dx dy dy dx 

The formulas in ( 4 ), (6), and (8) are those which are 
usually given ; they contain a simple solution of the proposed 
problem in those cases where the limits of the new integra- 
tions are obvious. But in some • examples the difficulty of 
determining the limits of the new integrations would be very 
great, and to ensure a correct result it would be necessary 
instead of using these formula, to carry on the process pre- 
cisely in the manner indicated in the theory, by removing 
one of the old variables at a time. 

240 . The following is an example. 

arh 


Eequired to transform I Ydx dy^ having given 
JaJQ 

y^x = itj y — uv. 

From the given equations we have (I ^ v), y = uv; 


thus ^ = 1 
du 


dx 


j dy dy 


ii n dx dy dx dy v 

thereiore -7- = w (1 — -y) + 

du dv dv du ^ / 

Hence by equation (6) of Art. 239 , we have 

Vdxdy— JJ Vu dv du ) 


a rl) 


OJ 0 


but we have not determined the limits of the integrations with 
respect to u and Vj so that the result is of little value. We 
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will now solve this example hy following the steps indicated 
in the theory given above. 

From the given equations connecting the old and new 
variables we eliminate u ] thus we have ' 


2/== 


vx 


therefore 


dll 

rA -JL - 


X 


dv {l — vf’ 


to the limits and ?/ = 5, correspond respectively - 0 
and V = 1 — : — ; ; thus ‘ - 


& + a; 
ra rh 


dy = V,x{l- v)-^ dx dv. 

We have now to change the order of integration in 
1) 

n h+a: 

cc (1 — dx dv. 

This question has been solved in Art. 235 ; hence we obtain 

fa fh 

V'dxdy^ 

lo Jo 


n Fdxd,j=rp 

J 0 Jo J 0 J d 


i) 

^ fh+x 


Vdxdy=j 

n a f 01 

V,x(l-v)^,dvdx + 1 / r,x(l-v)-^dvdx. 

0 J JlJ 0 


cc (1 — v)~^ dx dv 
Mlzl) 


h-ta 


We have now to change x for where 
. ^dx 

X = u{l-v), ^ = l_u; 

h a h 

thus we obtain ^ dvdu-hj ^ V'lc dv dit^ 

, «+6 

since to the limits 0 and a for x correspond respectively 0 and 


1 


for w, and to the limits 0 and 


h\l — v) 


for X correspond 


'respectively 0 and - for u. 
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If a = J the transformed integral becomes 


1 a 

J2J1 

00 ~ 


If a is raade infinite, these two terms combine into the 
single expression 




dvdu. 


241. Second Example, Required to transform 

fc fc-a? 

Vdxdy, 

J oJ Q 

having given p + x—Uj p = uv. 

Perform the whole operation as before ; so that we put 


VX f f.tf u 

y = :: and : 


dy _ 


X 


1 _ ^ (1 — * 

When 2 / = 0 we have -y = 0, and when y^c — x we have 


V = 


c — x 


, Thus the integral is transformed into 


^£8 

0 


[ ^ V\x (1 — vy^ dx dv. 
J 0 J 0 


Now change the order of integration ; thus we obtain 

n c(X-v) 

1^ EC (1 — vy^ dv dx, 

) 

Now put a: = ^^ (1 — -y) and ^ ~ 1 J “the limits of 21 

will be 0 and c. Hence we have finally for the transformed 
integral 
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242. Third Example, Transform Jj Vdxdy to a double 
integral with, tbe variables r and supposing 
xzzzr cos y =,r sin 0. 

We may put 6 for v and r for u in the general formula) ; 
thus 

^ ^ = rcos=0 + rsm^^ = r; 

du dv dv du 

and the transfoxmed integral is 

V'rdedr. 


If 


This is a transformation with which the student is probably 
already familiar ; the limits must of course be so taken that 
every element which enters into the original integral shall 
also occur in the transformed integral. 


A particular case of this example may be noticed. Sup- 
pose the integral to be 


Jjcf) (ax + 5y) dx dy ; 


by the present transformation this becomes 


jj (f) {Jcr cos (d — a)} rdO dr^ 


where h cos a = a and Ic sin a = 5, Now put 0 — a = so 
that the integral becomes 



(Jcr cos 6^) rdff dr ; 


then suppose t cos & = and t sin & = and the integral 
may be again, changed to 


jj^ ijcx') ded dy\ 


CHANGE OP THE VARIABLES 


■22i 


Thus suppressing the accents we may write 

JJ ^ (ax + hy) dxdy^jjtj) (hx) dx dy, 

where ^'=: + The limits will generally be different 

in the two integrals ; those on the right-hand side must be 
determined by special examination, corresponding to given 
limits on the left-hand side. 


Vdxdy, having 


given 


X = ail + 2 / = a being greater than h. 

Eliminate w, thus {a^ --If) and the first trans- 


formation gives 




!TL 


'>• • T 7 * 1)X qF 1'? 

where is what F becomes when we put 1 

Cl a 

y. Xext change the order of integration ; this gives 

~.L 

If ^ 

We have now to change from a: to m by means of the 
equation x = au + I>v, which gives ^ = ci; the limits of m 
to knoVn hmits of « are easily ascer- 

Thus we have finally for the transformed integral 

c c^bv 

^ X "" + f f V'dvdu. 

The correctness of the transformation may be verified bv 
supposmg F to be some simple function of a; and ^7 for 
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example, if V lie unity, tlie value of the original or of the 
transformed integral is ~ . 


244. Fifth Example, The area of a surface is given by 
the integral 

//■to ( J) + (f )■} (Art. 170) ; 

required to transform it into an integral with i*espect to 9 and 
having given 

^ = r cos a; = r sin 0 cos y = r sin 0 sin 


From the known equation to the surface z is given in 
terms of x and y ; hence by substituting we have an equation 
which gives r in terms of 6 and </>. 

We will first find the transformation for dx dy : 


dx 

dd 


dr 


sin ^ cos (jf) + r cos 6 cos <^, 


dx dr . ^ , • /3 * f 

^ sin 0 cos o[> — r sm 9 sin 6. 

^ ^ sin Q sin 6 + r cos 9 sin d), 

dO d9 ^ ^ 

d'if dr 

^ sin 0 sin + r sin 9 cos <f), 
rj dx dij dx dy • a f a . dr , f\ 

® 4 “ # ® "" ‘’-J > 

tlius dx dy will be replaced by 

r sin 9 (r cos 9 + ~ sin ^ d<^ d9. 

We have next to transform 

V ©’+(!)’ 


T. I. C. 


15 
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dz dz dx dz dy 

Wehave TO’^dd^dO^dyde^ 

dz ^dz dx ^ dz dy 
d(f> ~ dx d<j) dy * 

dz dr ^ ^ 

dz dr ^ 

dz 

Thus -T- is a fraction of wHch the numerator is 
dx 

dz dy dz dy 
dO d(j) d(j> dd ’ 

that is, cos 0 — 7* sin ijj sin 0 Bin (f)-^r sin 0 cos ^ 


— ^ cos 0 sin 0 sin ^ H- 7* cos 6 sin ^ , 


— d<f> ^ \d0 ^ ^ Y * ' ^ oxix Y J j 

that is, 

» dr dr 

— r sm^^ + 7*sin0 cos0 cos^^ — r®sin^/9 cose/;, 

and the denominator is 

dx dy dx dy 

le^’^'d^td^ 

the Talue of which was found before ; thus 

rsiin9cos0cos^^-rsm^^-r’sin.=‘0 cose/) 

dx . ^ / /^\ * 

r sin 0 f r cos 0 + sin 

Similarly 

. dv 

— - ^ ^ sin ^ ^ r*sm=0 sin ^ 


r sin 0 ( r eos 6 4* sin 6 - 
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therefore 



siu ^ d + r^ sin ^ d %] 

\dcj)/ \da/ 

/ " drV ’ 

r® sin^ 0 f r cos 0 + sin 5 ^ j 


and finally the transformed integral is 

/Vf + © '+ ©} 


245. There will Tbe no difficnlty now in the transformation 
of a triple integral. Suppose that F is a function of a?, y, " 

and that JJJvdxd?/dz is to be transformed into a triple 


integral with respect to three new variables u, v, Wj which are 
connected with x, y, z by three equations. From the investi- 
gation of Art. 239, we may anticipate that the result will 
take its simplest form when the old variables are given ex- 
plicitly in terms of the new. Suppose then 


x = fi_ (m, V, w), y =/, {u, % w), z =/„ (u,v,w) (1). 


We first transform the integral with respect to z into an 
integral with respect to to. During the integration for z we 
regard x and y as constants ; theoretically then we should 
from (1) ex[)ress ^ as a function of x, y, and w, by eliminating 
u and V ; we should then find the differential coefficient of z 
with respect to w regarding x and y as constants. But wc 
may obtain the required result by differentiating equations (l) 
as thev stand. 


22S 


CHANeE OF THE VARIABLES 


Eliminate and 

aw aw 


dio 


thus we find 
N 


, . . clf^ (df, cl 

whore 2s ^ ~ — 

aw \aii do 


du dv du do 

if,\ 

du dv) dw \du do au dv ) 


dw \du dv dti dv 
Hence the integral is transformed into 


ffi 


N 


da dv 


du dv 


dx dy du 


where indicates what V becomes when for 2 its value in 
terras of A’, y and w is substituted. We must also determine 
tiie limits ot w from tlie known limits of ^•. Ifext we imv 
caange tlie order of integration for y and ii;, and then nro- 
ceed as before to remove y and introduce u. Tlien again we 
should change the order of integration for and ai and tJien 
t'-r V and ar, and hnally remove x and introduce u. And in Ry: 
aniples it might be advisable _to_go through the process sto W 
>.ep m order to obtain the limits of the transformed inteoi^]’^ 
v\e may however more simply ascertain tlie -finnl -p ^ 
thus. Transform the integral i?ifh respee; to . tfo InTnte 
'jral with respect to w as above: then twice cli-mJl I 
of integration, so that we have 




W 


55 dw dx dy. 


(iu dv da dv 

.0 ‘■“s"' "‘i- '“p« 

means of the 4,51 of eSiiatim^df’’ tf V 

*.7 A«. 239 that the sjmbol iUd,j be reJSbr 

\da dv du 
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and tlie integral is finally transformed into 

jjjv'Ndwdvdu, 

where F' is what F becomes when for x, y, and z, their values 
in terms of v, and lo are substituted. 

The student will now have no difficulty in investigating 
the more complex case, in which the old and new variables 
are connected by equations of the form 

(^5 = 0 j 

u,v,w) = o\ (2). 

^3 (a;, y, u, v, zy) = 0 ) 


Here it will be found that 

dw 1)^ ’ do du ~U^ ’ 

also that Jsf^ = D^, and 

Thus Jjjvdxd>/dz = 

^ _J. #2 _ df_j^ 

^ dm \dii dv du do J dm \du do du dv ) 


jSF 

-jj du dv dw^ where 


dw \du dv du do J ^ 

and — i)j, is equal to a similar expression with cc, y, instead 
of z;, w respectively. 

It may happen that equations (2) will impose some restric- 
tion as to the way in which the transformations are to be 
effected. For example suppose wc have 

rc-j-y + .'s— w = ^i7 + y—iwz; = 0, y -- uvw = 0. 

From these equations we cannot express z in terms of w and 
X and y, and tlierefore we cannot begin by transforming from 
^ to zo. We may however begin ])y "transforming from z to u 
or from z to v; or we may begin by transforming from x ox y 
to u or V or w* 


280 
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24G. It may be instructive to illustrate tliese transforma- 
tloTis geometrically. We begin "with tlie double integral. 



Let j j y dxdy he a double integral, wliicli is to be taken 

hr all tlie values of x and y comprised within the boundary 
ABCD, Suppose the variables x and y connected with two 
new variables u and v by the equations 

x==f^{u,v), y=A{u,v) .(1). 

From tliese equations let u and v be found in terns of 
.T and y, so that we may write 




.( 2 ). 


^ow by ascribing any constant value to u the first* equa~ 
tion of (2) may be considered as representing a curve, and by 
-lymg m succession different constant values to u, we Iiavc a 
.series of such curves. Let ’then APQG he a curve, at every 
y) lias a certain constant value u] and 
ei be a curve, at every point of which F. (x, v) has 

a certain constant value v + dw. Similarly let JBPjSl) be a 

'value t , and let P QUB be a curve, at every point of which 
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F {x, y) lias a certain constant value v + 8v. Let' x, y now 
denote the co-ordinates of P; we shall proceed to express 
the co-ordinates of Q, P, and P. 


The co-ordinates of Q are found from those of P, by chang- 
ing into 'y + S?; ; hence by (1) they are ultimately, when Bv 
is indefinitely small, 




dv 


Similarly the co-ordinates of S are found from those of P 
by changing u into u + Bu; hence by (1) they are ultimately 

x-^^Bu, and y + ^ Sw. 
du ^ du 


The co-ordinates of It are found from those of P by 
changing both u into ii> + Bu and v into -u + Sy ; hence by 
(1) they are ultimately 

X'^^Bu-^^Bv, and y + ^Bu + ^ Bv, 
dudv du dv 


These results shew that P, Q, P, S are ultimately situated 
at the angular points of a parallelogram. The area of this 
parallelogram may be taken without error in the limit for the 
area of the curvilinear figure PQR8, The expression for the 
area of the triangle PQR in terms of the co-ordinates of its 
angular points is known (see Plane Co-ordinate Geometry^ 
Art. 11), and the area of the parallelogram is double that of 
the triangle. Hence we have ultimately for the area of 
PQR8 the expression 


. Idx dy dx d,y\^ ^ 

Thus it is obvious that the iutegral Jj Vdicdy may be 

replaced by 


r f TP ^y\ 
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the amhigiiity of sign would disappear in an example in 
which the limits of integration were known. .In finding the 
value of the transformed integral, we may suppose that we 
first integrate with respect to v, so that u is ke^ constant ; 
this amounts to taking all the elements such as PQRS^ which 
form a strip such as AA! O G. Then the integration with 
respect to u amounts to taking all such strips as AAG 6 
which are contained within the assigned boundary ABGI). 


247. We proceed to illustrate geometrically the trans- 
formation of a triple integral. 


z] 









Let jj j Vdxdijdz he a triple integral, which is to he taken 

for all values of x, y, and 2 ; comprised between certain as- 
signed limits. Suppose the variables a?, ?/, and z connected 
with three new variables v, lo by the equations 

^=/i y =/2 ^ “/s 

From these equations let u, v, and w be found in terms of 
a?, y, and 21 , so that we may write 

u = {x, y,z), 'v = F^ {x, y, z), 


w^F^{x,y, ^)....( 2 ). 
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Now by ascribing any constant value to w, the first equa- 
tion of (2) may be considered as representing a surface, and 
by giving in succession different constant values to u we 
have a series of such surfaces. Suppose there to be a surface 
at every point of which y, z) has the constant value u, 

and let the four points P, P, P, G be in that surface ; also 
suppose there to be a surface at every point of whicli 
Pj {x, y, z) has the constant value ii + Sw, and let the four 
])omts -d, P, G, E be in that surface. Similarly suppose 
P, -d, Ej G to be in a surfiice at every point of which 
Fo Vo constant value v, and P, P, (7, P to be in 

a surface at every point of which P^ (x, y, z) has the constant 
value V *f Sy. Lastly suppose P, ^1, P, P to be in a surface 
at every point of which P^ [x, y, has the constant value 
and (7, P, P, E to be in a surface at every point of which 
F^ {xy 2 /, z) has the constant value w -h Sw, 

Let X, 2 /, ^ now^ denote the co-ordinates of P; we shall 
proceed to express the co-ordinates of the other points. The 
co-ordinates of A are found from those of P by changing u 
into 11 + Su ; hence by (1) they are ultimately when Bu is 
indefinitely small, 

clx^ , dy . , 

3'+^;*“' 

The co-ordinates of P are found from those of Pby chang- 
ing V into y + Sy ; hence by (1) they are ultimately 

/ dx^ , dy ^ dz ^ 


Similarly the co-ordinates of G are ultimately 

d. 

As/i <5? -t- 

dw 


dw 




dw " 


The co-ordinates of P are found from those of P by chang- 
ing y into V + Sy, and w into ty -h Siy ; hence by (1) they are 
ultimately 


do dw 


d.y 


dy 




dw 


dz ^ dz^ 

z + -y- oy H 7 “ OIL . 

dv dw 


Similarly the co-ordinates of P, P and G- may be found. 
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These results shew that P, A, JB, P, D, E, F, G are ulti- 
mately situated at the angular points of a parallelepiped; and 
the volume of this parallelepiped may he taken without error 
in the limit for the volume of the solid hounded hy the six 
surfaces which we have referred to. Now hy a known theo- 
rem the volume of a tetrahedron can he expressed in terms 
of the co-ordinates of its angular points, and the volume of 
the parallelepiped FG is six times that of the tetrahedron 
ABPG. Hence finally we have for the volume of the paral- 
lelepiped 


dx /dy dz 
\dv dw 


dx 

du 


dy dz\ 
dw dv) 


+ 


dy fdz dx dz dx 
duxd'D dw 


dz dx\ 
dw dv) 


du\dv dv) dw dvJ) 


Hence the triple integral is transformed into 

± JJJ VNdudvdw ; 


the ambiguity in sign would disappear in an example where 
the limits of integration were known. 


248. We have now given the theory of the 'transforma- 
tion of double and triple integrals ; the essential point in our 
investigation is, that we have shewn how to remove the old 
variables and replace them hy the new variables one at a 
time. We recommend the student to pay attention to this 
point, as we conceive that the theory of the subject is thus 
made clear and simple, and at the same time the limits of the 
transformed integral can he more easily ascertained. We do 
not lay any stress on the geometrical illustrations in the two 
preceding Articles ; they require much more development 
before they can be accepted as rigid demonstrations, 

249. Before leaving the subject we will briefly indi- 
cate the method formerly used in solving the problem. ' This 
method we have not brought prominently forward, partly 
because it gives no assistance in determining the new limits. 
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and partly on account of its obscurity ; tbe latter defect lias 
been freq^uently noticed by writers on tbe subject. 

Suppose jjvdxdy is to be transformed into an integral 

with respect to two new variables u and v of which the old 
variables are known functions. 

Let the variables undergo infinitesimal changes : thus 


dx du + ^ dv (1), 

du dv ^ 

«■ 


Now in the original expression V dx dy in forming dx we 
suppose y constant^ that is, = 0 ; hence (2) becomes 

0 = ^ cZm -f X 

du dv 

find dv from this and substitute it in (1) ; thus 
dx dy dx dy 

, du dv dv du /.v 

dx ^ du (4). 

dv 

Again, in forming dy in Vdxdy we suppose x constant, 
that is, dx==0] hence by (4) we must suppose du^^\ thus 
. from (2) 



From (4) and (5) 

^ ^ f dx dy dx dy\ ^ j 

dxdy —[-j- — 1 aw av ; 

\du dv dv duj 

and dy becomes 

JJ \du dv dv duJ 



CHANGE OE THE VAKIAELES. 


23G , 

With respect to the limits of integration we ,can only 
<^ive the general direction, that the new limits must be so 
mken as to include every element which was included by the 
old limits. 

250. Similarlj in transforming a triple integral 
JJJf dy dz 

tli6 process was as follows. Let tlie new vanaLles l)e to ) 
in forming dz we must suppose x and y constant ; thus we 
liav'e 

dz dz T dz j 

■ Q=^~du+~dv + ^dw, 
dll do dw 

Q^^ldu+fdo + '^fdio, 
da ’ dv . dio 


tlnis 


dz = 


Ndw 


dx dy dx dy 
da dv dv da 


•(1), 


where -S^has the same value as in Art. 247. 

Is ext in forming dy we have to regard x and z as constant ; 
hence by (1) we must regard w as constant ; thus we have 

dy dll di)^ 

^ /hr r/ i’l 


therefore dy — 


0 da ■\‘^dv; 
da dv ’ 

' dy dx dy dx 


dv da da do 


dv 


dx 

da 


,( 2 ). 
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And lastly in forming dx we suppose y and z constantj 
that is, hj (1) and (2) we suppose w and v constant; thus 

dx = ^^du (3). 

From (1), (2), and (3) 

dx dydz:=N du dv dw, 

251. The student who wishes to investigate the history 
of the subject of the present Chapter may be assisted by the 
following references. Lacroix, Oalcul Dif. et Integral, Vol. 
II. p. 205 ; also the references to the older authorities will be 
found in page xi. of the table prefixed to this volume. De 
Morgan, JDif. and Integral Calculus, p. 392. Moigno, Calcul 
Dif. et InUgral, Vol. ir. p. 214; Ostrogradsky, lUnioires de 
V Afiademie de 8t Fetershourg , Sixieme Serie, 1838, p. 401. 
Catalan, M4moires Gouronnds par V Academic.,. de Bruxelles, 
Vol. XIV. p. 1. Boole, Cambridge Mathematical Journal, 
Vol. IV. p. 20. Cauchy, Exercices d^ Analyse et de Fliysique 
Maih4matigue, Vol. IV. p. 128. Svanberg, Nova Acta RegicB 
Societatis Scientiarum TJpsaliensis, Vol, xili. 1847, p. 1. De 
Morgan, Transactions of PkH, Society, Vol. IX. 

p. [133]. Winclder, L ., ' -j • .. ■ Kaiserlichen Ahad. 
Math.,,,Glasse, Vol. xx. Vienna 1862, p. 97. 


EXAMPLES. 


1. Shew that if iu= asiii^sin^ and = 5 cos 0 sin (;&, the 

double integral JJ dx dy is transformed into 

± jj oh sin (j) cos <jf> d(f> dO. 

2. If £c = wsinahvcosa and T/^MCOsa--?; sina, prove 

that 


y) 


dxdy 




5) '///.(“.«'> 


dudv 


V (1 — v^) ' 
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Prove that 


Transform Jj Vdxdy, wliere y — xu and « = . 


If the limits of y be 0 and x and the limits of aj .be 
0 and a, find the limits in the transformed integral. 

n a(l+«) 

^ rv{l-vuy^dudv. 


^ Transform jje cZas Jy from rectangular to 

polar co-ordinates, and thence shew that if the limits 
both of X and y be zero and infinity, the value of the 

intesrral will he — “ - . 

° 2 sin a 


n & 

^ <f> (». d) ^^dy to polar co-ordinates, and 

indicate the limits for each order in the transformed 
integral. 


Shew that 

P p dxdy _ 1 
Jo Jo yyJ c 


tan 




ah 




Apply the transformation from rectangular to polar co- 
ordinates in double integrals to shew that 


r-rco 

J — 00 J ~ 


a dxdy 


27r 


, (aj^ 4- 2 /® -p a^)! (ai« A^fj^ a'=‘|4 a + d' 


^ Transform the double integral jj f{x, y)dxdy into one 

\ ' ■ 

/■ / 
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in which r and 0 shall be the independent variables, 
having given 

ai = r cos ^ -h a sin 0, ^ = r sin 0 + a cos 0. 

Besult* 

JJ/(r cos 0 + a sin rsiuO -ha cos ff) {a sin 20 — r) dB dr. 

Transform Jj e dxdy into a double integral where 

T and t are the independent variables, where ^ ^ and 

-h 'if ; and if the limits of x and y be each 0 
and CO , hnd the limits of r and t, 

' T dr dt 

~T+7~ * 

l(h If £C and y are given as functions of r and By transform 

the integral Jjjdxdydz into another where r, B and 

^ are the variables ; and if cc = r cos B and y — r sin 0, 
find the volume included by the four surfaces whose 
equations are r= a, ^ = 0, B — O^ and z^mr cos 6. 


Result 


r“ r' 

Jo Jo 


BesulL The volume = 


2 r® « n 7/1 7 

T m cos 6 du dr ^ ~— 
0 J 0 ^ 


If ax = yz^ ^y = = xy, shew that 

////(«. R7)*i3<Jy-i////(f. f. ?)*><!»*■ 

Transform 

a?j = J* sin 0 cos cc 3 = r cos 0 cos''!'’, 

= r sine sin cc, = r cos 6» sin 

JResuIt. ffjf sin 0 cos B dr dB d(f> d^p'. 


2Vj examples. 

l|;, Find the elementary area included between the curves 
^ (^, y) (^j 3/) =='y; and the curves obtained by 

giving to the parameters u and v indefinitely small 
increments. 

Find the area included between a parabola and the 
tangents at the extremities of the latus rectum by 
dividing the area by a series of parabolas wliich touch 
these tangents and by a series of straight lines dravvn 
from the intersection of the tangents. 


] t Transform the triple integral Jjj f{x, y, s) dx dy dz into 

one in -whicli r, y, z are tlie independent variables 
having given f' {x, y, r) = 0 ; and change the vari- 
ables ill the above integral from x, y, z to r, d (h 
having given ’ ’ 


V y. »•) = 0, {y, a, r, 6) = 0, (s, r, e, <l)) = 

dx dy dz 


hi Transform the double integral 


jj dxdy 


1 F 


'dz 




^dxj ^ \iiy 

Ij tl.o equation 

l.at4 thaari’!.U«,“ 9>. 

*-ain^V(I-m'«n"«), j,> o«s« cos A, ’ 

^ ~ ^ v'(l - n" sin‘ ^), .j. ^ 

Hence prove that 


ir TP 
‘2 


f’f" 


_ m^cQs^0+n ^ cos' <f, 

V(l~ to' sin' ^(1 ~ fi‘ = 2 
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Transform the integral jjj dx dy dz to r, 6^ where 

03 = r sin ^ ^/{l — cos®^), y^r cos (f) sin 6^ 

z = r cos 0 a/(cos®<^ + sin® (f>). 

7? 7 rr { (^^ ■“ ^) sin®^} dr d9 dcf> 

JjJ V(1 cos^O) V(cos®^ + sin®^) 

Transform the expression JJ ^ sin 9 d9 d^ fox a volume, 
to rectangular co-ordinates. 

Result. — fx — qy) dxdy ; this should be in- 

terpreted geometrically. 


Ifo3 + y-l- 2 f = w, x+y=^uv^ y — uvw^ prove that 

r^riri 

Vdx dy dz^\ Fu^v du dv dw. 

0 J 0 J oJ 0 


If x^=^r cos9^, 

032= r sin cos 0^, 
ajg = r sin 6^ sin 9^ cos 6^ , 


(x^n-i = ^ ^ 2 - • • sin ^„_2 cos , 

Xn = T sin sin 0^. . . sin sin , 

shew that jjj F dx^ dx ^, . . dx^ 

= + |jj. F' d6^ d0, dd„_„ 

where V is any function of 03^, a32,...03„, and V' what 
this function becomes when the variables are changed, 
and II stands for 


(sin (sin sin 9„^^. 


T. T. C. 


16 
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CHAPTEE XII. 

DEFINITE INTEaEALS. 


252. TVhen tlie indefinite integral of a function is known, 
we can immediately obtain the yalue of tlie definite integral 
corresponding to any assigned limits of the variable. Some- 
times however we are able by special methods to assign the 
value of a definite integral when we cannot express the 
indefinite integral in a finite form ; sometimes without actually 
finding the value of a definite integral we can shew tliat it 
possesses important properties. In some cases in which tJie 
indefinite integi'al of a function can he found, the definite 
integral between certain limits may have a value which is 
worthy of notice, on account of the simple form in which it 
may be expressed. We shall in the present Chapter give 
examples of these general statements. 


We may observe that a collection of the known results 
with respect to Definite Integrals has been published in a 

-^fsterdam, by D. Bierens de Haan, under 
the title of Taihs d Iniegrales Ddfinies, 


2.53. Suppose/(a;) and/(a;) rational algebraical functions 
ot x, and/ of lower dimensions than F{x), and suppose 

£dT=“Ze of “ “9™“ *» 

It will be seen that under the above suppositions -tlm 
^ilues^of'xT becomes infinite for real 
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Let a + /S V(“ 1) a ~ V(~ 1) represent a pair of the 
imaginary roots F{x)=Q‘, then the corresponding quadratic 

~F ( cg\ 

faction of the iSeries into wliicli Tbe decomposed, 

may be represented by 

2 A (cc — a) + 2 j5/3 

tlie constants A and B being found from tbe eq^uation 

(Art. 21). • 

• r- 'V V -/j 

r dx 

25/3 dx 


A — BJi— 1 ) - ^ 


Now 


: 25 tan 


— a 

X’ 


tlierefore 


/" 

-oc 


(a: — a)^ + /3“ 


■2^7r. 






and it is obvious that tbe latter integral between tbe assigned 
limits is zero, for tbe negative part is numerically equal to 
tbe positive part. Thus ^Btv represents tbe part of tbe 
integral corresponding to tbe pair of imaginary roots under 
couKsideration. 


If tbcn we suppose F{x) to be of 2n dimensions, and 

B^, B^i to be tbe n terms of which we have taken B 

as tbe type, we have 

/“^5^^ = 27f{4 + 5,+ +B„]. 


254. As an example of the preceding Article we take 
,, r x^dx 

where m and n are positive integers, and. m less than n. Here 

A - i? v'(- 1) = 2 ^ + ^ V(- ’ 

16—2 
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and it is known that the values of a + /3 \/(“ 1) are obtained 
from the expression 


cos 


2n ^ 2n 


up to 


by giving to r successively the values 0, 1, 2, 

^ — 1 : • see Plane Triggnometry^ Chapter xxili# 

Thus, by De Moivre’s theorem, 

{a + /3 =' cos + a/(- 1) sih 

where 

so that 

cos ^ + V(- 1) siu ^ = - cos (2r + 1) 0 + V(- 1) sin {2r + 1) 6, 

where 
Hence 

^ - ■^'/(~ 1) = ^ _ cos (2r + 1) ^ + V(- 1) sill + 1) ^ 

_ cos (2y + 1) g + V(- 1) sin (2r + 1) 6 _ 

, . ^ sin (2r + 1) 0 

therefore B = . 

Hence 


n 2W+ 1 

— X W. 

2w 


* x^^dx TT 

= — •{ sin 


/j 


+ 71 


^+sin3^ + sin50 + ...+ sm(2n — 1) . 


The sum of the series of sines may be shewn to be 
; see Plane Trigonometry^ Chapter xxiL and in the 

sin 6 

present case n6 so that sin^7z0 = 1. Therefore 


/. 


X 


TT 


1 + X^ . 277i + 1 

n sm T TT 

%n 
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f cc 

It is obvious that / - 
Jo 1 

that is, 






is half of the ahoYe result, 


/ 

Jo 


TT 


1 + 


. 2?71 + 1 

2n Sm — TT 


2n 


255. In the last formula of the preceding Article put 
= y, and suppose == h ; thus we obtain 


2)1 


i 




dy _ 


(1). 


0 1+2/ sin /cTT 

This result holds when h has any value comprised between 
0 and 1. For the only restriction on the positive integers m 
and n is that m must be less than n, and therefore by pro- 

2)71 + 1 

perly choosing m and n we may make — — equal to any 

assigned proper fraction which has an even denominator when 

-| X 

in its lowest terms. And although we cannot make — 

exactly equal to any fraction which has an odd denominator 
when in its lowest terms, yet we can make it differ from 
such a fraction by as small a quantity as we please, and thus 
deduce the required result. 

In the last result put a?’* for y, where r is any positive 
quantity ; thus 


f 


^ dx 


that is, 



TT 

sin IcTT ’ 

TT 

r sin kir ‘ 


/, 


“ a?® ^ cZa; 

T+¥"' 


TT 

. S 

irsin- TT 
r 


Let hr-s; thus 
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The only restriction on the positive q[uantities. r and 5 is 
that s must be less than r. 


The student will probably find no serious difiiculty in the 
method we have indicated for proving the truth of equation 
(1) when is a fraction which has an odd denominator when 
in its lowest terms ; nevertheless a few remarks may be made 
which will establish the proposition decisively, and which 
will also serve as useful exercises in the subject of the pre- 
sent Chapter. 


Let 


Jo 

J(y 1 + 2 ^ 1 ^ 


and by putting - for y we find that 


f Wy - thus 

J, 1+^ l + z’ 


.rfl 

Jo 1 


+f‘ 


dy. 


Therefore 


■ + y 


■«. 


Equation (2) shews that ^ is negative if is con- 

stantly positive, and positive if — y"^ is constantly nega- 
tive, between the limits 0 and 1 for y. Hence ^ is negative 

or positive according as y, is less or greater than i . Thus u 

A 


diminishes as h increases from 0 to - , and u increases as h 

A 

increases from ~ to 1, 

A 
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Now let ^ denote any fraction in its lowest terms, in 
wliicli ^ is an odd integer ; and let p be any even integer. 


Let Tc, 


pa-- 

jp/3 


and \ = - 

^ p/3 • 


u,, ^^3 denote tbe values of f ^ when for k we sub- 

Jo 1 • ^ 

stitute \ respectively. Then by ecjiiation (1) 


and let K denote 7: . 

/3 

+y 


Let 


^ sin kpr 


and — . 

“ sin A* TT 


Now we may take p so large that \ and \ shall be both 

greater or both less than “ ; and then by the inferences drawn 

from equation (2) it follows that must He numerically be- 
tween Wj and Thus cannot differ from or by so 
much as the difference of and ; and therefore a fortiori 

cannot differ from ^ — by so much as the difference of 

2 sin kpr ^ 

and Hence as p may be indefinitely increased we 

77* 

have finally y~ 

sin /Crt' 


''<>7T 


^ Evilerian Integrals, 

2S6.. '.vJ^W'l.efinite integral 

f (1 — 

J 0. 

is called tliQ first Eulerian integral; we shall denote it by the 
symbol B{ly m). This integral is sometimes called the Beta 
function. 

The definite integral 

f 00 

I e”"® dx 
J 0 

is called the second Eulerian integral ; it is denoted by the 
symbol V (n). This integral is sometimes called the Gamma 
function. 
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We shall now give some of the properties of these inte- 
grals ; the constants in these inte^-als, which we have denoted 
bj ?5 m, n, are supposed in all that follows. 


257. In the first Enlerian integral put jc = 1 — 3 . 

thus f (1 — dx= f (1 — dz • 

Jo Jo ’ 

this shews that the constants I and m may be interchanged 
without altering the value of the integral; that is, ° 

JB (I, m) — JB (m, Z). 

Again in the first Enlerian integTal put x = ; thus 

[ (1 - xy'‘-' dx==r • 

Zo Jo (1+y)"” 

In the same integi-al put x = — — ; thus 

1+y 

(1 - x)’"-^ dx=l“ 

Jo Jo 

258. I^et = y, so that a: = log - ; then we have 


which consequently gives another form of T (n). * 

259. We have by integration by parts 

j e'‘x^dx~ — e'^x” + nje~’’ x”-~^dx ; 

“I ST‘Sl) "■ • (Seo 


that 


IS, 


^ 00 

e-^x’‘dx=^nj^ e-^x’‘-^dx; 

r (m -f- 1) = nT (n) 


(!)• 
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Since je = — 6*“^ we have J e ""dx 1 ; that is, 

r(i) = i (2). 

From (1) and (2) we see that if n be an integer 

When n is not an integer we may by repeated use of 
equation (1) mate the value of V (n) where 7i is greater than 
unity depend on that of T (m) where on is less than unity. 

260. By assuming hx = ^ we have 


261. We shall now prove an important equation which 
connects the two Eulerian integrals. 

-.00 ^00 

Integrate the double integral / I 

Jo JO 

first with respect to aj ; we thus obtain, by Art. 260, 

of-^dy 


'(Z + m) J 


(1 + 2/)^' 


Again integrate the same double integral first with respect 
to y ; we thus obtain 


fo 


that is, 
that is, 
Hence 


r (m) J ^“‘at^dx, 


dx^ 


f 


r(m)r(i). 

" _r(Z)r(wi) 

(i+yy-""* r(z+m)'' 

Hence, by Art. 257, 

, r(Z)rH 

r(i+m) ‘ 
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262. In the result of the preceding Article, suppose 
Z 4- m = 1 ; thus, .if m is less than unity, 

Jo 1 + y ^ ^ ^ 

since F (1) = 1. Hence, hy Art. 255, if m is less than unity 


r(TO)r(i-m) = ;T 


TT 


Sin mir 


263, Put m = J in the last result ; then 

r(i)r(i) = 7r, 

therefore T ( J) = V^r. 

Or, without using Art, 255, we have 

therefore P (J) = V'tt. 

We will give another proof of the last result. 

Let u= I then it is obvious that u also 


thus 


' = e-^’dxx j e^^dy 


A GO ^00 

This double integral is shewn in Art. 204 to be 


(Ai-t. 66). 


r27r /“» 

= i I e^^rdOdr — 

JO JO 


TT 

4' 


therefore 


XL 
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Now 

r (1) = f dx ; put x == y^, 

J 0 

thus 

.00 

r(i) = 2 e"^Vy = 2i^ = V7r. 

Jo 


264. We shall now give an expression for V {n) that will 
afford another proof of the result in Art. 262. We know that 
— 1 

the limit of — — when h is indefinitely diminished is logo?; 
hence 

SO we may write 


where y is a quantity that diminishes without limit, when h 
does so. 


Put 7i== then, hy Art. 258, 


r (n) = j (1 — x^'Y + j ydx. 

In the first integral put c»= thus 

r {n) - \\jdx = {I - ^Y'^^dz. 

Jo Jo 

We have it in our power to suppose r an integer; then 
the integral on the right-hand side, by Art. 33, is 

1>2.3 r 

+ ^ — 1) 

Let r increase indefinitely, then y vanishes and we have 

, n 1.2.3. 71—1 

r (n) =?! limit of . ^ , — — • 

'• ' n (n + 1) (5i + »' — Ij 
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265. From the result o£ the preceding Article we have 


ilJSl 

r (w — m) r («, + m) 




on 


ofn^ \ 


Ail- 


thus 


A particular case of this is obtained by supposing n = 1 ; 


r (1 — m) r (1 4- m) 




the expression on the right-hand side is known to be eq^ual to 
sin mir 


mir 


see Plane Trigonometry^ Chapter xxill. : thus 


r (1 — m) r (1 + wz) : 


therefore 


r (ot) r (1 -m) = ^ 


oniT 

sin mir ’ 

TT 


sin WTT 


(Art. 259). 


266. We shall now establish the following equation, n 
being an integer, 



First suppose n odd; in Art. 262 put for m successively 

up to - - — 5 and multiply : thus 
n ^ 2n . 


n-X 



= (27r) “ 

(See Plane Trigooiometry, Chap. XXlll.) 


IText suppose n even; in this case put for m successively 

1 2 Hj 2 

up to — , and form the product as before ; then 

nn^2n ^ ^ 

multiply the left-hand member by V (J) and the right-hand - 
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member by the equivalent hjTT) then we obtain the same 
result as before. 


267. A still more general formula is 


rwr(.+ 3r(«+H) r(.+lri 

= r {nx) 

wliicli we shall now prove. Let ^ (as) denote 


n-1 


nV (rix) 

we have then to shew that ^ {x) = (27r) 2 
We have 

n''^T{x + l) r ^a; + l + i)....r (x + 1 + ^) 

{nx + n) 


^ (a; + 1) = • 


n^'x { x-\- 


(*+■ 


w— 1 


{nx 4- n — 1) (nx + w — 2) nx 

= ^ (x). 


^(x) 


Similarly ^ (cc -f 2) = ^ (a; + 1) = </> (a;) ; and by proceeding 
thus we have 

<}) {x) (a? +m), 


where m may be as great as we please. Hence <p {x) is equal 
to the limit of ^ (/a) when fi is infinite ; thus cj) {x) must ie 
independent of x, that is, must have the same value whatever 
X may be; hence (j){x) must have the same value as it has 

when theorem follows by the preceding Ar- - 

tide. This theorem is ascribed to Gauss ; a more rigid proof 
is given in Legendre’s Exercices de Galcul Integral^ VoL II. 
p. 23 ; see also the Journal de VEcole Polytechnigue^ Vol. xvi. 

p. 212.' 
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268. Take the logarltlims of both sides of the formula 
established in the preceding Article, and differentiate with 
respect to x ; thus we obtain 


r[x + -) F('a! + — ) 

r(«) r(x) + ;p:| + r(.+^) 


nV' (nx) __ r' (£c) 


+ log n. 


.(1), 


where V {t) stands fox . 

Differentiate again ; then, putting z for nx, we obtain 




bnogr(a:) 


[ dxf 

dx^ 




+ 


dnogVi 


^ J\ 

dx^ J 


If n be made infinite the right-hand side vanishes, for it 
becomes ultimately 


1 hgVjx) , 

- I dx^ 


nj, 


that is. 


1 { dlogTjx^l) dhgVix) 


dx 


dx 


Hence we see that if z be infinite -■ vanishes. 

Now + r(a?-p3) , 

a; x(x + l) x{x + l){x + 2)’ 

take the logarithms and differentiate twice with respect to aj : 
thus 


dx^ 


X 


+ 


(x^2) 


j+ o,d wf , .... (2). 
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The series just given is convergent for every positive 
value of 07. 

Integrate between the limits 1 and a? ; thus 
dx \ x)'^\ix + h 


+ 


fl — L_ 

V3 x + 2. 


+ . 


( 3 ), 


wliere — C stands for the value of — — when a; = 1. 

ax 


The series whose term is 


for every positive value of x, as we may infer from the fact 
that It is obtained by integrating between finite limits a con- 
verging series in which all the terms have the same sign; or 
we may infer the convergency of the series from the fact that 

the general term, being ^ 4 I a? — 1 ) i^iinierically less than 
^ , so that the series is numerically less than another 

\Tb IJ 

which is known to be convergent. 

The quantity G is called Muler^s constant^ it may be pre- 

• r ill 

sented under various forms. It appears above as — - ^ ^ , 

that is as — r'(l). Now P (w) = I e~’‘ x'^~'^ dx •, therefore we 

J 0 

^00 ^00 

have P' (ra) = | log x dx, and P' (1) = I e"® log x dx. 

I JO JO 

Again suppose ® = 1 in (1) ; thus 


P'(9l) , 1 

— — log n = - 


T{n) 


r'(i) 


n P (1) 


+ 




■f 


+ ' 


P' i-b 


m-l\l 


P 1 + 


ai-1 
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Increase n indefinitely; tlien the right-hand side he- 

r d 

comes a certain integral, namely J ^ log T (x) dx, that is 
log r (2) — log r (1), that is zero. 


— log n, when n is made infinite, 

I [n) 


Hence the limit of 
is zero. 

In (3) suppose x infinite ; hence, with the aid of the result 
just obtained, we see that 0 is equal to the limit when n is 
infinite of 


l + _ + _ 4 .-+ +--log«. 

It is easy to shew by elementary considerations that this 
limit is finite. See Algebra, Chapter LV. Example 12. 

The value of 0 to 10 places of decimals is ’5772156649 ; 
the calculation has been carried to more than 50 places of 
decimals by W. Shanks : see Froceedmgs of the Eoyal Society, 
Vol. XV. p* 429, and VoL XVI. p. 154. 


269. In equation (2) of the preceding Article change x 
into CC + 1; thus 


log r (1 + eg) ^ 


I + - 


da? {x + 1)® {x H- 2)^ {x -f 3) 

differentiate ^ — 2 times ; thus 

logrci+cc) ^ _ 1 / is„ f 1 , 1 

da? 1 ' |(a! + l)"‘^ (a; + 2)” 


+ ...; 


+ 


(a: + 3) 


n+ •• 


Let 8„ denote the infinite series 1 + ^ + ... ; then, if 

n he not less than 2, the value of — ? when 

X = 0, is \n-\ (- iy8„. 



DEFINITE INTEGRALS, 


257 


Also tlie value of , when a? = 0, is — G] 

dx 

and log r (1 + uj) = 0 when a; — 0. Hence, hy Maclaurin’s 
Theorem, 


logr(l + a!) = -0b + ^ 

M 


S^x* 

“r+T- ■"■••• 


The series is convergent as long as o) is numerically less than 
unity. Now by the property of Art. 2G2, combined with that 
contained in equation (1) of Art. 259, it follows that T (x) is 
known for all positive values of x if it be known for all 

values of x between 0 and or for all values between - 

and 1, or for all values between 1 and 1^, and so on. And 
the series just given will enable us to determine the value of 
logT (ir), and tlience of P (a?), for all values of x between 1 
and ; so that we may consider that P (x) can be calcu- 
lated for any positive value of x, 

Legendre has constructed a table of the values of log P (x) ; 
and an abbreviation of this table is given in De Moi’gan’s 
Differential and Integral Gahulus, pages 587... 590. We may 
also refer to an article by II. M. Jeffery on the Derivatives of 
the^ Gamma-Function in the sixth volume of the Quarterly 
Journal of Mathematics* 


270. A higher degree of convergency may be given to 
the series obtained for log P (1 + a?) thus : 


now 


logr(l + a;)=- Ou-h 


8,x^ 8,x' 


3 


,Q ^2 a » 

logr(l-a!)= Cx + ^+^ + . 
T{l + x).r(l-x)=xT{x)T{l-x) 

XTT 


sm XTT 


, by Art. 262 ; 


T. I. C. 


17 
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therefore log == 1 + 1 'S', a)® + . . . , 

° sm ajTT ® 2 3® 


and logr(.l + a,) = ilog^-t7ir-^ 


X 


The result may also he -written thus : 


iogr(i+^) = liog5j^-liog 


1 + cc 
1 — cc 


+ (1 _ CT) a,-i (^3- 1) a!®-i 1) 


and now the series in the last hne converges rapidly when x 
is numerically less than - . 


271. From equation (2) of Art 
cZ^log r (x) 
dx^ 


268 we see that 
is always positive, and is finite if x he positive : 


increases 
ax 

0 to infinity, and therefore cannot vanish more than once. 
Thus r {x) cannot have any maximum within this range of 
values of x, nor can it have more than one minimum. It is 
easy to see that T (os) has one minimum, between x=^l and 
a;==2; for T (2) = T (1). 


algebraically as x increases from 


To determine the minimum of P (1 + x) we differentiate 
one of the series foimd for log F (1 + cc), and equate the result 
to zero. This gives an equation from which it is found by 
trial that 1 + aj= 1-4616321.. .. 


272. Many definite integrals may be expressed in terms 
of the Oamma-junotion ; we shall give some examples. 

The integral / dx becomes by putting y for aV 
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. . . CG^ ^ {I — dec , X y n 

“‘J. " ' (»+■.)"- P"*^+iT+^- ™ 


olitain 


^ that IS ^ r (Z) r (m) 

a” (1 + a)‘i„ ^ ^ a™ (1 + a)' T (^ + m) ' 


r yrH 


2 r f- + m 


Again, in f x^~^ (1 — dx put x^ — y\ thus we obtain 
*/ 0 

if / ' (1 that is, 

0 

TT 

coB^O dO = 

J 0 

(7+1 

-V^ = 

0 

Again, in / 7 — 

Jo 


Thus 


ri 

^ dx 
J 0 


'P + ^p/^ + l 


2T 




we obtain 


x^-^jl-xy^-^dx hy . 

a® + i (1 - a;) a (1 _ y) + 

a'i™/, ^ ZrTrTrVm) ■ 

fl Ct 

273. In / (a — xf^^^dx put x — ay\ thus we obtain 

^ 0 

<^^-"\\y'-\i-yT-^dy, that is, 

274. It is required to find the value of the multiple iu' 
^tegral 

JJJ. , y^”^ ..dxdydz,,. 


17—2 
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the integral being so taken as to give to the variables all 
positive values consistent with the condition that + 
is not greater than unity. 

We will suppose that there are three variables, and conse- 
quently that the integral is a triple integral ; the method 
adopted will be seen to be applicable for any number of 
variables. 


We must first integrate for one of the variables, suppose z] 
the limits then will be 0 and 1 — a?— y; thus between these 
limits 






(1 -x-yY 
n 


r(« + i) 




Next integrate with respect to one of the remaining varia- 
bles, suppose y\ the limits will be 0 and 1 — a;; and between 
these limits, by Art. 273, 


fy” ^[l-x~yYdy = 


(l-a))"^»r(m)r(n4-l) 

r (m -h 71 H-l) 


Lastly integrate with respect to x between the limits 0 and 
1 ; thus between these limits 



~\m+n _ r (Z) r (m + n + 1) 

^ V(l + m + n + iy 


Hence the final result is 


r(^) 
r ('/i -j- 1 ) 


that is, 


r (m) r (??< -f- 1 ) r (Z) r (m w -f 1 ) 
r(7?i+n-i-i) r (Z-i-m-h72+ 1 ) ’ 

r [i ) r (m) r {n) 

r (Z + m + n-hl) * 


275. It is required to find the value of the multiple in- 
tegral 

jff...yr-\r^.,.dsdvd^... 

the integral being so taken as to give to the variables all 
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positive values consistent with the condition that 


lY 




is not greater than unity, 

(ly 


Assume 


x = 


y 


“W’ 


Then the integral becomes 




>' r r 

z"' ...dxdy dz .. 
J J J 


with the condition that x+y-\-s + ... is not greater than 
nnit 7 . • The value of the integral is, therefore, by the pre- 
ceding Article 




pqr. 


6 m n 

+ ~ 4- + 1 

P S ^ 


This theorem is clue to Lejeune Dirichlet; we shall give 
Liouville’s extension of it in Arts. 277 and 278. 


276. As a simple case of the preceding Article we may 
suppose j?, J, r, ... to be each unity, and a, /S, 7 , ... each equal 
to a constant h; thus the condition is that 4 - ^ 4 - *•- is 
not to be greater than L Therefore the value of the integral 

r(Qr(m)r(n)... 
ril+m + n+... + l)’ 
which we may denote by 

Similarly if the integral is t5 be taken so that the sum of 
the variables shall not exceed h + Ah, we obtain for the result 

Hence we conclude that the value of the integral extended 
over all such positive values of tlie variables as make the 
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sum of the variables lie hetweeu h and h + AA is 
N{{h^ 

and when AA is indefinitely diminished, this becomes 

^ (Z + m + n + . . .) Ml, 

that is, E fel iii A'^+»+-'AA. 

' r(Z + m + 7 i + ...) 

277 . It is required to transform to a single integral the 
multiple integral 

the integral being so taken as to give to the variables all 
positive values consistent with the condition that £c+^+^+--* 
is not greater than c. 

We will suppose for simplicity that there are three 
variables. By the preceding Article if / (ic 4- 3/ + 2;) were 
replaced by unity that part of the integral which arises from 
supposing the sum of the variables to lie between h and 
A + AA would be ultimately 

r (Z) r (ffl) r (n) 

V 

And if the sum of the variables lies between Ti and A + A^, 
the value of jf(a3 4 3/4 2;) can only differ from f{h) by a 
small quantity of the same order as tJi, Hence, neglecting 
the square of A/^, that part of the integral which arises from 
supposing the sum of the variables to lie between h and 
h 4 Ah is ultimately 

r{l+m + n) ■' ^ ' 

Hence tbe whole integral is 

r (Z) r (m) r (w) 
r(Z + m+n) 

This process may be applied to the case of any number of 
variables. 
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278. Similarly the triple integral 

for all positive values of the variables, such that 

is not greater than c, is equal to 



This process may be applied to the case of any number of 
variables. 


279. It is required to transform to a single integral the 
double integral 




II 


[u -I- ai 2 ? -f hyY^^ ’ 


where the integral is to be taken for all positive values of 
X and y such that a? + y is not greater than h ; the quantities 
a, and h being all positive constants. 


'I 


'(^Suppose that a is not less than 1. We have 

u:\'ax-{'ly = U’\'a{x-\-y) — {a’-'b)y^ 97, 

where U stands for w + a (a? +y), and 97 for {a — 1) y. Thus 

4 , ,i , . 

(u-^ ax-\-hy)~^~^ 'l/X-t ' I" ' 


= U-’r^h + ip. + q)jj+ 


7) jp + g) (p + q + 1) y 


1.2 


77“ 


+ 




the series here given being convergent. 

The proposed double integral may now be transformed by 
applying the method of Art. 277 to every term. Thus the 
double integral 
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fM r(y)r(^) , r(y)r(g+i) {a-hy*^ 

Jfl lr(p+2) {u+aty*'^'^ r(p+g + l) 

, r(^)r(g+2) [p+q){p+q + l) ] 

V{p + q + 2) 1.2 {u + ai)^'^'^ ""J 

f r(g) {p + q)V(q+l) (a-h)t 
. Jo (w + |r (j^ + g^) r(p + g' + l) u-i-at 

4. (y + g) (;? + g + l)r(g + 2 ) {a -Iff 1 , 
r(p + 2+2} 1.2 (w + a^)^ '“j 


= ^ ^elZig) f Ji _L 

r (jp 4- g) Jo (w 4- I 'li 4- 


. £ii±l) , 

1.2 




_ r(j>)r(g) f, ^ 

r(g3+g) Jo (z^ + a^rM ' z^ + aO 

^ r(p)r(g) 

“ r(gy4’2) Jo (u + aty {u ’j- ky 


In a similar manner we may transform to a single integral 
the triple integral 



^ dx dy dz 

{u-^ ax'\'l)y + ^ 


where the integral is to be taten for all positive values of x, 
y, and ^ such that ar 4- z/ 4- ^ is not greater than k ; the quan- 
tities u, a, 5, and c being all positive constants. 

Suppose that a is not less than h or c. We have 
'U’i' ax -\‘by cz=^ a {x+ z) -^hy -- {a — c) z. 

Proceeding as before we find that the proposed triple inte- 
^al can be transformed into a series, each term being of the 
form represented by the product of 



DEFINITE INTEGEALS. 


265 


{p-\- q + r){p + q-^r+l) ... {p-\-q + r 

IP 


{a-cY 


and tlie triple integral 



1 dx dy dz 
[u ax az * 


Then, as before, we can shew that the triple integral just 
expressed can be transformed to 

'r( ^) T{q) V{r + p) 

T(p + q + r-i-p) Jo '(w + {u + ItY’ 

Hence finally the proposed triple integral is seen to be 
equal to 


r(p)r(^)r(r) 

rh ^l>+2+r-l , 

{a - c) i] 

r (p + 2 + r) ■ J 

0 {u + atf" {u + bty ] 

[ U’\- at ] 


that is, to 


r( ;9)r(g)r(r) p 

r (p + 2 + r) j 0 (w + aty {u + bty {u + cty * 

This process may be applied to the case of any number of 
variables; and it may receive extensions similar to those 
which Arts. 277 and 278 supply of the process in Art. 275. 


280. It is required to transform to a single integral the 
multiple integral 


III + + 


+ a^Xn) dx^ dx^,. . dXn^ 


the integral being so taken as to give to the variables all 
values consistent with the condition that is 

not greater than unity. 

By successive application of a transformation for a double 
integral given in Art. 242, the multiple integral may be 
reduced to 

///. ‘ ^^2 ‘ • * 


where 


266 


DEFJNITE INTEGRALS. 


and these transformations do not aflPect the condition that the 
sum of the squares of the variables is not to be greater than 
unity. 


We have first then to find the value of the multiple integral 





the variables being supposed to have all 


values consistent with the condition that x^ ^ 
is not greater than 1 — a?/. First suppose that the variables 
are to have orUj positive values ; then we obtain the value of 
the integral by supposing in Art. 275, that each of the quan- 
tities Zj ... is unity, that each of the quantities^, is 
equal to 2, and that each of the quantities a, ... is equal to 
//(I Thus the result is 


{r(i)r 


2»-ir 






But if the variables may have negative as well as positive 
values, this result must be multiplied by Thus we get 




«-i 
2 \ 2 


W “ 1 


+ 1 


Hence, finally, since the limits of x^ will be — 1 and 1, the 
multiple integral is equal to 


n_i 



— a?/) ^ dx^. 


This agrees with the result given by Professor Boole in 
the Gambridge Mathematical Journal^ Wl. iii. p. 280, as it 
may be found by integrating his equation (15) by parts. 


281. It is required to transform to a single integral the 
multiple integral 



+ 

V(1 - - x^ 


+ a„x^ 


dx^dx^...dx„, 
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the integral being so taken as to give to the variables all 
values consistent with the condition that + a;/ + ... + 
is not greater than unity. 

. As in the preceding Article the integral may be trans- 
formed into / 



-77- 


First integrate with respect to the variables ujg, ... 
the limits being given by the condition that x^ + -t x^ 
is not greater than 1 ~ Now if the variables were re- 
stricted to positive values, the integral 


Ilf 




dx^ dx^ 


■ dx^ 




by Art. 278 would be equal to 




that is, to 

-L mnn.^4 

2”-^ r ^ ' 


ra)r 


n — 1 


that is, to 




(Art. 273), 


r.i 


But if the variables naay have negative as well as positive 
values, this result must be multiplied by 2"~h Thus we get 


n 
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Hence finally, since the limits of are — 1 and 1, the 
multiple integral is equal to 






282. Many methods haye been used for exhibiting in 
simple terms an approximate value of T + 1) when n is 
very large: we give one ot‘ them. 

The product vanishes when cc = 0 and when cc = oo ; 
and it may be shewn that it has only one maximum value, 
namely when x = n. We may therefore assume 

, ( 1 ), 

where ^ is a variable which must lie between the limits — oo 
and -h CO . 

Thus j e-^x^dx^e-^n”! e^'^dt (2). 


Take the logarithms of both members of (1) ,* thus 

X'—n log a: = w — log 

put x = n^-u\ thus 

u — n log {n 'ui) — — n log n 


( 3 ) ; 

( 4 ) - 


But by Taylor’s Theorem 


log (n-{-u) = log n + 


u 


n 2 + 011 ^ » 

where ^ is a proper fraction ; thus (4) becomes 


nu 


therefore 


^(n + euf ■ " ’ 
^/(n) u 

V(2J (n + 0u) 


= . 


•( 5 ): 
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therefore 
But from (3) 


w = 


V(2) ni 
^J{n) — 


( 6 ). 


dx _ , 2nt 

at x — n u 


= ^(2^) + 2 (1 - ^) ty (6). 

Hence (2) becomes 

/ e‘^£c”c& = e‘”n’* {a/( 2«) +2 (1 - 0) i} 

Jo J —00 ", 

f dt^ sj (tt) ; thiis ^ ^ 

J —00 ' . • " 

= e’»V(2«7r) (1 + (1 - 9) < *1 W- 


and 


But since 1 ■“ 0 is positive and' less than unitj, the nume- 
- 00 ^00 

rical value of J (1 — 0) t dt is less than j that 


is, less than Hence we conclude from (7) that as n is 
increased indefinitely, the ratio of r(?z+l) to e~'^ n!' {^nir) 
approaches unity as its limit. 


We may observe that in the original equation (1) we 
have f and not t itself ; hence the sign of t is in our power, 
and we accordingly take it so that equation (5) may hold, 
supposing positive. 

(See Liouville’s Journal do MatMinatiques^ Vol. X. p. 464, 
and Vol. xYll. p. 448.) 


Bejinite Integrals obtained by differentiating of integrating 
with respect to constants, 

283. We shall now give some examples in which definite 
integrals are obtained by means of differentiation with respect 
to a constant. (See Art. 213.) 
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To find the value of 
integral u ; then 


f"e-aw 

JO 


cos 2raj dx. Call tlie definite 


2rx dx. 


Integrate the right-hand term hy parts ; thus we find 


therefore 


du ^ 

2ru 

dr 


1 

1 

bjc; 

o 

2r 

dr 



therefore 


log u — ■ 


j + constant, 


therefore 


u=^ Ae 


where -4 is a quantity which is constant with respect to r, 
that is, it does not contain r. To determine A we may suppose 

r = 0; thus u becomes J that is, — , (Art. 272). 


Hence A ■■ 


and 

2a ’ 


f 


cos irx dx : 


a/tt 

2a 


e a'*, 


284 We have stated in Art. 214, that when one of the 
limits of integration is infinite the process of differentiation 
with respect ^to a constant may he unsafe ; in the present case 
however it is easy to justify it; we have to shew that 

/ pdx vanishes where p is ultimately indefinitely small ; 

J 0 

it is obvious that this quantity is numerically less than 
p^ / dx where is the greatest value of p, that is, 

JO 
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» / ■ . . . 

less than ^ hut this vanishes since does. Similar 
considerations apply to the succeeding cases. 


285. To find the value of Denote it 


by u, then 

li 

/ cos rx dx. 

Jo 

But 

J cos rx dx = 

r sin rx — k cos rx 
^ + 

therefore J 

cos rx dx == 

0 

h 


thus 

dvb 

k 

dr 

k^ + r^’ 

therefore 

u = 

tan~‘ ^ . 


No constant is required because u vanishes with r. This 
result holds for any positive value of h ; if we suppose k to 
diminish without limit, we obtain 


^ “ sin rx 
0 ^ 



if T be positive; if r be negative the result should be — 


TT 

2 * 


We can now determine the definite integral 
' sin rx cos sx 
fo ^ 


f 


■ dx; 


for it is equivalent to 

J J ■ ; 

and the value of each of these two definite integrals can he 
assigned. 
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J 286. To find tlie value of f e dx. Denote it by 

J 0 

u, then 

du 

• 2a e ^'V — ; 

Jo ^ 




assume x=~, then the limits of z are oo and 0; and we 
z 

obtain 

du 


therefore 

therefore 

therefore 


o. 

da 

log w = “~ 2a + constant ; 
u = Ae~^^. 


To determine A we may suppose a==0; then u - 


= ”2 J 


therefore A = ; thus 


/■ 


dx='^e-^. 

A 


287. We may also apply the principle of integration with 
respect to a constant in order to determine some definite in- 
tegrals ; the principle may be established thus. 



then 




do dx 


rjs 

= ^ (oj, c) dx dc ; 

J Cli J OL 


since when the limits are constant, the order of integration is 
indifferent (Art. 62). We shall now give some examples of 
this method. 
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238. We know that 


/. 


e‘~'^^dx = y . 

0 


Integrate both sides with respect to k between the limits 
a and h ; thus 


/. 


dx = log ~ . 

0 a 


r ” dnr. r * /Tr 

It should be noticed that and / are both 

Jo os Jo os 


infinite; for 


I* 

J ( 


dx . 


is greater tliaii e 


• r^.^d r* 

Jo 0} ’ Jq CC 


is infinite. But this is not inconsistent with the assertion 

that — dx is finite, and without finding the value 

of this integral it is easy to shew that it must be finite. For 


it is equal to the sum of 


/, 


' (f) (x) dx 


X 


and 


/: 


4> (os) dx 


X 


where 


^(x)^e the second of these integrals is finite, for 


it is less than 


1 [ 

oj, 


that is, less than 


1 e~^^\ 

c\ a h )' 


■ 4) (x) 


dx. 


We have then only to examine 

Jo 

Now by Maclaurin’s Theorem 

4>(x) = {h-d)x + jf (xO), 

wliere 0 is some fraction : thus — is less than h—a + , 

£C_ 2 ’ 

where A is the greatest value which <p"(os) can assume for 
values of x less than c. Hence 

f - — dx is less th^n (5 —ci) c + ^4^; 

Jo ‘ ^ 4 


and is therefore finite. 


T. I. c. 


18 
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289. We know that 

e~^ cos TX dx ■ 


f 


'F + r^‘ 


Integrate both sides with respect to h between the limits 
a and h \ thus 


/■ 


X 


cos rx dx = ^ log 


+ 

a" + ‘ 


290. Let f — dx be denoted by A, and f 
Jo X ^ ’ Jo 


dx 


hj J5; we shall now determine the values of A and B; the 
former has already been determined by another method in 
Art. 285. 

In the integral A put ^ for rx ; thus 

sin dy ^ 

0 y ' 

this shews that A is independent of r. 

dB ^ f'^x sin rx dx 

Jo 


Jo 


We have 

and 
thus 
hence 


dr 




r J>J is r 


/ 0 1 + 

® sin 7'x dx 

0 a; (1 + 03") ^ 

1 ^ sin rx 
X 1 +x^ 


dx — A; 


Bdr: — 7 — A = 0. 

Jo 


dr 


(!)• 


Multiply by and integrate ; we obtain since A is con- 
stant with respect to r 

^ {/o + -S — = constant. 

Now whatever be the value of r, it is obvious that the 
integrals represented by AyB^ and f Bdr are finite ; hence 
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the constant in the last equation must be zero, for the left- 
hand member vanishes when r is infinite. 

Thus r Bdr+B^A^O (2). 

Jo 

From (1) and (2) ^ = _5j 

therefore -B= Cfe""*, 

where G is some constant. And from (2) 

A = Oe-^-^ = 

therefore B^Ae''"’ (3). 


Now when r is indefinitely diminished, B becomes 

f 7—^ 5 that is, ^ 5 hence from (3) 

J 0 1 + a)*" J 

A and 

2 2 

We have supposed r positive; it is obvious that if r he 
negative, B has the same value as if r were positive, and 

A had its sign changed ; that is, if r be negative J? = ^ / 

2 


andA=~— . {Transactions of the Royal Irish Academy^ 
Vol. XIX. p. 277.) 


From 


/, 


with respect to r, 


eo%rxdx tt 

^ = V e , we obtain by ciinerentiation 

0 i + aj 2 


X sin rx dx it 


1 




And from the same integral by integrating with respect 
to r between the limits 0 and c, we have 


Jc 


sin cx dx _ 5] 

0 x{l-^x‘^) 2 ’ 


18—2 
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291. The preceding Article contains a rigorous investi- 
gation of the values of the integrals A and J3; another 
method has "been sometimes given for finding the value of 
-B, which is more simple hut far less satisfactory. We will 
however now give this method, as it will lead us to notice a 
point of importance. 


Let 


' ® COS TX y 

then 

dr 

f aj sin rx , 

Jo 1 + £C‘‘ ’ 

and 

1 

11 

r “ as® cos rcc , 

--TW — r- dx 

Jo 1 + * 


= - 

/■" , f’^cosrx , 

c>Q^rxdx+ . . .ax 
Jo Jo 1+a? 


J 

/ cos rx dx + B. 


Now we will assu772e on grounds presently to he examined, 

that / coBrxdx = 0; thus 
Jo 

dr^ 


'=- 5 , 


and we have to find B from this equation. Multiply both 
sides 1^7 2 ^ and integrate with respect to r\ thus 

s=: 7a + ; 

where li is a constant, that is, h is independent of r. Thus 

dr ^ 1 

dB^ By 



therefore 
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by integrating we have 

where h is another constant. 

Thus + + 

By transposing, squaring, and reducing we finally obtain 
- ' ' " 0 , 6 ’-+ 

where <7, and are constants. We must now determine the 
values of these constants. Since B cannot increase indefi- 

TT 

nitely witli r we must Iiaye 0^ = 0] and then since ~ 2 
r = 0 we have Thus 

A 



We now proceed to consider the assumption involved in 
the preceding method, 

CN. r * 7 ^„^asinrx + rcosrx 

Since je ^Bmrxdx = — e Trr'rjz j 


and 

we have 
and 


/• 

/' 


cos rx dx = € 


. r sin ra? — a cos rx 


sin TX dx = - 2 -- — 2 j 

0 + 


cos rx dx = — 2 , 

0 


if a he, a positive quantity. 

If it were allowable to suppose a == 0 we should obtain 

r ** 1 

I mirxdx^- . and I cosra;&; = 0. 

Jo ^ Jo 
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CN. r - 7 cosr^c T r 7 smrri? 

bince sin rxdx^ , and- cos rx ax = . we 

J r J r ' 

ate tlius apparently led to the conclusion that the sine and co-^ 
sine of an infinite angle are loth zero. The same conclusion 
seems to he suggested in other cases, so that it has been 
stated, that ^‘the indeterminate symbols sin oo and cos oo 
are found in numberless cases to represent each of them, 
0, the mean value of both since and cosce.” 

On this point however diversity of opinion exists among 
mathematicians, and the discussion of it would be unsuitable 
to an elementary work; the student may hereafter consult 
three memoirs in the eighth volume of the Cambridge Philo- 
sojjhical Transactions y numbered XV, xix, and xxxil. 


Definite Integrals obtained by Expansion, 

292. If we expand log {1 — and log {1 — 

and add, we obtain 

log (1 — 2a cos X + a^) 

a^ 

= ““2 (a cosa; + '— cos2cc+ — cos S oj + 

2 o 

the series being convergent if a is less than unity. Integrate 
both sides with respect to x between the limits 0 and tt; 
thus 

I log (1 — 2a cos X -\r a^) dx=^0, a being less than 1. 

If a is greater than 1, since 

log(l — 2a coscc + a^) =loga^ + log^l — ? coscc+i^ , ■ 
we have 

I log (1 — 2a cos x + a^)dx = 7r log a? = 27r log a. 

J 0 

If cK = 1 it may be shewn By Art. 51 that the definite in- 
tegral is zero. 
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We may put the result in the following form ; 

I log (a^ — 2ac cos x + c^) dx = Tr log 
h 

where Id is the greater of the two quantities cd and o®, and 
is equal to either of them if they are equal. 

By differentiating this result with respect to a we arrive 
at the result which constitutes the last example of Art. 46. 


293. By integration hy parts we have 

J log (1 — 2a cos X ■+• a^) dx 

= X log (1 — 2a cos cc + a®) - 2a - — % — — . . 

^ Jl-2a cosaj+a^ 

Hence, if a he less than 1, 
x sin X dx 


X sin X dx 




if a he greater than 1, the result is 

^ log (1 + a) - ^ log a, that is, ^ log (l + ^) • 

294. In like manner we have, if r he an integer, 

TT TT 

J cos rx log (1 — 2a cos x-i-a^)dx = -- — a*", or — — 
according as a is less or greater than unity. 

295. Integrate hy parts the integral in the preceding 
Article; thus we find 


/, 


sin X sin rx dx tt 
0 1 — 2a cosaj + a‘ 




according as a is less or greater than unity. 
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296. Similarly from the known expansion 
l~a^ 


1 — 2a cos x + a? 

= 1 + 2a cos £c + 2a^ cos 2a? + 2a® cos + , 

where a is less than 1, we may deduce some definite integrals ; 
thus if T is an integer 

cos rx dx 


f 


/ 0 1 — 2a cos cc H- a^ 1 — a"* ’ 

for every term that we have to integrate vanishes with the 

assigned limits, except 2a’* j cos^ rx dx. 

J'O 

/• « 1 

297. To find the value of / ■— — 2 q — 

Jo l + cc"!- 


The term 


1 — 2a cos cx + 


2a cos ox + a" 
may he expanded as in Art, 


296 ; then each term may he integrated hy Art. 291, and the 
results summed. Thus we shall, obtain 

TT 11 + ae“® 

2*1- a® l-a<r«’ 

298. Similarly, 

r” dnf* 

( log (1— 2a coscaj + a®) — — g— Trlog (1 — ae*^). 
jo ■ 1 + a? 

299. It is also known fi:om Trigonometry that 

sinca; . • « . 2 * « 

2 = sin ca? + a sin 2ca? + a sin 3ca? + . . ., 


1 — 2a cos ox + d 
a being less than 1. Hence hy Art. 291, we obtain 

xdvCLOXdx ___ TT 

f 0 (1 + X?) (1 — 2a cos cx + d) 2 (e^— a) ‘ 

This also follows from Art. 298, hy differentiating with 
respect to d. 


/■ 
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SOO. To find f ' 

Jo l-aJ 

By expanding (1 - £32)"^ we find for the integral a series 
of which the type is 

I x^'logxdx. 

J 0 

By integration by_ parts this is seen to be equal to 
L-..^ , Hence the result is 

TT^ 

that is, by a known formula, — • 


SOI. *Let V denote that is, cos a? + V(-“ 1) sin a?; 

then if/ denote any function, we have by Taylor’s Theorem, 

f(a^v) +/(a + 'y“') 

, = 2 '^f{a) +/' {a) cos x cos 2aj + | . 

And 




1 — 2c cos a? + ’ 
Therefore 


: 1 + 2c cos a? + 2c^ cos 2a? -I- 2c^ cos 3a? 4- ■ 




27r 
1 — c' 


^/(a + c). 


In tlii-g result it must fie rememfiered that c is to fie less 
than unity, and the functions f{a + v) and/’(a 4 - ■«"') must be 
such that Taylor’s Theorem holds for their expansions. 
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In a similar way it may be shewn that 

Jo 1 — 2c cos a? 4- c c 

c cos a? 


and 


{/(a+c) -/(«)}, 


'*7r 2 

j 0 1 — 


^ {/(ct + v) +f(a + dx 


2c cos a? + c' 

= TT {/(a + c) +/(a)}. * 


Substitution of imaginary values for Constants* 

302. Definite integrals are sometimes deduced from 
known integrals by substituting impossible Yalues for some 
of the constants which occur. This process cannot be con- 
sidered demonstrative, but will serve at least to suggest the 
forms which can be examined, and perhaps verified by other 
methods (see De Morgan’s Differential and Integral Calculus, 
p. 630). We will give some examples of it. 

We have [ dx V {n). 

J 0 

¥ox p put a -^b and su 2 )pose r=:/^{a^ + i^) and 

tan ^ , so that j? = r [cos i9 + V(— 1) sin 0} ; thus 

a 

— ^-n 2) sin nd} V (^^). 


Thus by separating the possible and impossible parts we 
have 




^-ax ^ X })xdx^' 


r iff) cos ( n tan ^ 


r (7^) sin (n tan“^ 
For modes of verification see De Morgan^ p. 630. 


f sin So? = 

J 0 
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303. In the formula 


f^I'TT 


f e dx 
Jo 2a 

change a into ^ ^2 ^ ^ 


[“e-<=VV(-i) dx = ^ ; 

Jo 2c /\/2 


tlierefore 


jcoscV- V(-l) smovj ^ ; 


therefore 

[ cos cV dx = . 


h 

2cV2 ' 

and 

f sin c V c?ci? = . 


Jo 

20^2 

If we 

write y for cV 

these become 


rsinydy_ 
Jo VS' 

r“cos7/Jy /tt 

Jo ~V2‘ 

304 

In the integral 

1 dx, suppose ; 


1 r“ / 2 . 

thus the integral becomes -yy e” J dy^ 

V 0 . 

known by i Art. 286. Thus 


which is 


Jo f\Jk 2 


Now put cos0 + V(“'l) sin0 for h] thus the right-hand 
member becomes 

^ ^ ^ - 2a {cos 0 + V( -1) sin 0} 

V. . f 1 \ * ^ 2 

cos~ + V(-l)'sm- 
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that is, 


jcos ( 2 a sin (9 + - V(- 1) sin ^2a sin 0 + 6-^“ 

Thus J cos s™ o'^ dx 

= e-2»co3e CQ 3 sin ^ ; 

id + sin^j <fa! 


and / e~ 
Jo 


= ^ sin ^2a sin ^ • 


1. Evaluate 


EXAMPLES. 

(cc® + a^) dx 

A .! 7.2^2 , 14 • 


2. Evaluate 


S. Evaluate 


jo ajHSV+&^* 

I cos (a tan a?) dx» 

JQ 

Jo 


JiesuU 


Result, “ e“ 
2 


Result, 


.Ts (& ^ 

J 0 (a® cos^a? + 5*^ sin^a?)*'^ 4 Va6® 


or 

5. Prove V(tan 4 >)^^ = ^^ + log {V(2) - 1} . 

■ST 

6. Prove JVCcot^) = + log{V(2) + 1} . 

7. Find tlie limiting value o£ aje”^® / when a; 

Jo 


x = co , 


Result, 
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^ ,7 , r cosax — cos 5a; , , h 

8. Shew that / ~ax = log-. 

Jo os 


' a 


9. If ^ "be any symmetrical function of x and i , 
Jo Jo 


then 


dx 


^ ° xF(x^ - 
V X, 


X. 


10. If F{x) be an algebraical polynomial of less than n 

dimensions 

f^F(x) dx 1 V ■, a — c) 

is {x-cf ~~ c^c”-* r h-c]- 

r27r ■ ' 

11. Prove tliat / e°°®®cos (sin^) = 27r. 

J 0, 

TT 

12. Prove tliat J' ^ when o is indefinitely 

nearly equal to unity, n being a positive quantity. 

13. Evaluate [ (acos0-j-5sin0)log(acos^0-j-isin^0)d0, 

Jo 

Result. 25 jlog a - 2 + cos'^ , 

supposing a greater than 5. 

14. Shew that 




1 H- 2n cos ax dx ■. , m 

4- cos 5x -h X ^ ^ ^ a 


or log ^1 + log ^ , according as n is less or greater 
tlmn unity. 
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15. Find tlie value of 


nca 

I ^ax-o-oc V( — 1) ^ ^-bx-Px \/ ( — 1) j. 

./ 0 


dx 

X ‘ 


where a and h are positive, hnt a and /3 positive or 

-I 1 ^ ,1 j ’i. •_ r_n__ T 



a ^ 


a~l’ 

16. 

Prove that 

17. 

Prove that 


f cor^ (1 — 
J 0 


a? + cc^) — log 2. 

2 


18. From the -value o£ 


/, 


B>mx 


0 ^ 


dx deduce that of 


19. Prove that 




Result. The two integrals are equal. 

{a + • 

20. Shew that f ‘ == 

Jo (1 + as) 

-oo ^2 ^^2 

21. Shew that I — e x") cZoj — (5 — a) 

Jo 

[Solutions of Senate-House Prohlems^ hj O’Brien and 
Ellis, p. 44.) 

r“ -f 1 TT® 

22. Shew that log ^ — - dx = ~-. 

Jo e — i ^ 


23. Prove that 


^x —x dx -J m J 

^ — == lo^ _ and reconcile with 

0 log XX 

x^'~^ dx 


"^cc 

Jo • 


this equation the result of transforming / 
making od 


iogcc 


by 
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24 Shew that [ siifddd^'^.' ^ ^ . t 

Jo ■ T p /w + 2\ J 


rl ,..'-1 /'I _ , 


26,/ Shew that 


27. Shew that 'P~~ 

Jo a cos'* & + 6 

n being less than unity. 


0 {b + ex)’’"""' 

T (Z + m) + c)' 

2 cos^^"^ 6 sin®”'“^ 6 d6 


0 {a cos? 6 + b sin^^)^"*^'' SF (J^-f mYctW" ' 

'2 t^^T^ddd 

2 /j , T ^r_2 n — 

TT 1 


h 


28. Shew that 


29. Shew that 


sin’‘-‘6>J5' '_{ VSyj 2’‘"‘ 

0 (a + yS cos 0)” “ r (w) ? 

a;”*"’' dx _ TT 

™ . mw’ 

(1 -«!’■)» ’^sin — 


30. Shew that I y- 

31. Sliew that f - 

• ft 


^ dx ^ TT 

j (1 + cix;) (1 — xY ” (1 + cY sin mr ' 


sin ax sin cx ^ . , tt , tt ' 

— dx — 0. ± T j or + 77 - 

0? ^ - 4 ^ - 8 ^ 


cording to the values of a and c. 


32. Trace the locus of the equation 


r” sin Q cos dx 
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33* Trace the locus of the equation 

T = [ log {1 — cos 0 + 6'^“} dff, 


where u = sin - . 

a 

Si. Trace the locus of the equation 

77 

* ^ n X cos B dO 

2a;sin ^ + 1) ’ 

“2 

in which the sign of the square root is always taken so 
as to make the quantity in the denominator positive. 

35. Shew that 


n 2 fjj. 

sin X sin“^ (sin xmxy) dxdy . 

0 4 2 

36. Compare the results obtained from 

' pCO nCO 

/ I sin ax dx dy^ 

by performing the integrations in different order. 


37^ Tind the value of I e dx^ and hence shew that 




ffi\ -f 

e-il. 


38. Shew that 


f f gy . 


W /TT 

'4 V2 


the integral heing extended over all the positive 
values of x and ^ which make of + not greater than 
unity. , 



IJXAMPLES. 


289 


39. Shew that 


Iff 


n+l 


dxdy dz,. 


TT 




TV 


“I" 1 


40, 


the number of Yarlahles being n, and the integration 
being extended over all positive values which make ■ 

+ + 

not greater than unity. 

If + A^x + A.j)c^ + ^F{x\ 

and Uq + a^x + %x^ + 

prove that A^% + A^a^a? + + 

= |^/h^(«)+-^W}{/W+/WH^-A«o. ' ■' 

where 2 ^ = £ce^V(-i) ^ — 

41, If the sum of the series a^-V can be 

expressed in a Unite form, then the sum of the series 

+ fXjV + a^x^ + can be expressed by a definite 

integral. Prove this, and hence shew that, the. sum of 
the squares of the coefficients of the terms of the expan- 
sion of (1 + xf" when w is a positive whole number, 
may be expressed by 


22n+2 p 

w Jo 


cos®’"^ cos^d d0^1. 


42, Prove that 


/: 


' cos cxdx^ir 

1 + ®“ “2lH-0- 


+ 


1+0' 


43. Siew that 

TT f ’ 

I ^ <f) (sin 2x) coaxdx- I (f) (cos*a;) cos x dx. 
jo •'0 

(Liouville’s Journal do MatMmatigueSy VoL XVIII» 
page 168.) 

T. ?:.c. 
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44. Shew that 1 — ^ + ^2 — •• 

w 

= ~f cos {x sin^) d^, 
ttJo 


45. Prove that 


y"-”"' e-2/" : 


TT 


91 Sin - 


(See Art. 66 ; and change the variahle y to m where 
y = ux.) 


46. Shew that 

f ^-(a’cosSS+^jSmSS) COS 2^ + ^ COS 26 ] dx 

J -.03 ' 

= TT^ e"* (0 -ha); 
sm '' ^ 

• • TT 

^ "being comprised between tbe limits ± - . 
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EXPANSION OP FUNCTIONS IN TRIGONOMETEICAL SERIES. 


305. The subject we are about to introduce is one of ,tbe 
most remarkable applications of the Integral Calculus, and 
although in an elementaiy work like the present, only an 
outline of the subject can be given, yet on account of the 
novelty of the methods, and the importance of the results, 
even such an outline may be of service to the student. For 
fuller information we may refer to Differential and Integral 
Oalculus of Professor De Morgan, and to Fourier’s TMorie... 

' de la Glialeur. The subject is also frequently considered in 
the writings of Poisson, for example, in his TraiiS de lUca- 
nigue^ Vol. I. pp. 643 — 653 ; in his Tli6orie,..de la Ghaleitr; and 
in different Memoirs in the Journal de VEcole Polytealinique, 
The student may also consult a Memoir by Professor Stokes, 
in the 8th Voh of the Cambridge Philoso'pMcal Transactions^ 
a Memoir by Sir W. Hamilton, in the 19th VoL of the 
Transactions of the Royal Irish Academy^ and a Memoir by 
Professor Boole, in the 21st Vol. of the same Transactions. 

306. It is required to find the values of the m constants 

A^, so that the expression 

sin X + A,^ sin 2£r d- ^3 sin 3a? -h + A^ sin mx 

may coincide in value with an assigned function of x when x 
has the values 6 , 20, 30,.. .w0, where 6 — — — . 
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Let f[x) denote the assigned function of then we have 
hy hypothesis the following m equations from which the 
constants are to be determined, 

* sin 20 + ^43 sin 30 + + u 4 „, sin W0, 

/(20) =^^sin20 + ^2S^^4:0 + ^ 3 sin 60 sin 2'm0, 


/(m0) smm0+^2sm2m0+J.gSin3m0+ sin mmd. 

Multiply the first of these equations by sinr0, the second 

by sin 2 r 05 , the last by sinwr0; then add the results. 

The coefficient of A^ on the second side will then be 

sin r0 sin 50 + sin 2r0 sin 250 + + sin mrd sin ms6 ; 

we shall now shew that this coefficient is zero if s be different 
from r, and equal to ^ {m + 1) when 5 is equal to r. 

First suppose s different from r. Now twice the above 
coefficient is equal to the series 

X cos (r — s) 0 + cos 2 (r — 5 ) 0+.^....+ cos m{r — s) 0, 
"fished by the series 

(r + 5 ) 0 + cos 2 (r + 5 ) 0 + + cos m (r-j- s) 0. 

:um of the first series is known from Trigonometry to 
to 

. - sm (2m + 1) — — sm ^ 


2 sm 


(r/ — 5 ) 0 


that is, to 


. 1 

sin-i 

1 

[/ \ {r-s)d] 

[ . ir-s)9 

h — sm ^ — —w 

1 .. 2 

„ . (r ~ si 
2 sm-^^ — ^ 



This expression vanishes whenr— s is an odd number, 
and is equal to — 1 when r — 5 is an even number. 

The sura of the second series can he deduced from that of 
the first by changing the sign of s ; hence this sum vanishes 
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when r + s is an odd nnmher, and is* equal to — 1 when r + 5 
is an even number. 

Thus when s is different from r, the coefficient of is 
Eero. ' 

When s is equal to r, the coefficient becomes 
sinV^ -[- sm^2rd -f- H- sin^Qnrd, 

that is, ^ — i {cos 2rd + cos 4r^ H- + cos 2mr6}. 

And by tlie method already used it will be seen that the 
sum of the series of cosines is — 1 ; thus the coefficient of 
is (;)7i + 1). 

Hence we obtain 

|sinr0 f{d) + sin 2 T 6 f{ 26 ) + -f smmrdf{m6)], 

11% " 1 “ 1 

and thus by giving to r in succession the different integral 
values from 1 to w, the constants are determined. 

Now suppose m’to increase indefinitely, then we have 
ultimately 

2 f”* 

- sin TV f {^) dv, 

TTJo, 

And as /(a?) now coincides in value with the expression , 
A^ sin X + Ag sin 

for an infinite number' of equidistant values of x between 
0 and TT, we may write the result thus 

f{x) = ^ sin nx^ sin nvf{v) dv^ 

where the symbol indicates a summation to be obtained 
by giving to n every positive integral value. 

807. The theorem and demonstration of the preceding 
Article are due to Lagrange ; w^e have giycn this deinonstra- 
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tion partlj because of its historical interest, and partly because 
it affords an instructive view of the subject. We shall how- 
ever not stop to examine the demonstration closely, but pro 7 
ceed at once to the mode of investigation adopted by Poisson. 


308. The following expansion may be obtained by ordi- 
nary Trigonometrical methods, 

1 — ^ . r .7 Tr(v —x) 

; 1 + 27^ cos ^ 

^ '7r(v — L 

1 “ 2A cos ^ 7 -h A® 

^ L 

27r('y— £c) STrfe — 

+ 2/i cos + 2^ cos + (1), 


Ti being less than unity, so that the series is convergent. 

Multiply both sides of (l).by ^ (?;), and integrate with re- 
spect to V between the limits — Z and ? ; also make h approach to 
unity as its limit. On the right-hand side the different powers 
of h become ultimately unity. The numerator of the fraction 
on the left-hand side will ultimately vanish, and thus the 
integral would vanish (f the denominator of the fraetion were 
But if Xi lies between — I and Z, the term 


never zero. 


^cos - 


’[v—x) 


will become equal to unity during the integra- 

t iop, j ind thus the denominator of the fraction will be (1 — lif^ 
and will tend towards zero as 7^ approaches unity. Thus tiie 
integral will not necessarily vanish ; we proceed to ascertain 
its value. Let -y — cc = ^ and A = 1 — thus ^ 


f- 


(1 — h^) 4) (v) dv 


27i cos 


TT (y — a?) 
I 




i 


g (1 -I- h^j (j) (x -h z) dz 

TT^ 

Jl 


+ 4A sin^ 


Now the only part of the integral which has any sensible 
value, is that which arises from very small positive or nega- 
tive values of z ; thus we may put ^ 


and 


. irz TTZ 



XN TRIGONOMETRICAL SERIES, 
and tlie integral becomes 

J3 +—jr • j9 +-^ 


295 


•TT' gl 


Suppose a and — /3 to be the limits of 2 ?; we thus get 

(^) L 

mr I 




Hence, finally, when g is supposed to vanish, we have 
2?<^ (x). Thus if X lies between — I and Z, 

j W cos — -dv...{2). 


If however cu = Z or Z, then the integral on the left- 
h^nd side has its sensible part when v is indefinitely near to 
Z and — Z ; we should then have to perform the above process 
in both cases, but the integral with respect to z would only 
extend in the former case from — /3 to 0, and in the latter 
from 0 to a. Hence instead of 2l^ (Z) on the left-hand side, 
we should have l(f> (Z) + (— Z) ; and therefore instead of 

(jy {x) on the left-hand side of (2) we should have 


Thus we have determined the value of the right-hand 
member when x lies between Z and *- Z, both inclusive ; its 
value in other cases can be determined by the method ex- 
plained in Art. 321. 


309. In the same way as the result in Art. 308 is found, 
we have, if we integrate between 0 and Z, 

(x) W (ilv + j Sr i> W cos VmJ :! — ^ ( 1 ) ; 

this holds if x has any value between 0 and Z; but when 
a? = 0 the left-hand member must be J ^ (0), and when a; = Z 
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the left-hand member mnst be (1). Thus we have deter- 
mined the value of the right-hand member when -x lies 
between Z and — Z, both inclusive ; its value in other cases 
can be determined by the method, explained in Art. 321. 

Similarly 

0 = ^ W ^ J^(f> (v) cos (2) ; 

this holds for any value of x between 0 and Z ; but when 
oj = 0 the left-hand member must be ^ ^ (0), and when x = I 
the left-hand member must be (Z). 

From (1) and (2) by addition 

<p(x) =jJ <f> {v)dv + j S” cos-^^ J cos (p (v) dv — (3). v 


This holds for any value of x between 0 and Z, both in- 
di^iv e. 

Prom (1) and (2) by subtraction 

/ 

^ [x) — 1 sin — Y" J sin~j— 9 (?;) dv (4). 

This holds for any value of x between 0 and Z both exclu- 
sive; and when aj = 0‘Or Z; the left-hand '^membieF^Kd^^ 
zero, 

Equation (4) coincides with Lagrange’s Formula. 

We may observe that either of the formulse (3) and (4) 
may be deduced from the other. Suppose we take (3) and 

write sin™ (f) (x) instead of ^(x).- Thus 


sin ' 


TTX 


1 


sm ^ <f> {v)^ dv 


+Ut 


cos- 


nTTX 


f 


cos ' 


7iirv 

J 


sin- 


TTV 


^ (v) dv. 
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■,T niTV . irv 1 . (n + l)iTV 1 . (w — l)7rw 

■Now cos — sm-^=~sm ^ sm 

and therefore it will be found that the result may be exhibited 
thus, ■ 


TTiC , . N 

Sin - 7 - 0 (a?) == 


I 

J Si |cos cos ^ ^ ^ 


L 


'jj (f) (v) dv ; 


(n *“ 1) TTX (71 + 1) TTX ^ . hjTX . TTX 

also cos j cos 2 == 2 sm sin -j~ ; 


and therefore by division by sin -j- we obtain the for- 
mula (4). 

We will now give some examples. 


310. Expand a? in a series of sines. Take formula (4) of 
Art. 309, and suppose I^tt; then 

r . 7 V cos nv sin m 

v&mnvav= h — o—; 

J 71 n 


r TT ijj- ^ rjj' ^ 

therefore I v sin 7%v dv = - if be odd, and — if w be even. 
Jo n n 

Thus 

£c =: 2 {sin X — J- sin 2a5 + J sin 3ai — \ sin-4a! + }. 

This holds for values of x between 0 and tt, and as both 
sides vanish with x it holds when a? = 0 ; and it is obvious 
that if it holds for any positive value of x it holds for the 
corresponding negative value ; hence it holds for values of x 
loetween — tt and tt, exclusive of these limiting values. 


311. Expand cos a? in a series of sines. Take formula 
(4) of Art. 309 and sapjioso Z = tt ; then . ,, 

Jcos V sin 7iv dv = -J- J {sin (n + 1) + sin (n ~ 1) v] dv 

^ rcos(9iH-l)^ cos — 1)^1 


^ ' ( 71 I 
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therefore f cos sin to == 0 if n is odd, 

Jo 

^7h 

==— 7 if n is even: 

therefore 


cos a? 


_2 f4 

"> C\ 


sin 2a;+“sin4a?-l-... + — ~ — iT^wsinTOH- 


7r[3“‘ ■ 15 * ■" ' ri' — l 

This holds from a: = 0 to a; = tt, exclusive of these limit- 


ing values. 


312. Suppose we endeavour to expand a constant quan- 
tity in a series nf sines. Denote the constant hy c; then 
putting G for j> {v) in formula (4) of Art. 309, and supposing 
L == TT we obtain 

c= ~ Isin + i sin 3a; + i sin 5a; + ... 1 . 

TT [ 3 5 J 

Hence dividing by c we obtain 

TT . 1.1. 

-- = sma; + - sin 3a; + --sin 5x-h 
4 o 5 

This holds from a; = 0 to cc = tt, both exclusive. 

TT* 

If we put--— y for Xy we obtain the following formula 

A 

. 71* TT 

which holds from y — “ 2^ “ *2 ’ exclusive, 

TT 1 o . 1 e 

— = cosy — -cos 3y + ^cos 5y- ... 


313. Expand a; in a series of cosines. 

Take formula (3) of Art. 309, and suppose Z — tt ; then 


/- 


7 V Bin TO , cos TO 

V cos nv av = h : — « — ; 


n 
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2 

therefore I v cos nvdv ^0 if n he even, and ^ ii n 

Jo ' 7C 

odd; and 

thus ^ — A {cos cc -f A cos 3a: *{- i cos Bx+ }. 

2 TT o u 

This holds from a; = 0 to a? = tt both inclusive. 

If we put x — we obtain the following formula, 

which holds for any value of y between — ^ and both in- 

2 2 

elusive, 

2 / = i {sia y-~ sin 3?/ + sin 5?/ - . . 


314. Expand e*** in a series of sines. 

We shall obtain 
2 

(f^ = - 2“ ” 2 “, — M (1 cos nireP-’^) sin nx, 
IT ^ a ^ ^ 

This holds from a; = 0 to a; = tt, both exclusive. 


315. Expand c'*'® in a series of cosines. 
We shall obtain 


e = 


1 , 2a v^oo cos 1 


-+-s: 

aiT IT ^ 


• cos nx. 


a + n 

This holds from a; = 0 to a: = tt, both inclusive. 


316. Expand sinaa: in a series of sines, a not being an 


integer. 


We shall obtain 
TT sin ax 
2 sinaTT 


sm X 
= 12 


a 


2 sin 2a; ^ 3 sin 3a; 
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This liolds from = 0 to = tt, the former inclusive, the 
latter exclusive. 

317, Expand cos ax in a series of cosines, a not being 
an integer. 

We shall obtain 

TT cos ax ^ 1 a cos x ^ a cos 
2sina7r”~2a 

This holds from £c = 0 to cc = tt, both inclusive. 


318. Expand in a series of sines. 

f TT , . ^ ^ 

(e®® — e-“®) sia nvdv = — - — — 

n Oi 




cos nTT. 


TT _ sin ic 2 sin 2a; 3 sin 3a; 

Iherefore — ]FT^ ”* ~¥~^^ 3^+V ’ 


319. Expand -f in a series of cosines. 


Here 




a {e^ 


^a{rr^v) g~ 4 t( 7 r~.‘U)| qqq _ ^ 

Q * a '■]r 11 


and 

Therefore 


r haCrr-^) ^ == - 

Jo 


^ ^a{rr-^x) ^ Q-a{7r^x) 

2a 


1 cos X 


cos 2x , 


320. It may be observed that from the formulse which 
have been given others may be deduced by integration ; and 
in general the series thus obtained are more rapidly conver- 
gent than those from which they were deduced. 

For example, take the formula for cos x in a series of sines 
given in Art. 311 ; integrate, thus 


TT . ^ ^ cos 2a; 

-- Qinx= constant — 

4 1.3 


cos 4a; 

T7F 


cos Gx 
5 . 7 ' 
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B 7 putting cc = 0 , we find that the constant is The result 
agrees with what we should obtain by expanding sin x in a 
series of cosines. 

321. We have shewn that the formula (3) of Art. 309 
holds for any value of x between 0 and I both inclusive; 
it is easy to determine what the right-hand member is equal 
to when x lies beyond these limits. Suppose x positive, and 
between I and 21; put £c== so that x is less than Z, 

then 

nTTX 

cos = cos 

therefore the value of the right-hand member is cf) (x). 'Next 
suppose X greater than 2l; and suppose it equal to 
where x is less than 2l ; then 

mrx wiroi 
cos -J- = cos —J— , 

so that the value is the same as it would be if a?' were put 
instead of x ; that is, the value is ^ (a?') if d be less than ?, 
and (/) — if x be greater than h 

It is obvious that for any negative value of x the value is 
the same as for the corresponding positive value. 

Similarly we may shew that if x is positive and = 2ml + x ^ 
the value of the right-hand side of equation (4) of Art. 309 is 
the same as if x were put instead of x, and is cj^ {x) if x' be 
less than Z, and — cj) {2l—x) if d bo greater than h And for 
negative values of x the value is the same numerically as 
for the corresponding positive value, but with an opposite 
sign. 

822. It may be observed that in the fundamental demon- 
stration of Art 308, we suppose that when h approaches unity 
as a limit, the expression 

may bo replaced by 

f , , . nir{v’-x)j 

J(p(v)co8 — -dv, 


2nir - 


nrrx\ 

■“T } 


= cos ■ 


'mrx 
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however large n may "be. We may shew that no error arises 
troin this supposition, hy proving that the latter integral 
vamslies when n is increased indefinitely. We have 


J (f) {v) cos 


riTT (v — x) 
- 


j I(f> (v) . MTT (-u — x) 
— - - sm ^ ^ 


TT/l 


• — (-y) sin 

nrnj ^ ^ 


n'lr {v — x) 

I 


dv, 


which shews that the integral on the left-hand side will vanish 
when n is infinite, at least if (j> (y) he not infinite. 

323. ’Wq have not yet alluded to one of the mosst re- 
markable points in connexion with the formii]£e (3) and (4) of 
Art. 309. In these formulie (f> (x) need not be a continuous 
junction; for example, from aj = 0 to x=^a we might have 
^ then from x^a to x=-l we might have 

^ W ”.72 (^)j then from a? = 5 to x = c we might have 

<j> (x) (cr), then from x — c to X'=-Z we might have 

(^) The formula (3) for instance would still be 

true for all values of x between 0 and I inclusive, as is evident 
from the mode of demonstration, except for the values where 
the discontinuity occurs. When for example x=^a, then the 
value of the right-hand member would not be f (a) or f {q\ 
i W "h W}' If therefore for x^a we have 
ft H formula holds also when = 

Some writers adopt a mode of expression for such a 
formula as (3) of Art 309 whicli draws attention to the pos- 
sible discontinuity. Instead of ^ (x) on the left-hand side 
they put I {x + €)^(j^{x- e)}, where e represents an inde- 
finitely small positive quantity. Thus when there is no dis- 
continuity the limit of <^(^ + e) is 4>(x), and so also is the 
limit of ^ (a; - e). But suppose that when a? = a we have the 
discontinuity just indicated; then the limit of 6(a+,€) is 
(a), and the limit of ^ (a - e) is /, (a). ^ 

expression which shall be equal to c when 
a and ^ lies between 
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Take formula. (3) of Art. 309. Here ^{v) —c from v = 0 
to V = a, and then from t? = < 3 ; to v = Z it is zero ; thus 


becomes 


f' 

0 


nirv , . V 7 
J cos 9 (v) dv 

niTV 7 cl . nTra 
cos av = — sm — 7 ™ » 
6 ?27r L 


therefore the required expression is 
ca 

Z TT ( 


ca 2c { • ira nrx 1 . ^ira 2itx 
— h isin -j- cos -f - sm -y- cos —j- 


. 1 . 37ra Stto; , 
+ _sxa-rCos-r + 


this will give when x^a. 

Or we maj use formula (4) of Art. 309. Then 




; I SI 


sin dv : 


mr ' 


■cos ■ 


?2(77r 


r)- 


and we have for the required expression 

2o f Tra . ivx 1 27ra . 27ra? 

— \ vers sm ^ + 2 “' 7 ™ ""y" 

1 BTra 
+ rveTS 


TT ( 


. Sttx . 
sm — + . 





3 ’ I 

this gives 0 when a? = 0 , and l^c when x==a. 

325. Find an expression which shall he equal to 7cx from 

I I 

a; = 0 to m ~ 5 and equal to Ic {I — x) from x = -tox = l 

Here 

i 


ri 

*/ n 


OITTV 7 

cos — ^ dv ’ 


■f 

^ 0 


7 niTV 7 , 

kv cos -j- dv + 




nirv 7 
cos -j- dv 


f 1 • 

?7y7r 

1 

nnr 

1 1 


( . . 7?7r\ 

Sin 

+ -- 0 "“ cos 


- — 

‘4 — ”■* 

sm nir -- sm -- 



ri^TT 

-y - 

Vj 

nir 

V 2 J 


7cl<l 
tt [n 


• sin nTT - 


TT V 


1 , TITT , cos UTT 

■ — Bin — 4 y 

271 2 n“7r 


COS' 


nTTl 


nir 


2 cos-— ^ 


' cos mr • 
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This is when n is of tlie form 4 r-h 25 and 0 in every 

7Tn 

other case, and 



i 

dv = /cj vdv + kj (l — v) 


2 



tlins the required expression is 


Id %ld { 1 27r£C 1 ^iTX ] 


If we denote this by y, then from aj = 0 to both in- 
' elusive y = Jcx, then from x^\l to a? = Z both inclusive 
y^h{Jj — x) ; for values of x greater than I the values of y 
recur as shewn in Art. 321. Thus the value of y is the 
ordinate of the figure formed by measuring from the origin 
equal, lengths along the axis of x to the right and left, and 
drawing on each' base thus obtained the same isosceles tri- 
angle. 

As another example we may propose the following: 
find a function ^ {x) in terms of sines which shall be equal 
to' X from £C = 0 to x — a, then be equal to a from x = a to 
a; = tt — a, and then be equal to tt — x from x — tt — a to x = '7r. 


The result is 

[x) = ^ jsina sin x-h^2 sin 3a sin sin 5a sin 5a? + . . . 

this is true from x = 0 to x-tt both inclusive. , 


We may give the following 
geometrical interpretation, of this 
result : ^ . 



Let OA GB be a square, such 
that OA=^ir, and OB— nr. Take 

0 for the origin, OA for the ^ ^ 

axis of X, and OB for the axis of 

?/, and let the axis of ^ be at right angles to the axes of x 
and y. Let a pyramid he formed having OAOB for its base, 
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and its vertex at the point , y = % , z — then the ifol- 

2t 2i Z 

lowing equation represents the four faces of the pyramid 
v/liich meet at the vertex. 


4 . . 1 . . 1 . • . 

2 = “ {sin X sin ^ sin Zx sin 2iy + sin hx sin hy -f 

The student may verify the following examples. 

If X be numerically less than a the expression 


8a , 


Jcos (2a + 1) 

i- 


TTXj 


is equal to a — a? if be positive, and a + x if x be negative. 
Prove that for values of x between — tt and tt inclusive 


X" 

4* 


TT 

T 2 


COS 2x cos 3x 
■ cos x + — , 


2=^ 


3" 


This may be obtained from Art. 310 by integration; or 
from equation (3) of Art. 309. 

Integrate this result : thus 


X^ . TT^X 

12’^ 12 


sin 2x 

= ~sma;+™^3~- - 


sin Sx 


Find an expression in terms of sines which shall be equal 
to sin — from x = 0 to cc == a, and equal to 0 from a? =5 a to 
a; = TT. The result is 

(sin a since sin 2a sin 2aj sm3asin3;:c 

^ ^ _ij ya z i" • • * r * 

(^TT—a TT— 2 c 4 7r-“OGC j. 

Find an expression, in terms of cosines which shall be 
equal to ^ from = 0 to a? ^ , and equal to 0 from 

TT 

x=^ — to x=:7r. The result is 
2 


T. I. C. 


20 
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:30G 


TT 


4 



1'2 -Jr 


cos a:- 


cosSa: cos 5a; 

■ T ""^3 


+ 2 


fcos 2a; 

cos 4a; 

i 2^ 

4 ? 


+ - 


COS 


3^6 Otlier formulae may be given analogous to those in 
-Vrt* 309 ; we will here investigate some. We have from 

Art. 309 ' 


1 f / \ 7 I 1 

-t J A 


^ j / \ n7r{v — x)j f^s 

^ {v) cos 


This holds when x has any value between 0 and l\ but 
when n;==0 the left-hand member must be l(f> (0), and when 
x—l the left-hand member must be In the same 

manner as this result was obtained we may also prove that 


06 ^s=ii\y w 7^-” ly w ‘^^ du...(2). 

This holds when x has any value between 0 and I ; but 
when ;n = 0 the left-hand member must be <56 (0), and when 
X = Z the left-hand member must be .(p (Z). 

Subti-act (1) from (2) ; thus 

fe) = I Sr J V W cos ( 3 ), 


This holds when x has any value between 0 and l\ but 
when u- = 0 the left-hand member must, be (0), and when 
x — l the left-hand member must be l-(p (Z). 

Xow in the same manner as (3) was obtained, we may 
obtain the following result, starting with v + x instead of 

r — Xi 


^ *'0 


(2?Z“ 1) TT (t? -f X ) 7 
cos-^ L Ldv (4). 


This holds when x has any value between 0 and Z; but 
when X = 0 the left-hand member must be ^<p (0), and when 
aj — Z the left-hand member must be — (Z). 
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From (3) and (4) by addition and subtraction we obtain' 


2^00 (2n — l)7ra; . 

cos^ -f j^cj>(v) 

^(x)=|S, sm' 


cos 

sin 


(2n — 1) TTU 

2l 

(2^2 — 1) TTU 

¥1 


dv...{5), 


These hold when x has any value between 0 and I in- 
clusive, except that when the left-hand member of (6) 

must be 0, and when x — l the left-hand member of (5) must 
be 0, ' 

As an example of (3) we have 

TTX , X 1 . dx 1 . hx 

T-™2-Si“»T + p‘"T— •> 

tliis coincides with the last result of Art, 313. 


327. We shall apply the formula (5) of the preceding 
Article to establish a remarkable theorem first given by John 
Bernoulli. Let tliere be any curve AB the tangents of which 
at A and B are at right angles ; let the involute of this curve 
be formed beginning at A, and denote it by AG; let the 
involute of AO be formed beginning at 0; and so on con- 
tinually; then the ultimate figure obtained will bo a cycloid. 

Let s be the length of the arc of the original curve mea- 
sured from A to any point P; let p be the radius of curvature 
at P, and 9 the inclination of the tangent at P to the tangent 
at A. Let be the radius of curvature at the corresponding- 
point of the first involute, that of the second involute, 
Pg that of the third involute; and so on. Then 6 expresses 
the inclination of p, p^, p^, ... to the normal of the original 
curve at A) and 6 also expresses the inclination of p^, p^, 
Pg, ... to the normal of the original curve at B, Moreover 
Pij p8> Ps» ••• when 0 = 0; and p^^ p^, ... vanish 

when0=“. 

A 

ds 

Now P = ^ 7 Pi “ ® 7 Pi “ j P^^* 


20—2 
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Similarly, 


ir 



p4.=j^^P,^^> 

and so on. 

Now in formula (5) of the preceding Article suppose 

TT 

Z = -r ; then since p is some function of we have 

p = Aj cos 0 4- Ag cos 36 + cos 50 + ... 

where A^, Aq, are certain constants determined by that 
formula (5) . 

Thus 

p^ — A^ sin0+ ~ A^ sin30 + i J5sln50+ 

o 0 

= cos P+ 1^3 cos 30 + ^^3 cos 50 + 

p 3 = sin 0 + p ^3 sin 30 + i ^3 sin 50 + 

O 0 


Proceeding thus w^e ohtaiii, when n is indefinitely large, 
p,, = AjSin0, or p^ = A^ cos 6; 
and these equations represent a cycloid ; see Art. 105. 

We may proceed to examine the nature of the result 
when the tangents at the extremities of tlie original curve 
are not inclined at a right angle. Suppose these tangents 
to be inclined at an angle a; and put a for I in the formula 
(5) of the preceding Article. Then we have ' 


7r0 


3ir6 , . 57r0 
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and hy proceeding in the same way as before we arrive at 
the result 

T ' 7r9 j » ttO 

— , OTp^=-lcsm~, 


where 


Ic^A^ 



If 7c were a Jimte quantity, we should thus obtain an 
epicycloid if a is greater than - , and a hypocycloid in which 
the diameter of the revolving circle is less than the radius of 

TT 

the fixed circle if a is less than see Arts. 110 and 111: 

and tliis is the usual statement of the results. But it will be 
observed that Jc becomes indefinitely great in the former case 
and indefinitely small in the latter case ; so that in the former 
case the radii of the fixed and' revolving circles must be sup- 
posed to increase indefinitely, and in the latter case to diminish 
indefinitely. 


328. Suppose u-, 5, and 5 — a to be positive quantities. 

Consider the double integral f f cos ux j> (u) cos uv du dv. 

J 0 J a 


By integration by parts we have 


(v) cos 
J 


uvdv 


_ ^ (v) sin uv J(f>' (v) sin nv 


■dv; 


therefore 


c\ 
J a 


, , . ^ 6(h) sm uh 6 (a) sm ua 

6 (v) cos uv dv = 

^ ^ ' u u 

_ p ^'(v) slnuv 

J a 


Thus the proposed double integral becomes 


ml, 


’ cos'ux sin uh 


du • 




cos ux sin ua 
u 


du 


r"" cos ux (f>' (v) sin uv 
J 0 J a 


u 
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expansion of functions 


The first and second terms maj he easily found _hy 
Art 085. In the third term we can change the order of _in- 
oTid annlv Art. 285 to find the result of integration 
to «• We efU »'*•“ toe foUow&g K- 

suits : 

I. Let X he greater than 1. Then each of the three in- 
tegrals vanishes. 

IL Let X he between a and 1. Then the fii-st term is 
equal to^ 4> (i ) ; the second term is zero. And 
' cos ux sin uv 


f 


~du 


is equal to - for yalues of v wlaicli are greater than x, and 

zero for other values of v ; so that when_ we multiply hy <fj' (v) 
and integrate with respect to v, we obtain 


iHb)- 

Thus on the whole we have 

TT 


<p{x). 




'^cj>(h)-^cl>ix^l 


j’ 


that is 7 (^), as the value of the original double integral. 


in. Let X be less than a. Then the first term is - ^ {h), 
the second is and the third is {<f> (h) - 4> {a)]. 

ji Jt 

Thus on the whole we have 

that is zero, as the value of the original double integral. 

Hence finally the double integral is equal to 0 or (j) (x), 
according as x lies beyond or within the limits a and 6. 
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It may Tbe conjectured that ii x = a the value is 

IT 

and lix — h the value is ^ ^ (5) , and this conjecture is easily 
verified. 


329. Next suppose a and /9 to be negative quantities and 
^ — a to be positive. Then it may be shewn that 



cos ux [v) cos i(,v du dv 


is equal to 0 or to - ^ (a?), according as x lies beyond or 

a 

within the limits a and /3 ; and is equal to (a) and 

“ <j) (/9) respectively at the limits. These results may be ob- 
tained as in Art. 328 ; or they may be deduced from those in 
Art. 328 by putting a? = — a?', and v = — 


330. By combining the results in Arts. 328 and 329 we 
obtain the following : if ^ be positive, 

f I cos t£X^ (v) COS uv du dv 
J 0 j q 

is equal to 0 or to <p {;x)y according as x lies beyond or 

TT 

within the limits p and q; and is equal to - ^ (p) and 

4fc 

^ (q) respectively at the limits. 

And in the same manner as these results are obtained we 
may shew that the same statements hold with respect to 


S12 


EXPANSION OF FUNCTIONS. 


331. By adding tlie two results given in Article 330 we 
ol)tain the following : if p ^ he positive, 


{v) cos u(x — v) du dv 

2 


is equal to 0 or to ircf) (cc), according as x lies beyond or 
within the limits p and q; and is equal to and 


TT 


<j) {q) respectively at the limits. 


The result just enunciated may be called Fourteds Theo- 
rem; this name however is usually applied to that case of 
the general formula in wliich we suppose — oo , and j? = co ; 
we have then for any finite value of x 


1 * CO « CO 

(p{x)=- / (j)(v) cos u (v ■ 

'^JQ y -00 


■ x) du dv. 


332. Poisson has given a demonstration of the last result, 
of Art. 331j which we will now reproduce. Take the formula 

TT TZTT 

put j — -j- — tlius we haye 

= + ^cosu(v — x)^{v)d‘i)^h, 

« being a multiple of h, arid the summation denoted by % 
extending for all values of u from /t to co . But if I becomes 
indefinitely great the difference h of successive values of u 
becomes indefinitely small, and the sum denoted by % be- 
comes an integral taken with respect to 'u from w = 0 to 
M = co . Thus if we make l-co, and put du for A, and the 
sign of integration instead of %, and suppose ^ [v) is such 

jL f ^ 1 

■that ^^{v) dv vanishes with j , we have 

1 

— - / cQsu{v-'x) ^ (v) du dv. 


) 
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MISCELLANEOUS EXAMPLES. 


1. Change the order of integration in the expression 




0 J 

2a 


4> («, y) dy. 


2. Change the order of integration in the expression 

n ^/{iax) 

6 (x. y) dx dy. 


0 d - a'2) 

c I'hx 


3. Transform j j cf) {x, y) dx dy into an integral with 

J 0 J ax 

respect to u and 'o, having given y = uv; 

and determine the limits of the new integral. 

4. Transform ^ (Xj y) dx dy into an integral with 

JoJo 

respect to u and v, having given y + cx = Uj y=uv\ 
and determine the limits of the new integral. 

5. Transform the integral 


y) (y - S') (s - iB) dx dy dz 


into one in which w, w are the independent varia- 
bles, where 

= xyz, 1 = 1 i -j- ?: = X? -V y^ z^, 

^ V X y z ^ 


6. Prove that 

o 

dx 


i/. *"■*/< 


d.x 


® (H-cc"’*)’*’ 


where t — and r — 

(See Arts. 263 and 66 ; and transform as in Art. 242.) 
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^ Prove by transforming tlie expression from rectangular 
to polar co-ordinates that the value of the definite 
inte 2 :ral 


n oo 

is equal to a ^sin 0 , where i^|^sin^^ denotes a 
complete elliptic function of , the first order of which 


sin “ is the modulus. 
A 


TT 

, r 4 rjj^ 

Prove that j tan 9 log cot‘0 dd 


9. Prov^ that 


J g-Aeot 2/5. 


'tt sin 2/3' 


10. Shew that 


^tan ^ {n^J{l — tau^^r)} dx — ^ tan""^ 72 a/ 2 — cot 

0 2 2 72- 


11. If /(f) = 


sin tan -j 

^ — — d9, determine the geometrical 


meaning of the equation y = a;/ (sin x). 


12. A curve of double curvature revolves round the axis 
of X ; shew that the surface generated 


: 27r U/[(l/(^!/ -h ^&)“+ (y'-hs") (dxyj. 






cC- nt- ir£ '■! 


<--bv ^ n-L..c.e e.i^r 


- f " 

I. T' , 




... ^ t ■€. .JiA 




X 




' 2 “T- X t- ‘c7 ‘-'•‘X i/J'. * ^ 


./-. 


“/i 


X h- . ' ' 

£ r.^,, ■• 


, CHAPTEE XIV. 


APPLICATION OF THE INTEGBAL CALCULUS TO QUF:STI0NS 
OF MEAN VALUE AND PBOBABILITY. 


333. We will liere give a few simple examples of tlie 
application of the Integral Calculus to questions relating to 
mean value and to 'probability. 

Let </) (x) denote any function of and suppose x succes- 
sively equal to a, a + A, a + 2h, ... a + (w — 1 ) h. Then 

(/) (a) + ^ (a + li) + <;6 (a -4- 27^) + ~ 1) li] 

n 

may he said to he the mean or average of the n values 
which ^ (x) receives corresponding to the n values of x. Let 
b-- a = nlij then the above 'inean value may he written thus, 

[<j[> (g) 4 - ((!Z 4 " 7i) + <56 4 ” 27^.) 4 “ . • » 4 " (j> [a (n 1 ) 7i]] 7i 

___ , 

Suppose a and b to remain fixed and n to increase inde- 
finitely ; then the limit of the above expression is 



b-a ' 


Tliis may accordingly he defined to he the mean value of 
^ {x) when x varies continuously between a and b. 
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334. As an example we may take tlie following ques- 
tion; find the mean distance of all points within a circle 
from a fixed point on the circumference. By this enunciation 
wo intend tlie following process to be performed. Let the 
area of a circle be divided into a large number n ot equal 
small areas ; form a fraction of which the numerator is the 
sum of the distances of these small areas from a fixed point 
on the circumference, and the denominator is n; then find 
the limit of this fraction when n is infinite. 

Suppose T-g, ... to denote the respective distances of 
the small areas ; then the fraction required is 

+ + + 

Multiply both numerator and denominator by rA6Ar, which 
represents the area of a small element (Art. 148), thus the 
fraction becomes 

+ + rAd Ar ^ 

nr Ad Ar 


The limit of the denominator will represent the area of the 
circle, that is, ttc^, if c be the radius of the circle. The limit 
of the numerator will be, by the definitions of the Integral 

Calculus, jjr^dddr^ the limits being so taken as to include 

all the elements of area within the boundary of the circle. 
Thus the result is 


2 f 2o cos 6 


This will be found to give 


335. The equation to a curve is r = o sin 0 cos 6, find the 
mean length of all the radii vectores drawn at equal angular 
intervals in the first quadrant. 
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It easily follows, as in the last Article, that the required 
mean length is 

TT 

I c sin 0 cos 0 dO 
JO . c. 

• " , that IS, - . 

2 

Again, suppose the portion of this curve which lies in the 
first quadrant to revolve round the initial line, and thus to 
generate a surface. Let radii vectores be drawn from tlie ori- 
gin to different points of the surface egvabhj m all directions: 
it is required to find the mean length of the radii vectores. 


The only difficulty in this question lies in apprehending 
clearly what is meant by the words in Italics. Conceive a 
spherical surface having the origin as centre ; then by equable 
angular distribution of the radii vectores, we mean tliat they 
are to be so drawn that the number of them which fall upon 
any portion of the spherical surface must be proportional to 
the area of that portion. Now the area of any portion of a 

sphere of radius a is found by integrating a'‘ j^Jsmd d^ d0 

within proper limits (Art 175). Hence sin 0 A0 may be 
taken to denote an element of a splierical surface, and 2 ' 7 ra“ is 
the area of half the surface of a sphere. Thus w'e shall have 
as the required result 

J I cdc sin 0 cos 0 sin 0 d^ d0 


the liinits being so taken as to extend the integrations over 
the entire surface considered. 

Hence we obtain 


TT 



c d cos d d(p dO 


that isj 


c 

3 * 


27r 
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336. A large plane area is ruled with parallel equidistant 
straight lines ; a thin rod, the length of which is less than the 
distance between two consecutive lines, is thrown at hazard 
on the area ; hnd the probability that the rod will fall across 
one of the lines. 

Let 2a be the distance between two consecutive lines 
and 2c the length of the rod. It is easily seen that we do 
not alter the problem by supposing the -centre of the rod 
constrained to fall upon a line drawn between consecutive 
lines of the given system and meeting them at right angles, 
for the proportion of the favourable cases to the whole number 
of eases remains the same after this limitation as before. 


Let the centre of the rod be at a distance x from the nearer 
of the two selected parallels ; then suppose the rod to revolve 
round its centre, and it is obvious that in this position of its 

centre the chance that it crosses the straight line is , where 


Ax 


27r 


GCOB(f> = x, And we may denote by — the chance tliat 

the centre of the rod falls between the distances x and x + Ax 
from the nearer of the two parallels. Tlius the chance re- 
quired will be denoted by the limit of the sum of such quan- 
tities as — — that is, it will be — f 6 dx, where cos 6 = - , 

Q rrrn. ! ^ ^ ~ 


TraJ 


The limits of x are 0 and c ; hence the result , 


Tra 


[^6sm6cl6=—, 
Jo ’Tra 


A large number of very interesting problems relating to 
the subject^ of the present Chapter will be found in tlie 
volumes entitled ]\d^atTi€/niat‘icalj ^ucsttotiSf toxtlif tliBiv sohut'loiis. 
From the Educational Times.,.. 
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1 . 


2 


3. 


4. 


If r =^f(6) and y j tie tlie equations to two curves, 

f{6) being a function wliicb vanishes for the values 
6^^ ^ 2 , and is positive for all values between these 
limits, and if A be the area of the former between the 
limits 6 = 9^ and 9=6^, and M the arithmetical mean 
of all the transverse sections of the solid generated hj 
the revolution about the axis of x of the portion of the 
latter curve between the limits x^a9^ and x = a9^, 

shew that M= -^5 supposing 9^ greater than 

A ball is fired at random from a gun which is equally 
likely to be presented in any direction in space above 
the Jiorizon; shew that the chance of its reaching 

more than ^ th of its greatest range is j • 


From a point in the circumference of a circular field a 
projectile is thrown at random with a given velocity, 
which is such that the diameter of the field is equal to 
the greatest range of the projectile ; find the chance of 
its falling within the field. ^ 1 2 


Result. 


(V2-1). 


On a table a series of straight lines at equal distances 
from one another is drawn, and a cube is thrown at 
random on the table. Supposing the diagonal of the 
cube less than the distance between consecutive straight 
lines, find the chance that the cube will rest without 
covering any part of the lines. 

Result. 1 — ™ , where a is the edge of the cube and o 

GTT 

the distance of consecutive lines. 


5. Prove that the mean of all the radius-vectors of an 
ellipse, tlie focus being the origin, is equal to half the 
minor axis, when the straight lines are drawn at equal 
angular intervals; and is equal to half the major axis 
when the straight lines are drawn so that the’ abscissae 
of their extremities increase uniformly. 
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6 . 


7. 


8 . 


9. 


10 . 


11 . 


An indefinite mimlDer of equidistant parallel straight 
lines are drawn on a plane, and a rod whose length is 
equal to r times the perpendicular distance between 
two consecutive lines is thrown at random on the 
plane; find the chance of its falling upon n of the 

2 

straight lines. If = r = 1, shew that the chance is — . 

TT 

Two arrows are sticking in a circular target : shew that 
the chance that their distance is greater than the 

radius of the target is , 

^ 47r 

Supposing the orbits of comets to be equally distributed 
through space, prove that their mean inclination to 
the plane of the ecliptic is the angle subtended by an 
arc equal to the radius. 


A certain territory is bounded by two meridian circles 
and by two parallels of latitude which differ in longi- 
tude and latitude respectively by one degree, and is 
known to lie within certain limits of latitude ; find the 
mean superficial area. 

A straight line is taken of given length a, and two other 
straight lines are taken each less than the first straight 
line and laid down in it at hazard, any one position 
of either being as likely as any other. The lengths of 
these straight lines are & and V \ it is required to find 
the probability that they shall not have a part exceed- 
ing c in common. 


Eesult, 


(a — 5 — 6' + cY 


(a^h) 

(Oamh. Phil, Transactions^ VqI. YIII. p. 386.) 


An indefinitely large plane area is ruled with parallel 
equidistant straight lines, the distance between con- 
secutive lines being c. A closed curve which has no 
singular points whose greatest diameter is less than o 
is thrown down on the area. Shew that the chance 
that the curve falls on one of the straight lines is 

— , where I denotes the perimeter of the curve. 



EXAMPLES. 


321 


12 . 


A messenger M starts from A towards B (distance a) at 
a rate of v miles per hour, hut before he arrives at B a 
shower of rain commences at A and at all places occu- 
pying a certain distance z towards, but not reaching 
beyond, B, and moves at the rate of u miles an hour 
towards A] if itf be caught in this shower he will be 
obliged to stop until it is over ; he is also^ to receive 
for his errand a number of shillings inversely propor- 
tional to the time occupied in it, at the rate of n shil- 
lings for one hour. Supposing the distance z to be 
unknown, as also the time at which the shower com- 
menced, but all events to be equally probable, shew 
that the value of if ’s expectation is, in shillings, 


nv 

a 


1 U 11 . u+v) 


13. A large plane area is ruled with parallel equidistant 

straight lines, and also with a second set of parallel 
equidistant straight lines at right angles to the former 
set; a thin rod is thrown at hazard on the area; 
find the chance that the rod will fall across a line. 

(See Bistory of,,,Prol)aliUty, page 347.) 

14. Suppose a cube thrown on the system of lines described 

in the preceding example: find the chance that the 
cube will fall across a line. 

(See History of.^Brobability^ page 348.) 

15. Let there be a number n of points ranged in a straight 

line, and let ordinates be drawn at these points ; the 
sum of these ordinates is to be equal to s : moreover 
the first ordinate is not to be greater than the second, 
the second not greater than the third, and so on: 
shew that the mean value of the r^^ ordinate is 

s (1 1 1 , , 1 ] ■ 

n [n — 1 — 2 n^r -\-l) 

(See History of.,.Pro'bability^ page 545.) 


T.I.C. 
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CHAPTER Xy, 

CALCULUS OF VARIATIONS, 


Maxima and Minima of integrals involving one dejgendent 
variable with fixed limits. 


337. The theory of maxima and minima values of given 
fanctions is fully considered in works on the Differential 
Calculus. If, for example, y denotes any given function of an 
independent variable cc, then we can find the value or values 
of X which make y a maximum or minimum, or we can shew 
that there are no such values in some cases. 


We are now ^however about to consider a new class of 
maxima and minima problems.' Let y denote a function of x 
which is at present undetermined ; and let V denote a given 
dv d^n 

function oi x,y, Suppose we wish to find the 

relation which must hold between x and y in order that the 
integral J Vdx, taken between given limits, may have a maxi- 


mum or minimum value. We cannot here efiect the integra- 
tion because y is not known as a function of x, and therefore 
V is not known as a function of x ; thus the ordinary methods 
of solving maxima and minima problems do not apply. We 
require then a new method, which we shall now proceed to 
explain. 


338. The department of analysis to which we are about 
to introduce the student is called the Caloulm of Variations ; 
its object is_ to find the maxima or minima values of inte- 
gral expressions, the expressions being supposed to vary by 
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assigning different forms to the functions denoted hy the de- 
pendent variables. It will be seen, as we proceed, that the 
method of -finding these maxima or minima values is analogous 
to that of finding ordinary maxima or minima values by the 
Differential Calculus, 

339. It will be useful to recur to the method given in 
the Differential Calculus. The student will remember that 
the terms maximum and minimum are technical terms, which 
are defined and illustrated in treatises on the Differential Cal- 
culus ; and they are used in mathematics in the] sense there 
assigned to them. Mistakes are frequently made by con- 
founding a maximum value in the technical sense of the word 
maximum, with tlie greatest value in the ordinary sense of 
the word greatest. 

Suppose y a given function of an independent variable x ; 
then if an indefinitely small change is given to cc, in general 
an indefinitely small change is consequently given to y, which 
is comparable in magnitude with that given to x. The pro- 
cess of finding a maximum or minimum value of y may be 
said to consist of two parts. First we determine such a value 
of X that an indefinitely small change in it does not produce 
in y a comparable indefinitely small change, but a change 
which is indefinitely small compared with that of x. In the 
second place, we examine the sign of this indefinitely small 
change which is produced in y by the change of x ; and for a 
maximum this sign is to be necessarily negative, and for a 
minimum positive. 

We may therefore describe this process briefly thus; we 
make the terms of the first order in the change of the depen- 
dent variable vanish, and we examine the sign of the terms 
of the second order. We shall pursue a similar method 
with the problem which we have now to discuss ; we confine 
ourselves, however, at present entirely to the first part of the 
process, and shall hereafter recur to the second part, 

340. We have first to explain the notation which will 

be used. Let x denote an independent variable, y any func- 
tion of a?, and differential coefficients of y 
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with respect to a;. We shall use hy to denote an indefinitely 
small quantity which may he any function of x\ and if u 
denote any quantity whatever which depends on y we shall 
denote hy Sw the increment which u receives when y is changed 
into y 4- Zy, Thus, for example, consider the differential co- 

eflG.cient ^ ; when y receives the increment hy this differen- 
tial coefficient receives the increment so that by 


dhy 


we mean . It is often convenient to use the symbol p 
ax 


for and so also Sp is a convenient symbol for — . 

dSf 

Again, consider the second differential coefficient when 
y receives the increment hy this second differential coefficient 
receives the increment the second differential 

coefficient is often denoted by y we may conveniently use hq^ 

toiSS! 


dx‘‘ 


Similarly t and s may be used for the third and 

fourth differential coefficients of y respectively, and Sr and hs for 

cl^hy T d'^hy . , . 

and respectively ; and so on. 


dx^ 


The differential coefficients are also often denoted by 
y', y'\ y'\ ; and thus hy, hy\ hy ", ... may be used as equi- 

valent to hy, hq, Sr, respectively. 


341. The introduction of the symbol h is due to La- 
grange. . The student will see that this symbol resembles in 
meaning the symbol d, which is used in the Differential Cal- 
culus. Both dy and hy express indefinitely small increments ; 
dy however is generally used to denote the change in value of 
a given function consequent upon a change in the value of the 
dependent variable, hy is used to denote the change made by 
ascribing an arbitrary change to the of a function. The 
quantity denoted by hy is called the variation of y. 
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342. Let V denote a given function of x, y, 


dy 

dx' 


d\ 

da?’ 


and let U—i dx, where x^ and are supposed to denote 
J Xo 

given limits. The value of U cannot he found so long as we 
do not know what particular function y is of x ; hut without 
knowing this we are able to obtain an expression for the 
increment made in TI by ascribing the arbitrary increment 
to y, from which important inferences can be drawn. 


Suppose F= ^ (a?, y, y\ y'\ if\ . . .) ; 

then by definition 

8 7= ^ (a;, y-^^, y' hj, ?/' + Sy", + hy\ . . .) 


The first term may be expanded by the ordinary exten- 
sion of Taylor’s theorem ; thus 




+ < 


where is the partial differential coefficient of V with 
dV . 

respect to y, also ^ is the partial differential coefficient of V 


dy 

with respect to y'; and so on. 


In the above expression for SF we have only expressed 
terms of the first order, that is, we have omitted the terms of 
the second and higher orders with respect to the small quan- 
tities Sy, This we shall continue to do throughout the 

remainder of the investigation. 

Then 


W 


_ 

J Xo 


BVdx 
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We shall now transform this expression hy integration hy 
parts. For shortness put 




^- 7 ? 
dy’"~ ’ 


Then jFSy'dic = Jl*^^dx = TSy—J~Sydx; 

therefore f FBy’dx = {PSy\ — (PBy)^ — f ~ Sy dx. 
J Xo J a^Q 


Here (P%)i is used to denote the value of FSy when is 
put for cc, and (P%)o is used to denote the value of JPBt/ 
when Xq is put for ju; a similar notation will be used through- 

<^-P 

out It is to be carefully observed that ^ means the coni’- 

plete differential coefficient of P Vith respect to cr, that is to 

dF 

say, in forming ^ we are to remember that y and its differen- 
tial coefficients all involve x implicitly. 


Again 

therefore 

£' («f - (eS -f 

Similarly 

/ „ dR dhj d^B ^ \ d^R ^ , 


Sy dx. 
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This process may he continued until all the symbols 
^y"i °y"') ^y'"\--‘ are brought from under the integral 
sign. It is to be observed that all the ditferential coefficients 

dQ d‘Q dB d^R d'R , ^ 

'dx ’ ’ dx ’ ~ddd ’ complete diirerential coefficients. 

Hence finally 






+ 


dx 


+ 


dP d^Q . 


Here we have adopted some obvious simplifications of nota- 


tion; thus we use for (Sy)j, and for 
so on. 


■■ (t). 


, and 


343. The value of SZ7 may be denoted thus^ 

BU=E^-E,+ rKBydx,- 

J Xo 


where denotes a certain aggregate of terms in which is 
put for X, and 11^ a similar aggregate of terms in which x^ is 
put for X ; these aggregates do not involve any integrations. 
Also 


A’=JV*- 


dP d^^dm 

dx do? dx^ 
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Since — involves only the values of the variables at 
the limits, we shall sometimes speak of as the terms 

at the limits. 


344. We can now determine the conditions that must 
hold in order that U may have a maximum or minimum 
value. For, in order that TI may have a maximum or mini- 
mum value, S/7 must vanish, whatever hy may he, provided 
only that it is an indefinitely small quantity. This requires 


that 


K=0 and n,^ — S^ = 0. 


For if X is not always zero, it will he in our power to give 
such a value to Sy as will make SZ7 positive or negative at 
our pleasm-e, and not zero. Suppose, for example, that the 
highest differential coefficient of By which occurs in 
the ?i**. Pnt By = a (x~ (« — where a is a function 

of X which is indefinitely small, and is at present undeter- 
mined. Then this value of By makes vanish, so that 

BU reduces to I KBydx. Now take a such that it is always 

positive when K is positive, and negative when K is nega- 
tive ; then S ZJ is necessarily positive. And if the sign of a be 
changed, SZ7 is necessarily negative. Thus if X is not 
always zero, it is in our power so to take Sy as to make S U 
positive or negative at oui* pleasure. 

Hence for a maximum or minimum value of U we must 
have AT — 0 ; and then / KBydx vanishes, and therefore also 
jS^must =0. 


345. The student has now become acquainted with the 
essential feataes of the Calculus of Variations; these are 

(1) the reduction of 3!7 to the form .S'j — ^ + | ^KBy'dx^ 

•J Xo 

(2) the principle that K must vanish in order that U may be 
a maximum or minimum. Although the subject admits of 
considerable development, by various extensions of the prob- 
lem we have considered, still the two results we have aheady 
obtained are the chief results. 
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346. We now proceed fo examine more closely the 
nature of the two conditions 

= 0 and ^ = 0. 


The equation K=0 is what is called a differential equa- 
d^y 

tion. Suppose that is the highest differential coefficient 

which occurs in F; then this will in general occur in R also, 

d^R . . . dhi 

and therefore in the differential coefficient will 
dx^ ^ dx 

occiu, and this will be the highest differential coefficient which 
occurs in K, so that the differential equation /r= 0 will be of 
the sixth order. And in general the order of the differential 
equation is twice the order of the highest differential coeffi- 
cient which occurs in K 


It is shewn in treatises on Differential Equations that the 
solution of a differential equation involves as many arbitrary 
constants as the number which expresses the order of the dif- 
ferential equation. We must now shew how the arbitrary 
constants which arise from the solution of the equation A"— 0 
are to be determined, so that a definite result may be ob- 
tained, The condition — -3*^ = 0 serves for this purpose. 
Two cases may arise. 


(1) Suppose that no conditions are imposed by ‘the prob- 

lem on the values of y and its differential coefficients at the 
limits of the integration; then are all arbi- 

trary quantities, that is, we have it in our power to suppose 
any indefinitely small values we please for these quantities ; 
for example, we may suppose that as many of them as we 
please are zero. Since Sy^, are thus all arbi- 
trary, in order that may certainly vanish, the coeffi- 

cient of each of the arbitrary quantities must vanish. ^ This 
furnishes for determining the constants as many equations as 
there are constants. 

(2) Suppose that conditions are imposed by the problem 
upon the values of y and its differential coefficients at the 
limits of the integration; then Sy^^, Sy^, 8por** ^^t all 
arbitrary, for some of them can be expressed in terms of the 
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rest ty means of tlie given conditions. Let as many as pos- 
sible of the q^nantities be eliminated from 

— and then the coefficients of those which remain must 
be^ equated to zero. The equations thus obtained, , together 
with those which express the given conditions, will form a 
system equal in number to the number of constants, and 
therefore will serve to determine those constants. 


347. The principal difficultj^ in examples consists in the 
solution of the differential equation K=Q, and this difficulty 
is frequently insuperable. 

W^e will now shew that when F" does not explicitly con- 
tain the independent variable, one step in the solution of the 
differential equation can always be taken. It will be suf- 
ficient for practical purposes to confine ourselves to the case in 
which V involves no differential coefficient of y higher than 
the third. 


Since Y is supposed not to involve x explicitly, we have 
for the complete differential coefficient of V 


dx dx 




dr 

Tx 


And by supposition 


dP d^Q d^R 

dx dx^ ddd 


( 1 ). 


Thus 

^ dy ,rf dr 

dx dx dx dx daf dx'^ ^ dx'^ daf dx'^'^dx' 

Now 


dx dx dx dx .dx' 

dx‘ dx dx dx ( dx dx ^ da^] ' 

d’^dt % I p ^ dy _ dR d^y „ d^y\ 

dx^ dx'^ dx~ dx\dx" dx~’dM did'^'^d^\‘ 
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Hence, by integration, 

F-P# . ^ ^ fo'\ 

^dx'^dxd^ dx^dx dx^'^ 


dx^ 


where 0 is an arbitrary constant. The highest differential 

coefficient that can occur in (2) is ^ which occurs in ; 

thus (2) is a differential equation of the fifth order, which is 
a first integral of the equation (1) which is of the sixth order. 
Particular cases may he obtained by supposing R ox Q ox F 
to be zero. For example^ the most useful case is that in 

which V involves only y and ^ ; so that (1) becomes 


and (2) becomes 


■AT 


r-P^ + o. 

dx 


348, The differential equation is also susceptible 

of one integration when V does not contain the dependent 
variable. For then -2?^= 0, and the equation becomes 


and therefore 


dP d^Q ^ dm 
dx dod d'F 


p dQ d^R 
dx d^ 


: 0 , 


... = a 


/* f dx 

349. Wehnowthat Vdx- V^dy, supposing the 

, seo J 

limits of the integration with respect to y taken to corre- 
spond to those of the integration with respect to x. And the 
differential coefficients of y with respect to x may be expressed 
in terras of the differential coefficients of x with respect to y, 

ik f dx . • 

Thus in J V^dy we may regard y as the independent vari- 
able, and X as the dependent variable, and proceed to find 
the maximum or minimum value of the, integral in this new 
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form. We may feel a priori certain, as tlie proWem is really 
not changed liy tMs change of the independent variable, that 
■we shall obtain the same result as if we had kept the original 
independent variable. 

Hence the cases considered in Arts. 347 and 348 may be 
seen to coincide. 


2 - 


350. Again, let us suppose that V involves only p and 
Then the differential equation AT = 0 reduces to 


dx dsd 


0 ; 


therefore, by integration, 


ax ^ 


Also 


dx dx'^^dx 


^ dx dx dx'^ ^ dx^ 


therefore, by integration, 

Here and are arbitrary constants. In this case the 
differential equation ^"=0 is of the fourth order, and the 
result we have obtained is a, differential equation of the second 
order ; so that we have effected two steps in the integration 
of the differential equation iT = 0. 


351. We shall now proceed to consider some examples ; 
as we have already intimated we confine ourselves entirely to 
the frst jgart of the process for finding maxima and minima 
values ; see Art. 339. 


352. To find the shortest line between two points. 

This example is introduced merely for the purpose of 
illustrating^ the formulas, as it is obvious that the result must 
be the straight line joining the two points. 
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Here F=V(l+p°) and U— f ^ a/( 1 + p’^) dx. 

Thus V involves only y>, and the equation X‘=0 reduces to 

— = 0; thus P must be a constant, that is, must 

be a constant. This shews that p must be a constant, and 
therefore the required curve must be a straight line- 

Tn noon 77 _ 77 Pi ^PoPo 

in this case if, 

If now the two points are j^xed points, we have Sy^ = 0 and 

= 0 ; thus P, — Pq vanishes. Then the value of p must be 
found from the condition that the straight line must pass 
through the two fixed points. 

Suppose however that the ordinates of the two points are 
not fixed ; the abscisses are fixed because and are taken 
to be invariable. In this case Sy, and Sy^ are arbitrary ; and 
therefore ^ will not necessarily vanish unless the coeffi- 
cients of Sy, and Sy^ vanish. This requires that p^ and p^ 
should vanish, and as y? is a constant by supposition this con- 
stant must be zero. Thus our formulee are consistent with 
the obvious fact, that when two straight lines are parallel the 
shortest distance between them is obtained by drawing a 
straight line perpendicular to them both. 

353. To find the curve of quickest descent from one 
given point to another. 

The following is a fuller statement of the meaning of this 
problem. Suppose an indefinitely thin smooth tube connecting 
the two points, and a heavy particle to slide down this tube ; 
we require to know the form of the tube in order that the 
time of descent may be a minimum. The problem is known 
by the name of the bracMstochrone ; it was first proposed by 
John Bernoulli in 1696, and gave rise to the Calculus of 
Variations. 

We shall assume that the required curve lies in the ver- 
tical plane which contains the two given points. Let the axis^ 
of y be measured vertically downwards, and take the axis of 
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X to pass tlirougli. the upper given point. The particle is 
supposed to start from rest, and then_ by the priimiples of 
meclianics tlie Telocity at the depth y is Thus the 

time of descent is 

TT V(l+y°) 

Vy ' 

Here V iuTolyes only y and p ; so that, hy Art. 347, for 
a minimum we must hare 

V = JPp + Cj 

tkatis, V(y(i+y))^ ' 


therefore 


V{y(i+/)}“ 

SEence y (1 "b ~ ^ constant = 2ci suppose j 

„ „ 2a — y 

therefore p = — - — > 


» dx ( y \i y 

therefore ^ - f) ■ 


therefore x = avexa'^^- <^{2ay -y^) +i, where b is another 
€1/ 

constant 

This shews that the required curve is a cycloid with its 
base horizontal, its vertex downwards, _ and a cusp at the 
upper point. TV^e may suppose the origin at the upper point 
so that Xf, = 0, and then 5 = 0. 

[vii^}]r [vu(^. . 

As we suppose both the extreme points fixed and 
vanish, and therefore vanishes. 
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The constant a must be determined by the condition that 
the cycloid shall pass through the lower given point. 

Suppose however that only the abscissa of the lower point 
is given, and not the ordinate. Then, as before, vanishes, 

and ^ arbitrary, so that in order that 

jffj may vanish, we must have ^9^= 0 ; thus the tangent to the 
cycloid at the lower limiting point must be horizontal. This 
condition must be used in this case to determine • the con- 
stant <z. 


854. We jmay modify the preceding problem by sup^ 
posing that the particle does not start from rest, but starts 
with an assigned velocity. In this case we will suppose that 
the axis of x is not drawn through the upper point, but is so 
taken that the velocity at starting is that which would be 
gained in falling from the axis of x to the upper fixed point 
The solution remains as before; the cusp of the cycloid is 
however no longer at the upper fixed point, but in the axis 
of X, 


355. To find the curve connecting two fixed points such 
that the area between the curve, its evolute, and the radii of 
curvature at its extremities may be a minimum. 

By Art 157 the expression which is to be made a mini- 
mum is 

ho i 

Here V involves only jp and q ; and therefore, by Art. 350, 
for a minimum we must have 


F— Qq + G^p + fJg, 

2 2 
{G^p + O^q 


q+G,p+C^‘, 


{i+pY 


■ 2 . 


therefore 
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By integration 


tan-^p + + ^3 

(0,/+ 0,^)2 _o„. 

Also 

therefore hy integration, 

tan-> - = % + constant ; 

add (72 to Tooth sides of this equation, and ^Ye have 
(7jtan“^p + -^ ( ^ Qi ) = Ay + 


.( 1 ). 


.( 2 ). 


i+y“ 

Eliminate tan“^p from (1) and (2) ; thus 

{(^.P-M = W,y-^G,x^ OA- 0A> 

therefore V(1 + p") = 2^^cf-C^x+£) ’ 

rrhere JB is such that 4£= CAi — 0 As' 

Let s denote the length of the arc of the curve measured 
from a fixed point ; then, by integrating the last equation, we 
Lave 

S+ c=^/{G,y-G,x+JB). 

This shews that the required curve is a cycloid; see Art. 72. 
We must now examine the expression A- E^-, we have 

As the extreme points are supposed fixed, and S?/o 
vanish ; thus 
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Suppose we impose the condition that the tangents to the 
required curve are to have fixed directions at the extreme 
points ; then and Bp^ vanish, and vanishes, la 

this case the cycloid must be determined from the conditions 
that it is to pass through two given points, and its tangents 
are to have fixed directions at these points. 


If, however, no condition is imposed on the values of jp at 
the limits, we must have and = 0, in order that 

may vanish. Now Q = — ^ 


, and the radius of 


(1 4. 

curvature = Thus the radius of curvature must 

vanish at the extreme points, that is, the cycloid must have 
cusps at those points. 


356, To find the form of a solid of revolution, that the 
resistance on moving through a fluid in the direction of its 
axis may be a minimum, adopting the usual theory of re- 
sistance. 


Take the axis of x as the axis of revolution. Then adopt- 
ing the theory of resistance which is explained in works on 
Hydrodynamics, the expression which is to be a minimum is 



14- p 




Here F involves only y andj?, and therefore by Art. 347, 
for a minimum we must have 


that is, 




yp^ 3n® 4- p^ 


+ 0 -, 


therefore + 0 = 0 . 

( 1 +/) 

This is a differential equation for determining the requii-ed 
curve. 


T. I. C. 


22 
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Integrals with limits subject to variation. 

357. AVe have now sufficiently explained and illustrated 
the method of finding the maximum or minimum value of an 
integral expression involving one independent variable, when 
the limits of the integration are supposed invariable. We 
shall proceed to some extensions of the problem ; and we 
begin by considering the modification which arises from sup- 
posing the limits of the integration variable. 

Suppose, for example, that we have two given curves in 
one vertical plane, and that we wish to find the curve of 
quickest descent from one of these curves to the other, the 
particle starting with the velocity obtained in falling from a 
given horizontal straight line. Here w^e have to find the 
point at which the particle is to leave the upper curve, and 
the point of the lower curve towards which it is to proceed, as 
w^ell as the path which it is to describe. We have therefore 
to effect more than in the examples hitherto considered, and 
w'e sliall now explain how we may proceed. 

AYe know, from what has been already given, that the 
curve must be a cycloid with its base horizontal and a cusp 
on the given horizontal straight line, For suppose any other 
curve drawn from any point in the upper curve to any point in 
the lower; this curve cannot be that of minimum time, for we 
know that, wntlioiit changing the extreme points, we can find 
a curve of less time of descent than this curve, namely a 
cycloid with its base horizontal, and a cusp on the given horizon- 
tal line. Since then we know that the required curve must be 
such a cycloid, the part of the problem which depends on the 
Calculus of A^ariations may be considered solved; and we 
may investigate, by the ordinary rules for maxima and minima, 
the position of the particular cycloid for which the time is a 
minimum. In fiict, taking any arbitrary initial and final 
points, we may find the .equation to the cycloid passing 
through these points ; then the time of descent will become 
a known function of the co-ordinates of the initial and final 
points, and we may deternrine for what values of these co- 
ordinates the time is a minimum. 
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358, We have shewn in the preceding Article that it is 
not absolutely necessary to make any modification in our for- 
muljc in order to include the case in which the limits of the 
integration are supposed to be susceptible of change; for the 
process already given, combined with the ordinary rules of 
the Differential Calculus, would enable us to solve any ex- 
ample. It is however convenient to bring together all that is 
wanted for solving such examples, and accordingly we shall 
now supply the requisite modification of our original for- 
mulse. As before, let 

U^l'^'Vdx. 

J Xo 

Suppose that in addition to the change of y into y+Sj/ 
the limits and are changed into + dx^^ and x^^ + dx^ 
respectively. In consequence of this change of limits U re- 
ceives the increment 

rxi+dxi rxo-rdxo 

Vdx ~ / Vdx, 

^ Xi J Xq 

that is, neglecting squares and higher powers of dxi and dx ^^ , 
U receives the increment 

V^dx^- V^dxQ. 

If we annex this to the expression already given for 3 ZTJ we 
shall obtain the complete change in U consequent upon the 
variation of y, and the change of the limits. 

359. If no condition is imposed upon the limiting values 
of the co-ordinates, the additional terms just obtained, 

can only be made to vanish necessarily by supposing = 0 
and F„ = 0. We thus introduce two new equations in ad- 
dition to those which are obtained from and at 

tlie same time we have two new quantities to determine, 
namely, and However, a more common case is that in 
wliicli tlie limiting values have to satisfy given equations. 
Such a case we have already indicated in Art. 357, wdiere a. 

22—2 
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curve is required, the extreme points of which are to lie on 
given curves. 

We will consider that limit of the integi-ation for which 
the quantities are distinguished hy the subscript 1. Let 

r=y+ay, 


then if there had been no change of the limit, the extreme 
values of the variables would have been and before 
variation, and x^ and after variation. If however is 
changed into x^ + dx^ , we have changed into 


dY. , 1 


I 


that is, neglecting squares and higher powers of dx^ we have 
T; changed into F, + dx^, that is, neglecting the product 

I'p^dx^, into Supposing then that the 

given relation wliicli is to be satisfied by the extreme 
values is 


we must have 


2/i='^K). 


and also 

■ Vx + ^Vx + (^) = '^(^x + <^^x) = f i^x) + f K) 


to the first order. Thus 





This gives a relation between Bj/i and c&i, so that we can 
eliminate one of them from the complete value of 8K 

Similarly, the relation can be found between and 

In geometrical problems is the tangent of the incli- 
nation to the axis of x of the straight line which touches the 
required curve at the limiting point ; and {xi) is the tan- 
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gent of tlie incluiation to the axis of x of the straight line 
which touches the given curve at that point. 


A particular case may he noticed which is sometimes use- 
ful. Suppose the complete change of is to be zero; this 

gives hy^ -f — similarly if the complete change 

n'f* /!/ 1C! rrck'\*t-\ (^\ 


of y^ is to he zero, hy^ + 


dx^ = 0 , 


860. We may illustrate the preceding Article hy a figure. 
Let AB represent the required curve, and MBN the given 



curve on which the extremity B of the required curve is to 
lie. Let A'B' represent the curve derived from AB hy 
ascribing the variation Sy to each ordinate y. Draw BG and 
B' O' JD parallel to the axis of y, and BD parallel to the axis 
of X, Then ultimately 

BO= Sy. , BD = dx^, B’D = ylr'(x,) dx, , CD == dx,. 

Hence B' G' = | Thus tlie geometrical in- 

terpretation of our process is that if we reject quantities of a 
higher order than those we retain, we have B' O' = BO ulti- 
mately. 
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361. Let us now consider the case of the brachistochrone 
problem which has been enunciated in Art. 357. 

Let the notation be as in Art. 353. Then 


8U= + 


pBy 


V 

V{2/ (!+/)}_ 


_V{y (1 +i^-) L 




dx 


hy dx, 
dP 


As before from the equation iV'— -^=0 we deduce 


V{3^(l+p')}=\/(2a); 


thus 8U= V,dx,~ r,dx, + ^{(pSy)- (pS^)J. 

Let us suppose that the equation to the fixed curve from 
which the particle is to start is 1^=;!^ (X), and that the equa- 
tion to the fixed curve at which the particle is to arrive is 
Y=^jp (X). Then by the preceding Article vve have 

^yi= % o= {%'(*) 

Thus the value of S Z7 can be put in the form 
hU= X^dx^ — 3 

where \ = T", 4- -i’.] 


V.Vi 


+ 


V(2a) 


-i’ll 


and similarly 

Since dx^ and dx^ are arbitrary, B U will not necessarily 
vanish unless X, = 0 and \ = 0. Thus 

= 0 and l+Po%'W=0; 
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and tliis shews that the cycloid must cut each of the two 
fixed curves at right angles. 


362. We have liitherto tacitly assumed that the function 
F does not involve the limiting* values of tlie variables or of 
the differential coefficients. Suppose now however that V 
does involve a:,, y,, .... 


(1) Suppose that and x^ are not susceptible of any 
change. When y is changed into y + hy, besides the varia- 
tion we have already investigated, V will receive an addi- 
tional variation arising from the change in yoj^/p*** ’^^hicix 
occur explicitly in F. These additional terms in 3 V are 


^ 


and consequently the following additional terms occur in 

m, 



dV 

+ "t 




dx. 


Now ... are not functions of the mridbJe 

X, but only of the limiting values of cc; we may therefore 
bring these quantities outside the integral sign and write the 
additional terms thus, 


. r^dv, , . 

J 3:q 0 


-j—dx + bp 

^0 


^0 fTo 


Now the occurrence of these additional terms will not 
affect the reasoning by which it is shewn in Art. 344 that we 
must have = 0 in order that U may be a maximum or 
minimum. These additional terms must be annexed to the 
expression and the whole then made to vanish. 

Since the relation between x and y is supposed to be found 
from the equation JT— 0, the expressions under the integral 
signs in these additional terms become definite functions ot a?, 
so that the integrations which are indicated can be effected, 
at least theoretically. 
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(2) Suppose that and co^ are also changed, and let 
them become + dx^ and x^ 4- dx^ respectively. Then V 
receives the additional increment 


1 


where 


VdVl ^ 
T- and 
_dxj 


L^iKoJ 

'dn . 


+ 


dx 


dx^, 


dx^ 


indicate Gomplete differential coeffici- 


ents ; that is to say, we are to remember that x^ occurs impli- 
citly in and similarly for 

Thus besides the additional terms we have already given 
SZ7 receives the increment 


dx, 


^^1 


a:o L^^O- 


dx + dx. 


'•a 

1 

J Xi 


'dT 

dx^ 


dx, 


and this expression must he annexed to the aggregate formed 
of JT — E.^ and the additional terms already given. 


S63. For an example we will tahe another modification 
of the brachistochrone problem. Suppose two given curves 
in the same vertical plane, and let it be required to find the 
curve of quickest descent from one of these to the other, the 
motion commencing at the first curve, 

Let the axis of y be measured vertically downwards ; 
let be the ordinate of the starting point, then when the 
ordinate is y the velocity is ^J{^g (?/ — y^]. 


Thus we may take 


f^ wa+p') 

J*o V(y-3'o) 


dx. 


We have then to change y into y — y^in the solution of 
Art 361, and to add to the expression there given for BU 
the terms found in Article 362. 


Here V— 


va±^. 


so that y^ is the only limiting value 
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which occurs in F. We are therefore to to the former 
value of 3 Z7 






dx 4- dx. 


r^i 

J Xq 


dxr, 


dx; 


dV /d^\ 

dy, [dx),' 

Hence by Art. 361, after putting K=0, we haye 

scr=\ |sy„+ 

where X^ and \ have the values assigned in Art. 361. 


and 


dV 

dXf, 


Now in the present case 

^=-^=-A'=- — 
dy„ ~ dy dx' 

therefore f ^^-dx — Fg — I\ = ^j7^^; 

h,dy^ V(2a) 

and hj, + dx, = %' [x^ dx„ as in Art. 361. 

Thus hU=\dx^- \ dx, + {p, -pj dx, 

"vfe) 

Then by equating to zero the coefficients of dx^ and dx, 
we have 

1 (x^) = 0 and 1 (^o) = 

so that %'K) = '^'K)* 

Thus the cycloid cuts the lower fixed curve at right 
angles, and the tangent to the upper fixed curve at the 
initial point is parallel to the tangent to the lower fixed curve 
at the final point. 
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Integrals with two dependent variailes. 

364. We Iiave hitherto^ supposed that F is a function 
•n'ith only one dependent variable ; let us now suppose that V 
is a function of two dependent variables. 

Let F be a function of x, y, z, and the differential co- 
efficients of y and z with respect to x ; let 





Vdx, 


and let us investigate the variation in the value of U when ?/ 
and s receive variations. ' 

By proceeding as in Art. 342 we shall obtain the follow- 
ing result, 

S J7= - W, + j; - j; + (KBy + LBz) dx, 

J Xo 

where the symbols have the following meanings ; 

Sy, _as before, denotes an arbitrary variation given to y that is 
By is an indefinitely small arbitrary function of x; ’ ’ 

AT, as before, denotes 


dy dx dy’^da? Tif' 


. dV dY dV 

^ du ’ ’ jF > • • • partial differential coefficients, 

and ji ^ i! 

dx dy ’ da? df’--' (complete differential coefficients 
relative to x ; 

& IS an arbitrary variation given to z, that is, Sz is an in- 
definitely smaU arbitrary iunction of a; ; 

Z is relatively to ^ the same as Z: relatively to y, that is 

_7Tr 7 ..T*. — ^ 




iZ d dF dV 


dz 


dx dz dx^ dz’' 
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365, We now proceed to find a inaxiimim or minimum 
value of U on the suppositions of the preceding Article, 


(1) If y and z ar,e independent, in order that hU may 
certainly vanish we must have 

AT = 0 and X == 0 ; 

and also Xj — — /o = 0. 


The values of y and z in terms of x must be found by 
solving the differential equations AT = 0, X = 0 ; and the 
arbitrary constants which occur in these solutions must be 
determined by equating to zero the coefficients of the arbitrary 

quantities (b 

in + 


, ,..§ 2 :^, which occur 


(2) Sujopose however that y and ^ are not independent, 
but that they are connected by the relation y, ^)=0, 
which is always to hold. Since this relation is supposed to 
hold always, we have also 

(f>{x,y+S^, z + Bz)==0; 


and therefore ultimately 




Thus the integral f (KSy + Z Sz) dx becomes 


r- i 

L 




dz , 


Sy dXf 


and in order that this may vanish we have the single con- 
dition 


K X 
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and from tliis differential equation combined with ^ [x^y^ z) =0, 
we must find y and z. 

As before, we must also have 

0 . 


366. For an exainple we take the following problem ; to 
determine a line of minimum length on a given curved surface 
between two given points. ' 

Here we have 


^-r 

Xq 


1 + 
d 


\dx) 


+ 


fdz 

\dx. 


y 


dx--l a/(1 dx\ 

T ^ 

. y Jj 


^ V(i+y'^+a'r VO+yq:^; 

let 4> {x, y, s) = 0 be the equation to the surface on which the 
line lies. Then by the preceding Article we have, as the con- 
dition for a minimum, 

A- y' A ^ 

dx V(l+y'’‘ + g '^ ) _ dx iTfl+V^VT^ 

AA “ ' 

ds 


Let s represent the length of the arc of the curve ; then 
yl ^ dz 

V(i+r+0 V(iTF+^=^- 

Thus the above equation may be written 
dSj d'^z 

d^ d(f> ( 1 )- 

dy dz 

thircfoire^r'""' VH.n.et.7tte cd. of 

d^x 

n 

dx 
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and this we can demonstrate; for from (1) each of the frac- 
tions by a known theorem of algebra is equal to 

dy d^y dz d^z 
ds ds^ ^ ds ds^ _ 
dy d(j) ^dz d(^’ 
ds dy ds dz 

and since the equation ^ (a?, z) — 0 holds for every point of 
the curve, we have 

d(f> dx ^d^ dy ^d(^ dz ^ ^ ^ 
dx ds dy ds dz ds ^ 

also by a known theorem 

dx dl^x dy d^y dz d?z ___ 
ds ds^ ds dd‘ ds ds^ 

-Hence a line of minimum length is determined by the 
symmetrical equations 

d’^x dSf d^z 

dd 

dcf) dcj> dcf) * 

dx dy dz 

It is proved in works on Geometry of Three Dimensions 
that the equations (2) shew that the osculating plane at any 
point of the curve contains the normal to the surface at that 
point. Such a curve is called a geodesic curve. 


867. Let us suppose that instead of being drawn be- 
tween two fixed points, as in the preceding Article, the curve 
is to be drawn between a fixed point and a fixed curve. Let 
correspond to the fixed point, and x^ to the fixed curve. 
We have to consider, the terms denoted by . As in 

Art. 361, we find that these are 


Vdx,+y 



Sz,. 
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ISTow since tlie extremity of the required curve is to lie on 
a given curve we may suppose that at this extremity there 
are two relations to he satisfied, which we may denote by 

Then, as in Art. 359, we shall find that 



Substitute in + and by reduction we obtain 



and in order tliat this may vanish we must have 



and this shews that the required curve must cut the fixed 
curve at right angles. 

Suppose tliat from a fixed point on a given surfaee geode- 
sic curves of a given length are drawn in every direction, 
then the other ends of these geodesic curves will form a 
locus such that every one of the geodesic curves cuts it at 
right angles. _ For the locus may be taken as the fixed curve 
oi the preceding investigation, and so by that investigation 
any geodesic curve cuts the locus at right angles. 


Eelative Maxima and Minima. 

368. A class of problems still remains to be considered, 
called problems of relative maxima and -minima values Sup- 
pose we require that a certain integral U shall have a maxi 
mum or minimum value while another integral W, involvino- 
the same variables, has a constant value; for exampl^ 
we may require a curve which shall include a minimum area 
undei a given perimeter. Here we do not require that 817 
shall always vanish, but only that it shall vanish for such re- 
lations among the variables as give a definite constant value 
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to that is in fact, we require that SU shall vanish for 
all such relations among the variables as make SPF vanish. 

The problem is solved by finding a maximum or minimum 
value of U a W, where a denotes a constant ; for in this 
solution we ensure that Sr74- aS IF necessarily vanishes, and 
therefore SU must vanish whenever STT does. The constant 
a occurs in the solution, and its value must be determined by 
making the integral W have the constant value which is 
supposed given. 

If we require that W shall be a maximum or minimum 
while TJ remains constant, we shall in the same way proceed 
to find the maximum or minimum of W+hU, where 6 is a 

constant ; and if we suppose ^ we obtain the expression 
i (Z7 + aW). Thus the same solution will be obtained for this 

ct 

problem as for that in which IT is to be a maximum or mini- 
mum while TF is constant. 

We now proceed to some examples. 


369. It is required to find a curve of given length joining 
two fixed points, so that tlie area bounded by the curve, tlie 
axis of Xj and ordinates at the fixed points may be a maximum. 

Here Z7== f y dx^ W— f p^) dx ; 

^ Xq J Xq 

let F= 2/ + V(1 then we have to investigate a maxi- 
mum or minimum value of / Vdx. Under the integral sign 

j Xo 

we liave only y and p\ hence for a maximum or minimum, 
by Art 347, we must have 

V^Pp^G,, 

that is, -i- a ^(1+ f) = + G , , 


2 / + 






that is, 
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(^V_ 1 (0,-yY . 

UyJ 

x+0,^sJ{a^-{0-yr}. 

This shews that the required curve is a circular arc. 

Since the extreme points are supposed fixed, the part of 
SF which depends on the limits vanishes. 

The constants a must he determined by making 

the circular arc pass through the given fixed points and have 
the given length between them. 


Thus 

therefore 

therefore 


370. Given the length of a curve, find its form so that 
the depth of the centre of gravity may be a maximum. 

Take the axis of x horizontal, and the axis of y vertically 
downwards. Let I denote the length of the curve ; then the 

1 

depth of the centre of gravity is j y p^) dx^ and the 

length is I +p^) dx, 

J Xq 


Let 


T"=ryV(l+/) + aV(l+/), 


then we require a maximum or minimum value o£ f V dx, 

J Xq 

Here by Art. 347 we must have 

V=Pp + 0^, that is, 

, „ //, , fy , af 


f V(l+/) + aV(l +/)’ 

y ■\-db 

VCl +/) ' 


+ ■ 


therefore y + a5 _ 


1+/ = 


6^(1+/) V(1+/} 

lOp, 

{y + aVf 
POY ’ 


T\ + C',, 


therefore 
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and therefore 


dx 

dy' 


iG. 


hence a? = ^ log [y -1- 5 

where is a new constant, and J. — hC^ and B=^ah* 


This equation shews that the required curve is a catenaiy. 
If the ends of the required curve are supposed fixed, the terms^ 
depending on the limits vanish, and the constants A, JS, 
must be determined by making the catenary pass through the, 
fixed points and have a given length between them. Suppose 
however that instead ' of being fixed the ends are only con- 
strained to lie on fixed curves. By proceeding as in Art. SGI 
we obtain the following limiting terms ; 


Consider the terms with the suffix 1 ; we have V^dx^+F^Sy^, 

that is, (I + a) V(1 +p:) djo, + (f- + a) 

Now supposing y = ‘\{r(x) the equation to the fixed curve, 
we have Sy, = ~P\] dx^, so that the term reduces to 


?/, + db 

hV(i + P,^) 


{l+p^f'{x,)}dx^. 


To make this vanish we must have = 0, for 

y^ 4- ah cannot vanish, as then would be impossible. A 
similar result holds at the other limit; and thus it appears 
that the catenary must cut the fixed curves at right angles. 


371. Given the surface of a solid of revolution, to find its 
nature that the solid content may be a maximum. 

Take the axis of x as the axis of revolution. Then the 

rLi\ ^ r^'i 

surface is 27r / y \/(l dx, and the volume is tt I y^dx, 
J iVq d 

Let V=‘f + »/(l + p^) ; then we have to find a maxi- 

mum or minimum value of I V dx. Here by Art. 347 we 

J ^0 

must have 

V=Pp+G, 


T. I. C. 
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that is, 


V(1 +/) 


ayj? 

7(1+?) 




a , ay „ n 

therefore ^ V(1 +i>') 

This is a differential equation to the curve which would by 
revolution generate the required surface.^ Supposing that tlie 
ends of the generating curve _ai;e requn-ed to pass through 
fixed points, the terms at the limits vanish. 

If either of the fixed points is on the axis of revolution, the 
value r/= 0 is to satisfy the equation to the curve ; thus (7=0. 
Then the general equation reduces to 


ay 




-s- = 0, therefore y + 


— — ===0 • 


tills gives a circular arc as the generating curve. 


372. Given thainass of a solid of revolution of uniform 
density,' required its form so that its attraction upon a point in 
its axis maj be a maximum. 

Let the axis of be taken as that of revolution, and the 
position of the attracted point as the origin. 

Let the solid be divided into indefinitely thin slices by 
planes perpendicular to the axis of x. If y represent the 
radius of a slice, x its distance from the attracted point, k its 
tliickness and p its density, the attraction is (see Statics^ 
Chapter xiii.) 


Therefore the whole attraction of the solid is 
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Thus let 1^= 1 — ^ to investir 

V'(i33“+y) 

coax 

gate the maximum or minimum value of / Y dx, 

J a?o 

dF 

The condition + reduces here to iV"=0, 


that is, 2ay + - - -' - — j = 0 ; 

{x 

therefore 2a (x^ + + a? = 0, 

If we suppose the limits and x^^ susceptible of change 
we have the limiting terms V^dx^ — V^dx^; and to make these 
vanish we must have Fj= 0 and = 0; this leads to 0 and 
2 /o= 0 . Thus the solid must be formed by the revolution 
round the axis of x of the whole closed curve determined by 
the equation 2a (x^ + y^)- ’i- x = 0 ; the value of a must be 
found from the condition that the mass, and therefore the 
volume, is given. 


Douhh Integrals, 


373. We shall now consider the problem of finding the 
maximum or minimum value of a double integral ; and we be- 
gin by finding the variation of a double integral. 


Let be a function of the independent variables x and ^ 


at 

dz 


present unknown ; let F be a given function of £c, y, ^ 
and let / Vdxdy) the integration is supposed 

o oc O’! vq 

effected with respect to y first, and the limits y^ and are 
supposed given functions of x. It is required to determine 
what function z must be of x and y in order that TJ may 
have a maximum or minimum value. 


Let hz denote an indefinitely small arbitrary function of x 
and y\ let S F denote the variation made in F when z receives 
the variation Sz, and let S U denote the variation in U ; then 
we have first to obtain an expression for 6(7. 
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Let X denote the partial differential coefficient of V with 
respect to M the partial differential coefficient of V with 
dz 

respect to ^ , and N tlie partial differential coefficient of F 


'witli respect to tlien we have 


SF=iS.^ + iIf + 

ax dij 


where, as heretofore, we confine ourselves to the first power 
of the indefinitely small quantities. Hence 


r r (zSs + M^ + N^) dxdy. 
J xoi dx dy J 


The value of SF may be written thus ; 

and therefore 

^ I 'I S' “ S) 

d xo'' Vo V * 


d 




+ 


r^i fyi d Cxi fyx iJ 

LL E +jj^ Ty 


The differential coefficients with respect to x and y which 
are here indicated are complete differential coefficients. 

n vi d r^i 

dij - (-^^ 2 ) 0 } 

where (NSs)^ denotes the Talue of JVSs when is put for w, 
and (iVd«)„ denotes the value of JVSa when is put for y. 

And hy Art. 216, ' 

/Is -'y = l/I " ‘'y - m. | + w. £ , 

where (JlfSs)^ denotes the value of MSz when ?/j is put for w 
and (JdSz)i^ denotes the value of MSz when is put for y. 
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Therefore f f ^{Mhz)dxdy 

J .To J 2/0 

= [{''’ JlSsdy'j -fp 

\J yo / x=Xi \J yo 



Therefore 



dx dy j 


Sz dx dy 


H- 


I j 

(rm^dy) ^(rMBzdy) 

\J yo y x'=xi \J yo J x-xo 



If the limits y^ and y^ are constants, the terms in the last 
line vanish. 


We, have supposed that the limits of the integrations are 
not susceptible of change ; if they are it is easy to see that 
we must add to the expression for S U the terms 

(dxl'^rdy) ^(dx^Vdy) 

\ J yo f x—xi \ J yo J x-xq 


+ f VMdx. 

J Xo 

In geometrical applications the limits of the integrations 
with respect to x and y will frequently be determined by the 
perimeter of a closed curve ; in this case = y^ both when 

CVi 

and when a? = ; and therefore I Mhz dx and 

Vo 

fVi 

dx j V dy vanish when a; = a?^, and also when x=^x^, 

J 2/0 ' ■ 
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374, In tlie value of 8 Z7 found in tlie preceding Article, 
tliere is one term whicli is a double integral involving Sz 
under the integral signs, and various single integrals de- 
pending upon the limiting ’ values of Bz. By tlie method 
already used in Art 344, it will follow that BU will not 
certainly vanish unless the coefficient of Bz under the double 
integral sign vanishes; thus for a maximum or minimum 
value of IT we have as a necessary condition 


Z 


dx dy 


This is a partial differential equation for finding z in 
terms of x and y ; and we may say that the arbitrary func- 
tions which occur in its solution must be determined so 
that the remaining terms m BU may vanish. But the diffi- 
culty of integrating the partial differential equation in general 
prevents any practical examination of these terms at the 
limits. 


375. As an example, let it be required to determine a 
smface of minimum area bounded by a given curve. 

Here by Art, 170, 



let us put as usual 

dx dy dxdy dy^ 

The condition for a minimum reduces to 
dM dj[_ 
dx dy ^ 

that is to - S' - 0 

that is, to 

r (1 +_p* + 2 '} — {pr + qs)p + t{\ +^* + 2 ') - {ps + qt)q = 0, 
that is, ' to (1 + 2 ') r - 2pqs + (l +y) t = 0. 
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It is shewn In works on Greoinetiy of Three Dimensions 
that this equation indicates that the required surface is such 
that at every point the two principal radii of curvature are 
equal in magnitude and of contrary signs, 

' Since we suppose the boundary of the required' surface 
to be a fixed curve vanishes all round this boundary; thus 
the terms relative to the limits in SU all vanish. 


Discrimination of Maxima and Minima values. 


376. We shall now give some examples which illustrate 
the second part of the investigation of maxima and minima 
values of integrals; see Art, 339. 

Consider the example of finding the shortest line between 
two given points. Here 


r=v(i+/). 



Vdx. 


Suppose y changed into y + and consequently p into 
2 ? + Sp ; put ‘p) + instead of p in V and expand ; thus V 
becomes 


V(1 + /) + 


p Bp 
V(i 


+ 


{Spy 

2(1+/)* 


where the terms which are not expressed are of the third and 
higher orders in Bp. Thus we obtain 



pS]? 


dx+l 


A'l 


{Spy 


(I +fy 


■ dx- 


The first of these terms is what we formerly denoted by 
BU^ and tlie investigation of the minimum value of U so far 
as it has hitherto been carried, consists in making this term 
vanish. Supposing then that this term vanishes, and neg- 
lecting terms of the third and higher orders, we have 


BU 


-1 P 


{Spy 




-3 dx. 
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. If — is positive, every element of this ^ integral is 
positive ; thus S Z7 is positive^ and therefore a minimum value 
of U lias been obtained* 


377. Again, take the case of the brachistochrone, when 
the extreme points are fixed. Here 

Vy *^^0 Vy 

Change y into y H- Sy, and p into p-+ Bp; and expand 
the new value of V, Thus V becomes 

V(l + p’^) V(14-/)3y ^ pBp 

3(1 + P°)'^(%)' P^y^P , W 

S/' ' %y‘^(l + f)^ 


and from this we can obtain h TJ. 


Now by the process of Art, 353 the terms of the first 
order in'SiT are made to vanish; then, neglecting terms of 
the third and higher orders, w^e have 

m. — £ML^ + _i W 1 j;,. 

We have now to investigate the sign of this expression 
Tvhen the relation between x and y is that which is determined 
in Art. 353; and we shall shew by some transformations 
that 3 Z7 is positive. 

Since (1 = (2a) 


we have 


( 3 (2a)^ {Byf 

^•o 1 8/ 


pByBp viBpY \, 
2y(2a)^ 4a (2a)^j 



dx^ 
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K„„ 

and as the extreme points are supposed fixed hy vanishes at 
the limits ; therefore 


Xy 


y 2 


dx. 


Now , . 
ax \y. 

Therefore 


/ 


3«-?/ 




y‘ f if' 


I. 


and 




2J Sy Sp 

^0 y 
1 


dx ’ 


■IL *> 


3a - 


y 


dx ; 


2 ( 2 , 


la 


, 1/ (¥)'' 

a-o i 2/ 2a 




Thus BUh positive, and therefore a minimum value of U 
has been obtained. 


378. The preceding Article shews that it may be possible 
to .change the expression of the second order to which 8?7 is 
reduced by our previous investigations, from a form in which 
the sign is uncertain to a form in which the sign is obvious. 
A general theory with respect to suitable transformations of 
such terms of the second order has been given by Jacobi; 
for this we refer to the works named at the end of the present 
Chapter. 

It may be observed that many of the problems discussed 
in the Calculus of Variations are of a kind in which we may 
infer with more or less certainty, from the nature of the par- 
ticular problem, that there can be a minimum and no maxi- 
mum, or a maximum and no minimum, 

379, In the problem discussed in Art 375 it is easy to 
shew that the result really gives a minimum. Here 

F= V(1 Z7=[ [ dxdy, 

J XqJ yQ 
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Suppose z changed into in consequence of which ^ 

becomes + Sp and g becomes g + Sj. Tims becomes 


(1 + 2 ^)“ + 




+ 


(l+ 9 ')(Sj»)® pqhphq ; {l+p^iBq) 



2 (1 +/ + (1 + / + si^ 2 ( 1 +/ + 


Then supposing the terms of tlie first order made to 
vanish, and neglecting terms of the third and higher orders, 
we have 

8 Z7= 1 r r + ?') W - 2m k + (1 +p°) ^ ^ 

= I r r (Spr+(Sqr+(qSp -p Sqr 
2j.rJ^o (l+/ + 2‘f 

Thus the term under the integral signs is necessarilj 
positive; so that a minimum value of ZZlias been obtained. 


Condition of Into gr ability . 

S80. In Art. 344 we have found that 7f=0 is a neces- 
sary condition for the existence of a maximum or minimum 
value of the integral there considered. It may however 
liappen that in certain cases the relation K=Q is satisfied 
identically/ this case we proceed to exemplity and interpret 

Suppose we are seeking a maximum or minimum value of 
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v=t 

y y‘ ^ y ’ . 

/ I 2a;y'° gy" 
^2/ / / ’ 
p__cZF_l 2fl3y 

^ dV X 


dF ^Q_ y'\^xjr 

dx dx^ 'if f 


y' 

2?/ 

2xy' 

.^y\ 

f 


f 

y‘ i 



xy" 

2xy^ 


y" 




On collecting the terms it -will he found that 

N-'^-l+iS 

dx dx^ 

Tanishes. Thus the relation 7^=0 is an identity in this 
example, and we cannot obtain from it any value oiy. 

In this example we shall find that 

fvdx = ^, 

J y 


that is, the integral j Vdx can be obtained without assigning 

the value of v iu terms of x. Thus if we wish to find a 

. . . . 

maximum or minimum value of I Vdx^ we must investigate 

a maximum or minimum value of J— ) “(““)• We are 

tlierefore not concerned .with the maximum or minimum of 
an undetermined integral expression of the kind hitherto con- 
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sldered, but witli the maximum or minimum of an expression 

free from the integral sign. 

• 

This species of maximum and minimum problem is con- 
sidered in some of the exhaustive treatises on the Calculus 
of Variations ; as it does not present much interest we will 
refer the student to such works. 


381. We shall now prove universally that the necessary 
and sufficient condition in order that V may be integrable 
without assigning the specific value of y in terms of is that 
should be identically true. An expression which is 
integrable without assigning the specific value of the depend- 
ent variable in terms of the independent variable is sometimes 
said to be integrable per se^ and is sometimes said to be zm- 
mediately integrable. 


382. We first prove that the condition is necessary. 
Suppose that F involves y and the differential coefficients 

of y with respect to x up to ^ inclusive. 



If the function V is immediately integrable the integral 
Vdx can be expressed in the form 



where the form of the function denoted by remains un- 
changed whatever may be the value of y in terms of x. Now 
suppose that y receives such a variation as leaves the values 
of y and its differential coefficients at the limits unaltered ; 

then from the value of I Vdx it follows that 

sr‘vdx=o-, 

J Xq ^ 
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tlms by Art 343 



dx dy dx‘ dy ‘ 


dx = 0. 


Eut tbis cannot be true whatever hy may be, unless 
dy dxdy'^dJ^dy" 

and unless this is identically true it determines y as a function 
of X. Thus if V is immediately integrable the relation 0 
must be identically true. 

Next we shall shew conversely that if this condition 
holds V is immediately integrable. It is usually considered 
sufficient to say, that if this condition holds the variation of 
rx\ 

I Vdx depends solely on the limiting values of a?, and 

J Xo ... 

rxx 

the differential coefficients of y; and thei^refore I Vdx must 

J X'q 

itself depend solely on these limiting values, that is, V must 
be immediately integrable. We shall however reproduce a 
more satisfactory demonstration which has been given of the 
proposition. 

Suppose V=j)[x,y,y\ij',...). 

Let u and v denote two functions of x at present undetcr-; 
mined ,* let a denote a quantity which we shall vary indepen- 
dently of X, Let {cl) denote what F becomes when we 
put u-^av instead of ?/, and w + ad instead of y\ and id' 
instead of y', and so on ; thus 

'xjr (a) ^<f) (xj It H - av, it 4 * olv\ u" -f av ", . . .). 

Differentiate both sides with respect to a, so that we have 
a result which we may denote tlms, ^ 
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Integrate "both sides, from a = 0 to a = 1 ; tlius 


^ 0 


du du 


■^n"+...JcZa; 


that is, we have the following identically true, 


+ 


(jE) (aj, u -\‘ V, u + u + . . .) 

= ^(a3, Uj u\ w”; ..•) 

dv!'^ +...ja!a. 


Integrate both sides with respect to x ; thus 

U + V, U-hV, 

'Uf w , u\ ...)dx 
d(f> , d(j) 






where in the last term the order of the independent integra- 
tions has been changed. 


By integration by parts 
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set 


. Tims 


j4)(x, U -j- 7) ) W + j u" -f- v"f • « *) 

= (x, u, u, u", ...) dx 

J j \dii dx du' da? dd" j 

‘ , /d4> ddcj} \ J 
^[dd'-Tx^' + -)^^ • 


+ 



d d(^) 

dx du ‘ dx^ dii‘ 


_ ^ I ] 

dx^ 



Now Ibj supposition the relation /r=0 is satisfied identi- 
cally whatever may be the value of so it is satisfied if 
+ au be put for y. Hence 


dcj) d dd> _d^ d<f> 
du dx du dx^ did’ 


The functions u and v are at present in our power put 
y--u for V and we have 
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Thus jVdx is here actually exhibited as an expression 

consisting of terms, one involving only ordinary integration 
with respect to x, and the others^ ordinary integration with 
respect to a. The function u is still in our power ; it should 
be chosen so that none of the quantities which occur become 
infinite or indeterminate; it may happen that consistently 
with this limitation we may put = 0. 


383. It will now be easy to give the necessary and suf- 
ficient conditions for ensuring that a function shall be inte- 
grable per se more than once. 

Let Fhave the same meaning as before. 


We have, whatever V may be, 

/ 1 /f cZccj dx = xj V dx — Jx V dx. 

In order then that V may be integrable se twice, the 
condition must of course be satisfied which ensures that it is 
iiitegrable per se once ; and then the only additional condition 
is that £»Fmust also be integrable per se once. Thus in order 
that V maybe integrable 56 twice, the necessary and 
sufficient conditions are that the following relations must be 
identically true, 

dp dx dy dsd dy' 


dVx d dVx dVx 
dy dx dy dx^ dy' * ^ 

We may modify the form of (2). For 


dV 

dVx_ 

dV dVx 

dV 

dy ’ 

dy' ~ 

"Ty\ 

dy" 

d 

dVx_ 

d dV dV 


dx 

dy ~ 

^ dxdy day" 


d^ 

dVx 

d'^ dV d 

dV 

dx‘ 

dy" - 

^dx^dif^^dx 

dy" 
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dVx_ dP dV , dP dV 
dx^ dy" ~ ^ da? dy"' dx‘ df ’ 


Substitute in (2) and omit the terms which are zero by (1) ; 
then we obtain 


dy' ^ dx^ dif 


= 0 


( 3 ). 


Thus (1) and (2) may be replaced by (1)' and (3). 

By a formula given in Art. 55 the integral of any pro- 
posed expression is exhibited in terms of n -f 1 single integrals. 
From this formula we infer that in order that V may be 
integrable per se n times, it is necessary and sutBcient that 
each of the following expressions should be integrable se 
once, 

F, xV, xW, x^K 

For example, in order that V may be integrable per se 
three times, besides the conditions (1) and (2) or ‘(l) and (3), 
the following must be identically true, 


dVx^ 

dy dx dy dx^ dy" 

We may modify the form of (4). For 


:0 , 


W-- 


d dVx^ _ ^ddV dV 
dx dy ^ dx dy' ^ dy ^ 

dJ' dy" ^ dxr dy" ^ ^ dx dy' dy" ^ 

dx^ dy" ^ dx^ dy" ^ dx'' dy" dx dy" ’ 


Substitute in (4) and omit the terms which are zero by (1) 
and (3) ; then we obtain 

dV 3.2 d dV 4.3 dV _ ‘ 

dy” l.idx dy”' ■^1.2 da? dy 

Thus (5) may be taken instead of (4), in conjunction with 
(1) and (2) or (1) and (3), 


T. I. C. 


24 
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Addition on the Variahility of Limits. 


384. In the method we have adopted of treating problems 
involving changes of the limits we have followed the example 
given ‘in two most elaborate works on the subject^ those of 
Strauch and Jellett; and we decidedly recommend this 
method as the best. We do not ascribe any variation to the 
independent variable, but only to the dependent variable. 
Another method however has been frequently adopted, and it 
should be explained in- order that the student may understand 
any reference to it which may occur in his reading. 

In this method a variation is ascribed both to the de- 
pendent and independent variables. 

Let X become a; + Sa; and let y become y + Sy, and hy 
being indefinitely small arbitrary functions of ; it is required 

to find the variations of ^ , . . . . 


We denote the variation in by S ™ ; 


^dij ^ d[y-\‘h y) 
dx dix-V 8x) 
^^dSy 
dx dx 


1 + 


dhx 

dx 


dx 

dy 

dx 

dy 

dx 


thus 


dy ^ dZS?/ dy dhx dy 
dx dx ' dx dx dx ’ 


neglecting small quantities of the second order. 

Thus adopting the usual notation for a differential co- 
efficient, we have 


¥ 


_ dhy , dSx 


dx 


dx 




Sy* — y'^Sx = 


d{Sy'-y'Sx) 

dx 


or 
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In this result cliaiige y into y'; thus 

(LOG 

_ cZ“(Sy — ?/Sa‘) 

* 

Similarly S/" - y'”hx = > 

and so on. 

Pat CO for hy—y'hx ; tlius 

V'-g+/'s.. 

V"-£"+y'"s*, 


Now let V be any function of £c, ?/, and tlie differential 

r-a?, 

coefficients of y with respect to x ; and let Z7= / F 

Let it be required to express the variation of TJ wliicli arises 
from the variations Sx and Sy in x and y respectively. Let 
SF denote the change made in F; then 


str-/'‘(r+ SF) _ JV*, 

=ri 

J Xo 


r^i 

V~dx+ SVdx, 

^ J A’n 


neglecting a term of the second order. 


Now 


/ 


V^dx = VBx-f 
cLx d 


'dr] 

dx 


Sxdx, 


therefore * V dx = (FSiu)i — (FSaj)^ 


rxj 


J Xq 

^dx_ 


Sxdx, 
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here 


[' 


^ denotes the complete differential coefficient of 
dx 


V with respect to x. 

Thus 1X1= (FSa:),- (FSa:)^ + jsF— ^ Sar| dx. 




dy 


in , dv 

dx 


thiis 

SF- 


'dV 

dx 


and finally 




, dV dV , dV , 

Sx = — « 4-;?-; “1- ;j-77 4“..*? 

ay dy dij 


SCr=(FSx),-(F8x)„+£^(^® +—«’ + ^6," + ...) dx. 


We need not proceed farther as we have arrived at a result 
equivalent to that in Art. 358 ; we have here w instead of the 
hj which occurs there, and Sx^ and Bx^ for dx^ and 
respectively. 

In geometrical applications it will he observed that x and 
y hecome hy variation x+Bx and y + By respectively. Thus 
Xj4'Sxj will correspond to the of Art. 359, and 

yj4- By^ will correspond to the |^F4- ~dx^ of Art. 359. 


.385. For farther information on the Calculus of Varia- 
tions the student may consult Professor Jellett’s treatise, and 
the Histoi'y of the Progress of the Calculus of Variations during 
the Nineteenth Century^ by the present writer. 

The most interesting examples in this subject are those 
which are connected with physical science, as the problem 
of the brachistochrone; accordingly we shall include some 
more applications of this kind in the following selection for 
exercise. 



EXAMPLES. 


373 


EXAMPLES. 


1. A curve of given length lias its extremities on two 

given intersecting straight lines; determine its form 
when the area included between the curve and its 
chord is a maximum. 

2, Determine a plane closed curve of given perimeter which 

shall include a maximum area. 

(See History,,,, page 68.) 

8. Required to connect two fixed points by a curve of 
given length so that the area hounded hj the curve, 
the ordinates of the fixed points, and the axis of 
abscissae shall be a maximum, supposing the given 
length • greater than is consistent with the solution in 
Art. 369. 

(See History,,,, page 427.) 

4. A rectangular dish is to be fitted with a tin cover of 

given height having the ends vertical ; determine the 
form so that the amount of material used may be the 
least possible. 

5. A mountain is in tbe shape of a portion of a^ sphere, 

and the velocity of a man walking upon it varies 
as the height above the horizontal great circle of the 
complete sphere ; shew that if he wishes to pass froirr 
one point to another in the shortest possible time, he 
must walk in the vertical plane which contains the two 
points. 

6. When a curved surface can be divided by a plane into 

two symmetrical portions the intersection of the plane 
and surface, when an intersection exists, is in general 
a line of minimum length on the surface. 

(See History,.., page 365.) 


Find the minimum value of 

(§1 

\dx, 


sin X + = 

sin X 


dx. 


(See Philosophical Magazine for December, 1861.) 
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8. Required tlie minimum value of J dx under the 

following conditions ; y^ = l, f ^ dx = — 1. 

^ Q Vl 

(See History..., page 432.) 

9. Required the variation of J Vdx, where F is a function 

oix,y,^, and u, where u=j'rcfa;, and F is 

also a function oix,y,^, ^ — 

(See History,..^ 21.) 

10. Let 5 dencrte f \/(l and let ^ [s) Tbe any function 

0 

of 5 ; then the relation between x and y is required 

r"* 

which makes 1 <!> [s] dx a maximum or a minimum 

a ® 

while / V(l+y>^) dx has a given value, a being a con- 

0 , , 

stant. For a particular case suppose ^ (s) = s, 

(See History...^ pa-ge 453.) 

11. Required the curve at every point of which 

is a maximum or a minimum. 

(See History..,^ page 1.) 

12. Eequhed the- curve at every point of which is a 

maximum or a minimum, the variations of y and ^ 

^ dx 

being so taken that at any point “ 3/^ ^ shall 
undergo no change by variation. 

. (See History..., page 4,14.) 
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13. Apply Art. 365 to prove the point assumed in Art. 353, 

namely, that the required curve in the brachistochrone 
problem lies in the vertical plane which contains the 
two given points. 

14. The form of a homogeneous solid of revolution of 

given superficial area, and described upon an axis of 
, given length, is such that its moment of inertia about 
the axis is a maximum; prove that the normal at any 
point of the generating curve is three times as long as 
the radius of curvature. 

16. A given volume of a given substance is to be formed 

into a solid of revolution, such that the time of a 
small oscillation about a horizontal axis perpendi- 
cular to the axis of figure may be a minimum; de- 
termine the form of the solid. 

(See History.,,^ page 391.) 

IG. A vessel of given capacity in the form of a surface of, 
revolution with two circular ends, is just filled with 
inelastic fluid which revolves about the axis of the 
vessel, and is supposed to be free from the action of 
gravity. Investigate the form of the vessel that the 
whole pressure which the fluid exerts upon it may be 
the least possible, the magnitudes of the circular ends 
being given. 

Result. The generating curve is a catenary. 

17. Find the equation -given by the Calculus of Variations 

for the transverse section of a straight and uniform 
canal, when one of the three quantities, the^surface, the 
capacity, and the normal hydrostatic pressure, is either 
a maximum or a minimum, and the other two are 
given, the terminal surfaces and pressures not being 
taken into account. 

Shew also that when the surface is a minimum and the 
capacity only is given, the section is circular; and 
when the normal pressurd^ is a minimum the section 
is a catenary or two straight lines, according as the 
surface or the capacity is given. 
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18. If there are two^ curves with their concavities down- 

wards and terminated in the same extremities, a par- 
ticle moving tinder the action of gravity will take a 
longer time to describe the upper curve than the lower 
curve, the initial velocity being supposed the same in 
the two cases. 

(See History,,,, page 348.) 

19. xlssuming that a ship’s rate of sailing is a function of 

the angle which the direction of its course makes 
with the direction of the wind, shew that tlie bra- 
chistoclironous course between two given positions is 
rectilinear, and that unless it be in the straight line 
joining the positions it is in two directions always 
making the same angle with the direction of the 
wind. 

(See Philosophical Magazine for September, 1862.) 


20 . 


Determine the greatest solid of revolution, the surface 
of which is given, and which cuts the axis of revolu- 
tion at two fixed points ; supposing the given surface 
not to be equal to tliat of a spliere whicli has for 
its diameter tlie straight line joining the two fixed 
points. 


(See Philosophical Magazine for June and for September, 

5Z2P BZZ5 
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